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PREFACE TO THE FIRST EDITION. 

In the following work I have investigated the more 
elementary properties of the Ellipse, Parabola, and Hy- 
perbola, defined with reference to a focus and directrix, 
before considering the General Equation of the Second 
Degree. I believe that this arrangement is the best for 
beginners. 

The examples in the body of each chapter are for the 
most part very easy applications of the book-work, and 
have been carefully selected and arranged to illustrate 
the principles of the subject. The examples at the end of 
each chapter are more difl&cult, and include very many of 
those which have been set in the recent University and 
College examinations, and in the examinations for Open 
Scholarships, in Cambridge. . 

The answers to the examples, together with occasional 
hints and solutions, are given in an appendix. I have 
also, in the body of the work, given complete solutions 
of some illustrative examples, which I hope will be foundjiij 
especially usefal. : - 

S.C.S. b * 
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VI PREFACE, 

Although I have endeavoured to present the ele- 
mentary parts of the subject in as simple a manner as 
possible for the benefit of beginners, I have tried to make 
the work in some degree complete; and have therefore 
included a chapter on Trilinear Co-ordinates, and short 
accounts of the methods of Reciprocation and Conical Pro- 
jection. For fuller information on these latter subjects 
the student should consi;ilt the works of Dr Salmon, 
Dr Ferrers, and Dr C. Taylor, to all of whom it will be 
seen that I am largely indebted. 

I am indebted to several of my friends for their kind- 
ness in looking over the proof sheets, for help in the 
verification of the examples, and for valuable suggestions ; 
and it is hoped that few mistakes have escaped detection. 



CHARLES SMITH. 



Sidney Sussex Collegb, 
Aprilj 1882. 



PREFACE TO THE SECOND EDITION. 

The second edition has been carefully revised, and some 
additions have been made, particularly in the last 
Chapter. 

Sidney Sussex College, 
July, 1883. 
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CHAPTER I. 



Co-ordinates. 



^ 1. If in a plane two fixed straight lines XOX\ Y07' 
be taken, and through any point P in the plane the two 
straight lines PM, PL be drawn parallel to XOX\ YOT 
respectively; the position of the point P can be found 




when the lengths of the lines PMy PL are given. For we 
have only to take Oi, OM equal respectively to the 
known lines PM, PL and complete the parallelogram 
LOMP. 

The lengths MP and LP, or OL and OM, which thus 
define the position of the point P with reference to the 
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2 CO-ORDINATKS. 

lines ox, OY are called the co-ordinates of the point P 
with reference to the axes OX, OY. The point of inter- 
section of the axes is called the origin. When the angle 
between the axes is a right angle the axes are. said to be 
rectangular; when the angle between tHe axes is not a 
right angle the axes are said to be oblique, 

OL is generally called the abscissay and LP the or- 
dinate of the point P. 

The co-ordinate which is measured along the axis OX 
is denoted by the letter x, and that measured along the 
axis 1^ by the letter y. If, in the figure, OL be a and 
OM be b ; then at the point P, x — a, and y = 6, and the 
point is for shortness often called the point (a, 6). 

•^ 2. Let OM be taken equal to OM, and OL' equal to 
OL, and through M, L' draw lines parallel to the axes^i as 
in the figure to Art. 1. Then the co-ordinates of the three 
points Q, M, S will be equal in magnitude to those of P. 
Hence it is not suflScient to know the lengths of the lines 
OL, LP, we must also know the directions in which they 
are measured. 

If lines measured in one direction be taken as positive, 
lines measured in the opposite direction must be taken as 
negative. We shall consider lines measured in the di- 
rections OX OT OY to be positive, those therefore in the 
directions OX' or OY must be considered negative. 

We are now able to distinguish between the co-ordi- 
nates of the points P, Q, B, S, The co-ordinates of B are 
OL', L'B, smd these are both measured in the negative 
direction ; so that, if the co-ordinates of P be a,b, those of 
B will be — a, — 6. The co-ordinates of S will be a, — 6 ; 
and those of Q will be — a, b. 

"^ 3. It must be carefully noticed that whether a line is 
positive or negative depends on the direction in which it is 
measured, and does not depend on the position of the 
origin ; for example, in the figure to Art. 1, the line iO is 
negative although the line OL is positive. 

If any two points if, L be taken and the distances 
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00-ORDINATES. 3 

OK, OL, measured from a point in the line KL, be a 
and b respectively, then the distance KL must be -£'0+ OL, 
or —OK+OL, that is —a + b, and this will be the case 
wherever the point 0, from which distances are measured, 
may be. 

If 0^=-3, andOB=4; then .15= -(-8) +4=7. If 0^ = 8, and 
OB=-4;.then.4B=-3-l-{-4)=-7. 

The reader may illustrate this by means of a figure. 

' 4. To express the distance between two points in terms 
ofiheir co-ordinates. 

Let P be the point {x\ y'), and Q the point {x\ y"), 
and let the axes be inclined at an angle o). 
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Draw PM, QL parallel to OY, and QR parallel to OX, 
as in the figure. 

Then OL = x", LQ = y", OM = x',MP= y'. 
By trigonometry 

PQ* = ^^ + ^P* - 2 QiJ . iZPcos Q.RP. 
But QR = LM=OM-OL = x'-a:", 

RP = ilfP- Jfeffi = ilfP- i ^ = y'-y", 
and angle Qi2P = angle OMP= w - angle XO Y^ir-w, 
.-. PQ* = {x' - x'f + (/ - fy + 2(a>' -«;")(/- y") cos «, 
or PQ^ ± ^[{x'-^y+ {i/-y"y + 2(x' -x")(y'- y") cos o>}. 
If the axes be at right angles to one 'another we have 

pQ=±v{(^'-a;"r+(y'-y'n- 

1—2 



4 €0-ORDINATES, 

The distance of P from the origia can be obtained from 
the above by putting x" = and y^ = 0. The result is 

0P^± >J[{x'^ + y'" + 2a?y cos 0)}, ^ 

or, if the axes be rectangular, 

Except in the case of straight Unes parallel to one 
of the axes, no convention is made with regard to the 
direction which is to be considered positive. We may 
therefore suppose either PQ or QP to be positive. If 
however we have three or more points P, Q, iJ... in the 
same straight line, we must consider the same direction 
as positive throughout, so that in all cases we must have 
PQj^QR:=.PR. 

"^ 5. To find the co-ordinates of a point which divides in 
a given ratio the straight line joining two given points. 

Let the co-ordinates of P be x^, y^, and the co-ordi- 
nates of Q be x^y y , and let R (x, y) be the point 
which divides PQ in the ratio k : I. 




Draw PLy RN, QM parallel to the axis of y, and P8T 
parallel to the axis of x, as in the figure. . . 

Then iiV : JOf :: PS : ST :: PR : RQ :: h : I; 

l.LN'^k.NM=0, . N' 

or I {x'-x^ — k (x^'-x) =0; 
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SimUarly y = %±|^« . 

The most useful case is Tvhen the line PQ is bisected : 
the co-ordinates of the point of bisection are 

If the line were cut externally in the ratio k:l yre 
should have 

LK'.MJU'iikil, 

or LN:NM:.k:--l, 

and therefore x = .g^, * , y = ^' _^ ^^ . 

The above results are true "whatever the angle between 
the co-ordinate axes may be. But in m'ost cases formulae 
become more complicated when the axes are not at 
right angles to one another. We shall in futufe con- 
sider the aoces to he at right angles in all cases except 
when the contrary is expressly stated, 

^Ex. 1. Mark in a figure the position of the point a;=l, y=2, and^ 
of the point a;=-3, ^=-1; and shew that the distance between them 
is 5. 

''Ex. 2. Find the lengths of the lines joining the following pairs 
of points: (i) (1, -1) and (-1, 1); (u) {a, -a) and (-6, 6); (iii) (3, 4) 
and (-1,1). 

" Ex. 3. Shew that the three points (1, 1), ( - 1, - 1) and ( - ^3, \/3), 
are the angular points of an equilateral triangle. 

^ Ex. 4. Shew that the four points (0, ~ 1), ( - 2, 3), (6, 7) and (8, 3) 
are the angular points of a rectangle. 

-^ Ex. 5. Mark in a fi'gure the positions of the points (0, - 1), (2, 1), 
(0, 8) and ( - 2, 1), and shew that they are at the corners of a square. 
Shew the same of the points (2, 1), (4, 3), (2, 5) and (0, 3). 

-^Ex. 6. Shew that the four points (2, 1), (5, 4), (4, 7) and (1, 4) are 
the angular points of a parallelogram. 

^^Ex» 7. If the point (a:, y) be equidistant from the two points (3, 4) 
and 3i - 2), then will a;+3y=5. 
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" 6. To express ike area of a tria/ngle in terms of ih6 
cO'Ordindtes of its angular points. 

Let the co-ordinates of the angular points A, B, C be 
^i» yi> ^2» Vi'y ^^^ ^%y y» respectively. 
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Draw the lines AK, BL, CM parallel to the axis of y, 
as in the figure. 

A ABG ^KAGM- MCBL - LBAK. 

Now KAGM = £^ ACM + d. AKM 

= ^KM.MG-\-\KM.KA 

= H'^s - ^i) (y. +yi)- 

. . , ,. , , +(y.+yJK -«,)}; 

or, omil^mg the terms wmch cancel, 

A J.5(7 = i {a; jr. - xjf^ + a:^, - a!,y, + x^, - xjf^ 



Similarly MCBL 
and LBAK 





«i. yv 1 


=i 


'«'.. y.. 1 




«s. y.. 1 



The above expression for the area of a triangle will be found to be 
X>08itiye if the order of the angular points be snch that in going round the 
triangle the area is always on the left hand. Whenever on substitution 
a negative result for the area is obtained, a reverse order of proceeding 
round the triangle has been adopted* 
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7. To express the area of a quadrilateral in terms of 
the co-ordinates of its angular points. 

Let the angular points -4, 5, (7, D, taken in order, be 
(^i» yi)> <^«. yaX (aJ„ ys) and (a?,, yj. 
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Draw AK, BL, CM, DN parallel to the axis of y, as in 
the figure. 

Then the area ABCD 

= KABL + LBOM- MGDN- NDAK. 

And, as in the preceding Article, 

NDAK=\{y^ + y;){x,^x,). 
Hence ABCD:r.\ {{y^ +y^) {x^-x^ + (^2+^8) (^s" ^J 

or, omitting the terms which cancel, 

ABCD = i {y,^,- y,a?j + y^x^ - y,a:,+ y,x^-y^x^ + y^- y,a-,}. 

The area of any polygon may be found in a similar 
manner. 

'^ iSx. 1. Find the area of the triangle whose angular points are (2, 1), 
(4, 8) and (2, 6). 

Also find the area of the triangle whose angular points are (4, - 5), 
(5, - 6) and (3, 1). Ans. 4, t- 
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Ex. 2. Find the area of the quadrilateral whose angular points are 
(1,2), (3, 4), (5, 8)' and (6, 2). 

Also of the quadrilateral whose angular points are (2, 2), ( - 2, 3), 
1-3,-3) and (1, - 2). Ans. n., 20. 

^8. If a curve be defined geometrically by a property 
common to all points of it, there will be some algebraical 
relation which is satisfied by the co-ordinates of all points 
of the curve, and by the co-ordinates of no other points. 
This algebraical relation is called the equation of the curve. 

Conversely all points whose co-ordinates satisfy a given 
algebraical equation lie on a curve which is called the lociis 
of that equation. 

For example, if a straight line be drawn parallel to the 
axis OT and at a distance a from it, the abscissae of points 
on this line are all equal to the constant quantity a, and 
the abscissa of no other point is equal to a. 

Hence x=ais the equation of the line. 

Conversely the line drawn parallel to the axis of y 
and at a distance a from it is the locus of the equation 
a? = a. 

Again, if x, y be the co-ordinates of any point P on a 
circle whose centre is the origin and whose radius is 
equal to c, the square of the distance OP will be equal to 
ic ■\-y^ [Art. 4]. But OP is equal to the radius of the 
circle. Therefore the co-ordinates x, y of any point on the 
circle satisfy the relation a?-\-y^^ c\ That is, a?' + y* = c* 
is the equation of the circle. 

Conversely the locus of the equation a?"+y* = c' is a 
circle whose centre is the origin and whose radius is equal 
to c. 

In Analytical Geometry we have to find the equation 
which is satisfied by the co-ordinates of all the points on a 
curve which has been defined by some geometrical pro- 
perty ; and we have also to find the position and deduce 
the geometrical properties of a curve from the equation 
which is satisfied by the co-ordinates of all the points on it. 

An equation is said to be of the n^^ degree when, 
after it has been so reduced that the indices of the vari- 
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ables are the smallest possible integers, the term or terms 
of highest dimensions is of n dimensions. For example, 
the equations axy + 6a: + c = 0, a? -{-xy »Ja + h* = 0,^ and . 
»Jx + \/y = 1 are all of the second degree* 

-' Ex. 1. A point moves bo that its distances from the two points, (3, 4), 
and (5, - 2) are eqnal to one another; find the equation of its locus. 

Ans. aj-8y = l. 

^ Ex. 2. A point moves so that the sum of the squares of its distances 
from the two fixed points (a, 0) and ( - a, 0) is constant (2c^) ; find the 
equation of its locus. Ans. 05' + y' = c" - a". 

^Ex. 3. A point moves so that the difference of the squares of its 
distances* from the two fixed points (a, 0) and ( - a, 0) is constant (0*) ; 
find the equation of its locus. Ans. ^clx= ^cK 

-'Ex. 4. A point moves so that the ratio of its distances from two 
fixed points is constant ; find the equation of its locus. 

% ^ Ex. 5. A point moves so that its distance from the axis of a; is half 
its distance from the origin ; find the equation of its locus. 

Ans. 3y2_aj2=0. 

-^Ex. 6. A point moves so that its distance from the axis of x is equal 
to its distance from the point (1, 1); find the equation of its locus. 

Ans. a;a-2aj-2y + 2 = 0. 

•' 9. The position of a point on a plane can be defined 
by other methods besides the one described in Art. 1. A 
useful method is the following. 

If an origin be taken, and a fixed line OX be drawn 
through it ; the position of any point P will be known, if 
the angle XOP and the distance OP be giveiu 




These are called the polar co-ordinates of the point P. 
The length OP is called the radius vector, and is 
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usually denoted by r, and the angle XOP is called the 
vectorial angle, and is denoted by ft 

The angle is considered to be positive if measured 
from OX contrary to the direction in which the hands of 
a watch revolve. 

The radius vector is considered positive if measured 
from along the line bounding the vectorial angle, and 
negative if measured in the opposite direction. 

If FO be produced to P', so that OP" is equal to OP 
in magnitude, and if the co-ordinates of P be r, 0, those 
of P' will be either r, tt + ^ or — r, ft 

'10. To find the distance between two points whose polar 
co-ordinates are given. 

Let the co-ordinates of the two points P, QhQ r^, 6^; 

Then, by Trigonometry, 

PQ' = OP' + 0Q'-20P.0Q COB POQ. 

B\itOP=r^,OQ = r,&ndiPOQ=^XOQ-^XOP=0^-e,; 

PQ' = r/ + r,' - 2r,r, cos (5, - 0,). 

The polar equation of a circle whose centre is at the point (a^ a) and 
whose radios is e, is c*=a?+r*-2arcos(<?-a); where r, are the polar 
co-ordinates of any point on it. 

11. To find the area of a triangle having given the 
polar co-ordinates of its angular points. 




Let P be (r,, 0,), Q be (r„ 0^, and R be (r^, 0^. 
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Then area of triangle PQR = A POQ + A QO^- A FOR, 
and AFOQ^^OP.OQsinPOQ 

= Jr,r,sin(^,-^,), 
so * AQOR = ir^r^aia(0^-d;}, 

and A POR=- I r, r, sin (0, - 5,) 

= -ir,r,sin(^,-^,); ^''' ' ^ 
.-. APQi2 = iKr,sin(^,-^,)+r,r,sin(^,-d,) 

+ r,r, sin (^,-^,)}. 

^12. To change from rectangular to polar co-ordinates. 




If through a line be drawn perpendicular to OX, and 
OXy 01^ be taken for axes of rectangular co-ordinates, we 
have at once 

X = 0N= OPcos XOP= r cos 0, 

and y=NP= OPsin XOP= r sin ^. 

^ £z. 1. What are the rectangular co-ordinates of the points whose 
polar co-ordinates are (l» ^) » f 2» ^ ) and ( -4, - j j respectively? 

^ Ex. 2. What are the polar co-ordinates of the points whose rect- 
angular co-ordinates are ( - 1, - 1), ( - 1, ^3) and (3, - 4) respectively? 

•^ Ex. 3. Find the distance between the points whose polar co-ordinates 
are (2, 40'>) and (4, lOOO) respectively. -^ ^a 

Ex. 4. Find the area of the triangle the polar co-ordinates of whose 
angular points are (1, 0), (l, |- ) and (\/2, j j respectively. 



c • 



CHAPTER II. 



The Straight Line. 



'13. To find the equation of a straight line parallel to 
one of the co-ordinate axes. 

Let LP be a straight line parallel to the axis of x 
and meeting the axis of y at £, and let OL = J. 




Let Xy y be the co-ordinates of any point P on the line. 
Then the ordinate -NPis equal to OL. 
Hence y = 6 is the equation of the line. 

Similarly x = a is the equation of a straight line 
parallel to the axis oiy and at a distance a from it. 

^14. To find the equation of a straight line which passes 
through the origin. 

Let OP be a straight line through the origin, and let 
the tangent of the angle XOP = m. 

Let Xy y be the co-ordinates of any point P on the 
line. 
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Then 
Hence 



NP^iAuNOP.OF. 

y =* mx is the required equation. 




K Z 

'^ 15. To find the equation of any straight line. 




Let LMP be the straight line meeting the axes in the 
points L,M. 

Let OJf — c, and let tan OLM = m. 

Let a, y be the co-ordinates of any point P on the line. 

Draw P-ST" parallel to the axis of y, and OQ parallel to 
the line LMP, as in the figure. 

Then NP=^NQ + QP 

^ONtaxiNOQ-^OM. 
But 

NP^y, OJHi^x, OM^c, and isjiFOQ = taiJiOLM=m. 






y = mx+c. 



(i) 



which is the required equation. 

So long as we consider any particular straight line the 
quantities m and o remain the same, and are therefore 
called constants. Of these, m is the tangent of the angle 
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between the positive direction of the axis of x and the 
part of the lioe above the axis of a?, and c is the intercept 
on the axis of y. 

By giving suitable values to the constants m and c the 
equation y=7nx+ c may be made to represent any straight 
line whatever.. For example, the straight line which cuts 
the axis of y at unit distance from the origin, and makes 
an angle of .45° with the axis of w, has for equation 
y = X'\'l. 

We see from (i) that the equation of any straight line 
is of the first degree. 



1 



"16. To shew that every equation of the first degree 
represents a straight line. 

The most general form of the equation of the first 
degree is 

Aa; + By + C=0 (i) 

To prove that this equation represents a straight line, 
it is sufficient to shew that, if any three points on the 
locus be joined, the area of the triangle so formed will be 
zero. 

Let (x', y), {x\ y"), and {x"\ y") be any three points 
on the locus, then the co-ordinates of these points will 
satisfy the equation (i). 

We therefore have 

Ax' +By' +0=^0, 
Ax''^By''+C=0, 
Ax"'-{-By'''+C=0, 

Eliminating A, B, C we obtain 

X ,y' ,1 =0, 

^'^ r > 1 

the area of the triangle is therefore zero [Art. 6]. 

The equation Ax + By + = is therefore the equa- 
tion of a straight line. 
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'17. The equation Ax + By+G==0 appears to in- 
volve three constants, whereaa the equation found in Art. 
15 only involves two. But if the co-ordinates x, y of any 
point satisfy the equation Ax + Bi/ + =0^ they will also 
satisfy the equation when we multiply or divide through- 
out by any constant. If we divide by B, we can write 

A C 
the equation y = "" "n ^ "" 7> » ^^^ ^^ have only the two 

A G 

constants — ^ and — -^ which correspond to m and c in the 

equation y = mx + c. 

'^'18. To find the equation of a straight line in terms of 
the intercepts which it makes on the axes. 

Let Ay B be the points where the straight line cuts 
the axes, and let OA = a, and OB=b. 

Let the co-ordinates of any point P on the line be 

^, y. 

r 




or 



Draw FK parallel to the axis of y, and join OP. 
Then A APO+ APBO=^ A ABO ; 

ay + bx^ ah, 

- + - = 1. 
a b ' 



This equation may be written in the form 
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where I and m are the reciprocals of the intercepts on the 
axes. 

^19. To find the equation of a straight line in terms of 
the length of the perpendicular upon it from the origin and 
the angle which that perpendicular rrvdkes with an axis. 

Let OL be the perpendicular upon the straight line 
AB, and let OL =p, and let the angle XOL==a. 

Let the co-ordinates of any point P on the line be 

Draw PN parallel to the axis of y, NM perpen- 
dicular to OL, and PK perpendicular to NM, as in the 




Then, OL=:OM + ML=^ 0M+ KP 

s= ON COS a + HFP sin a ; 
or p = a! cos a + y sin a, 

which is the required equation. 

'*' 20. In Articles 15, 18 and 19 we have found, by 
independent methods, the equation of a straight line 
involving diflferent constants. Any one form of the 
equation may however be deduced from any other. 

For example, if we know the equation in terms of the 
intercepts on the axes, we can find the equation in terms 
of ^ and a from the relations a cos a=p and 6 sin a = p, 
winch we obtain at once from the figure to Art. 19. Hence 



X -i ' C. ' r ^> U 
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substituting these values of a and b in the equation 

- + ? = 1, we get a? cos a + y sm a=p. 
a 

If the equation of a straight line be 



then, by dividing throughout by JJ^ + -B*, we have 

A . B G ^ 

- a?+ , =yH — , — =0. 

-4. B 

Now , and , are the cosine and sine 

respectively of some angle, since the sum of their squares 
is equal to unity. If we call this angle a, we have 

^ cos a + y sin a — jp = 0, 

ft 

where p is put for — , . 

^Ex. 1. If 8a;-4^>5=0, then diyiding by ^3«+4« we have 
i^-|y-l=0. This is of the form «cosa+y 8ina-j>=0, where cosa={, 
8ina= — f, and2> = l. 

' Ex. 2. The equation x + y + 5 = 0, is equivalent to 

Sir . 6t 6 
^eos^+ysm^ = -^.. 

' 21. To find the position of a straight line whose 
equation is given, it is only necessary to find the co- 




ordinates of any two points on it. To do this we may give 
3. C. S, 2 
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to CO any two values whatever, and find from the given 
equation the two corresponding values of y. The points 
where the line cuts the axes are easiest to find. 

-' Ex. 1. If the equation of a line be 2a; + 5^=10. Where this cuts the 
axis of Xf y—0^ and then a; =5. Where it cats the axis of y^ a;=0, and 
2/ = 2. 

^ Ex. 2. The intercepts made on the axes by the line 4a;-2^ + 2=Oare 
- J, and 2 respectively. 

'' Ex. 8. 07-2^=0. Here the origin (0, 0) is on the line, and when 
a?=4, y=2. 

The lines are marked in the figure. 

'* 22. If we wish to find the equation of a straight line 
which satisfies any two conditions, we may take for its 
equation any one of the general forms. 

(i) y = 7nx^c, (ii) ^ + |=1, 

(iii) Ix+my^ly (iv) a7C0sa + y sina— ^ = 0, 

or (v) Ax-\-By-\-G^O. 

We have then to determine the values of the two 
constants m and c, or a and 6, or I and m, or a and p^ 

A B 
or -^ and ^ for the line in question from the two con- 
ditions which the line has to satisfy. 

Ex. 1. Find the equation of a straight line which passes through the 
point (2, 3} and makes equal intercepts on the axes. 

•2/ 11 ■ 

Let - + r=I ^e the equation of the line. 
a 

Then, since the intercepts are equal to one another, a=&. 

Also, since the point (2, 3) is on the line, 

2 3 . 

- + -=1; 
a a 

SS II 

,\a=5=^h and the equation required is ^ + f = !• 

5 

Ex. 2. Find the equation of the straight line which passes through 

the point (>/3, 2) and which makes an angle of 60^^ with the axis of x. 

Let y=mx+che the equation of the straight line. 
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Then, since the line makes an angle of 60'^ with the axis of x, 
TO=tan60»=/^3. 

Also, if the point {JSy 2) be on the line, 2 =»i . V^+ c, therefore c = - 1, 
and the required equation is y^tjdx-l, 

^ ^ 23. To find the equation of a straight line drawn 
through a given point in a given direction. 

Let x\ y be the co-ordinates of the given point, and 
let the line make with the axis of x an angle tan"* m. 

Its equation will then be 

y = mx + c, 
and, since {x\ y) is on the line, 

y = mx + c, 
therefore, by subtraction, 

y-y'^m{x-x') (i). 

The line given by (i) passes through the point (a?', y) 
whatever the value of m may be ; and by giving a suitable 
value to m the equation will represent any straight line 
through the point {x\ y). 

If then we know that a straight line passes through a 
particular point {x\ y') we at once write down y — y 
= m (a? — ic') for its equation, and find the value of m from 
the other condition that the line has to satisfy. 

' 24. To find the equation of a straight line which 
passes through two given points. 

Take any one of the general forms, for example, 

y =^mx + c (i). 

Let the co-ordinates of the two points be x\ y' and x'\ y" 
respectively. Then, since these points are on the line (i), 
we have 

^ =ma?' +c (ii), 

and 2/' = 77W7"4-c (iii). 

From (i) and (ii), by subtraction, 

y — y' =7?i(aj — a?') (iv). 

2—2 
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From (iii) and (ii), by subtraction, 

y"-y'=m(x"-x') (v), 

and therefore ,, ^ , = -» , . ^ ' i « -- o 

y — y X —X I y ^ ,, . "^ 

This equation could be found at once irom a ngure. 

Ex. The equation of the line joining the points (2, 8) and (8, 1) is 
y-3 85-2 « « .V 

irg=8r2'^'y+2x-7=o. 

^ 25. Let the straight line AP make an angle with 
the axis of x. Let the co-ordinates of A be x', y\ and 
those of P be x, y, and let the distance APher. 




Draw A]!^, PM parallel to the axis of y, and AK 
parallel to the axis of x. 

Then AK = .4Pcos 6, and KP = j;Psin 0, 

or x — x' = rcos 0, and y — y' = r sin^. 

The equation of the line -4P may be written in the 
form 

x—x^y—y 



cos sin 



= r. 



' 26. Let the equation of any straight line be 

Ax-^-By^-G^^... ......(i). 

Let the co-ordinates of any point Q be x ^ y\ and'^let 
the line through Q parallel to the axis of y cut the given 
straight line in the point P whose co-ordinates are a?', y'\ 

Then it is clear fr^m a figure that, so long as Q 
remains on the same side of the straight line, QP is drawn 
in the same direction ; and that QP is drawn in the' oppo- 
site direction, if Q be any point whatever on the ot&er side 
of the straight line. 
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That is to say, QP is positive for all points on one side 
of the straight line, and negative for all points on the other 
side of the straight line. 

Now QP^y"-y' (ii), 

and Ax' -{-By' -vC^Ax' ^- By JtC'-iAx' -^-By' + C), 
[for {x, y") is on the line, and therefore Ax + By" + (7= 0] 

... Ax'+By'+C^'--B{y''-y') (iii). , 

From (ii) and (iii) "we see that Ax' '\-By' -yG is positive 
for all points on one side of the straight line, and negative 
for all points on the other side of the line. 

If the equation of a straight line be Ax + By + C=0, 
and the co-ordinates x, y of any point be substituted 
in the expression Ax -{-By -{• C\ then if Ax' + By' + (7 be 
positive^ the point [x\ y') is said to be on the positive side 
of the line, and if Ax' + By' + be negative, {x, y') is 
said to be on the negative side of the line. 

If the equation of the line be written 

it is clear that the side which we previously called the 
positive side we should now call the negative side. 

' Ex. 1. The point (8, 2) is on the negative side of 2:c - Sy - 1 =0, and 
on the positive side of Sa; - 2y - 1 = 0. 

' Ex. 2. The points (2, - 1) and (1, 1) are on opposite sides of the line 
8a;+4y-6=0. 

^Ex. 3. Shew that the four pomts (0, 0). ( - 1, 1), ( - ^, 0) and (2, 4^) 
are in the four different compartments made by the two straight lines 
2x-3y+l=0, and3a:-5y + 2=0. 

^^27. To find the co-ordinates of the point of intersection 
of two given straight lines. 

Let the equations of the lines be 

ax +by + c =0 (i), 

and ax + b'y + c'-O (ii). 

Then the co-ordinates of the point which is common to 
both straight lines will satisfy both equations (i) and (ii). 
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We have therefore only to find the values of x and y 
■which satisfy both (i) and (ii). • ^ i 

These are given by ^ . ^ 



^ or 



^ y _ 



be — 6'c ca — c a a6' — a'b ' 

" 28. To find the condition that three straight lines may 
meet in a point 

Let the equations of the three straight lines be 

ax+by + c = 0...{l), aaj + 6'y + c' = 0...(2), 

a"a? + 6'V + c"=:0...(3). 

The three straight lines will meet in a point if the 
point of intersection of two of the lines is on the third. 

The co-ordinates of the point of intersection of (1) and 
(2) are given by 

a? _ y ^ 1 ^ 

6c' - 6'c "^(7^=V^ **"a6' - a'b * ^' ^ 
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^' I 



The condition that this point may be on (3) is '; 
,;bo ^bc ^„ca - ca „ ^ 
""W^^b-^^ abTZ^b-^' =^' 
or, a" (6c' - 6'c) + 6" {ca' - da) + c" (ah' - a'6) = 0. 



EXAMPLES. 

'' 1. Draw the straight lines whose equations are 

(i) a; + 2/ = 2, (ii) 3a:-4y=12, 

(iii) 4fl;-3y+l=0, and (iv) 2a; + 6y+7=0. 

'^ 2. Find the equations of the straight lines joining the following pairs 
of points — (i) (2, 3) and ( - 4, 1), (ii) (a, V) and (6, a). 

Am, (i)a!-3y + 7=0, (ii)x+y=a + 5. 

' 3. Write down the equations of the straight lines which pass through 
the point (1, - 1), and make angles of 150® and 30<^ respectively with the 
axis of X. ^ , 1 1 
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^- 4. Write the following equations in the foim $e cos a + 2/ sin a - jp = 0» — 
(i) 3a;+42/-16=0, (ii) iar-6y+10=0. 

Aruf. (i)|aj+ly-3=0,(ii) "Hx+^y^H^O. 

^ 5. Find the epilation of the straight line through (4, 6) parallel to 
2fl5-32/-6=0. Ans. 2aj-3y+7=0. 

' 6. Find the equation of the line through (2, 1) parallel to the line 
joining (2, 3) and (3, - 1). Ans. 4x+y=d. 

^ 7. Find the equation of the line through the point (5, 6) which makes 
equal intercepts on the axes. Ans, x + ^ = 11 . 

' 8. Find the points of intersection of the following pairs of straight 
lines (i) 6jj+7y =99and3a;+2y + 77=0, (ii) 2aj- 6y + l=0andaj+2/ + 4 =0, 

(m)- + |=land-+|=l. 

Aru. (i) (-67, 62). (u) (-8. -1). (iii) (/-^^. -^^) . 

^ 9. Shew that the three lines 6ir + 3y-7=0, 3a; -4y- 10=0, and 
a; +2^=0 meet in a point. 

^10. Shew that the three points (0, 11), (2, 3) and (3, -1) are on a 
straight line. 

Also the three points (3a, 0), (0, 3&) and (a, 25). 

" 11. Find the equations of the sides of the triangle the co-ordinates of 
whose angular points are (1, 2), (2, 3) and ( - 3, - 5). 

Ans. ar-6y-l=0, 7x--4y + l=0, a;-y + l = 0. 

-* 12. Find the equations of the straight lines each of which passes 
through one of the angular points and the middle point of the opposite 
side of the triangle in Ex. 11. 

Am, 2x-y=0, 8a?-2y=0, 6a; -3y=0. 

" 13. Find the equations of the diagonals of the parallelogram the 
equations of whose sides are x - a=0, x - 6=0, y - c=0 and y - d=0. 
Ans. (d— c)a?+(a-6)y + 6c-ad=0 and(d-c) a; + (6-a)y + ac-6d=0. 

^14. What must be the value of a in order that the three lines 
3a5+y-2=0, afl!+2y-3=0, and 2a;-y-3=0 may meet in a point? 

Ans, a =5. 

" 15. In what ratio is the line joining the points (1, 2) and (4, 3) divided 
by the line joining (2, 3) and (4, 1)? Ans, The line is bisected. 

" 16. Are the points (2, 3) and (3, 2) on the same or on opposite sides 
of the straight line 5y - 6x+ 4=0? 



> 
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' 17. Shew that the points (0, 0) and (3, 4) are on opposite sides of 
the line ^-2aE+ 1=0. 

^ 18. Shew that the origin is within the triangle the equations of whose 
sides are a;-7y+25=0, 5a;+8y+ll=0, and 3x-%-l=0. 

* 29. To find tke angle between two straight lines 
whose equations are given. 

(i) If the equations of the given lines be 

a? cos a + y sin a —p = 0, and x cos a' + y sin a — p' = 0, 

the required angle will be a — a or w —[a — a'.\ 

For a and a' are the angles which the perpendiculars 
from the origin on the two lines respectively make with 
the axis of x, and the angle between any two lines is equal 
or supplementary to the angle between two lines perpen- 
dicular to them. 

(ii) If the equations of the lines be 

y = 77w? + c, and y = m'a?+c; 

then, if 0, ff be the angles the lines make with the 
axis of Xy tan ^ = m and tan ^ = m'; 

.-. tan(tf-^)=— — — 7; 

1 + mm 

.". the required angle is tan"* ( = A . 

\1 + mm / 

The lines are perpendicular to one another when 
1 + rani = 0, and parallel when m^^w!. 

(iii) If the equations of the lines be 

GW? + 6y + c = 0, and a'a? + 6'y + c' = 0, 

these equations may be written in the forms 

a c , d d 

Therefore, by (ii), the required angle is 

a a' 



/ • 



tan , , or tan — tttt 

- aa oa + 66 



THE STRAIGHT LINE. 



25 



The lines ax + by + c=^0 and a'x + 6'y + c' = will 
be at right angles to one another, i£ aa + W » 0, and 

will be parallel to one another if ba' — b'a = 0, or if — = r; • 

•^ 30. The condition of perpendicularity is clearly satis- 
fied by the two lines whose equations are 

cuc + by + c=0 ana bx — ay + c = 0. 

The condition is also satisfied by the two lines 
+ 6y + c = 0and--|+c' = 0. 



ax 



a 



Hence we can at once write down the equation of 
a line perpendicular to a given line, for we have only to 
interchange, or invert, ike coefficients of x and y, and alter 
the sign of one of them. 

^Ez. 1. The line through the origin perpendioalar to 4y+2x=7 is 
2y-4a;=0. 

"^ Ex. 2. The line through the point (4, 5) perpendicular to Sos - 2y + 5 = 
is 2(a5-4) + 3(y-6)=0, or 2aj+3y=23. 

" Ex. 3. The acute angle between the lines 

2j?+3y+l=0, anda;-y=0istan-i6. 

'* 31. To find the perpendicular distance of a given point 
from a given straight line. 

Let the equation of the straight line be 

iccosa + y sina-^= ^ (i), 




and let x\ y' be the co-ordinates of the given point P. 
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The equation 

(c cos a + y sin a — p' = (ii) 

^s the equation of a straight line parallel to (i). 

It will pass through the point {x', y) if 

a?' cos a +y' sina— jp'=0 (iii). 

Now if PL be the perpendicular from P on the line (i), 
and ON, ON the perpendiculars from the origin on the 
lines (i) and (ii) respectively, then will 

LP^NN' 

= x' cos a + 2/' sin a —2? [from (iii)]. 

Hence the length of the perpendicular from any point 
on the line x cos a + y sin a —p = is obtained by substi" 
tuting the co-ordinates of the point in the expression 

X cos a + y sin a— p. 

The expression x' cos a + y sin a — p is positive so long 
as p' is positive and greater than p, that is so long as 
P (x', y') and the origin are on opposite sides of the line. 

If the equation of the line he ax + by + c^O, it may be 
written 

x+ yH — ;. =0 (iv) 



^/a' + b' Va'^-ffe' Va'^ + 6* 
which is. of the same form as (i) [Art. 20]; therefore the 
length of the perpendicular from {x\ y') on the line is 

a ,, b , c 

— — X -\ — . y H — , 

ax' + by' + c , . 

-WTTiT ; -•';^; 

Hence, when the equation of a straight line is given in 
the form ax+by + = 0, the perpendicular distance of a 
given point from it is obtained by substituting the co-ordi- 
nates of the point in the expression ax + by + c, and dividing 
by the square root of the sum of the squares of the coeffi,- 
dents ofx and y. 
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If the denominator of (v) be always supposed to be 
positive, the length of the perpendicular from any point 
on the positive side of the line will be positive, and 
the length of the perpendicular from any point on the 
negative side of the line will be negative. [See Art. 26.] 

'^ 32. To find the equations of the lines which bisect the 
angles between two given straight lines. 

The perpendiculars on two straight lines, drawn from 
any point on either of the lines bisecting the angles be- 
tween them, will clearly be equal to one another m mag- 
nitude. 

^ Hence, if the equations of the lines be 

Gw?4-6y H-c = 0.; (i), 

and a'x-\-Vy-{'C=^0 (ii), 

and (a?', y) be any point on either of the bisectors, 

cw;' 4- 63/' + c , a'x + b'y + c' _ I 

must be equal in magnitude. 

Hence the point {x\ y) is on one or other of the 
straight Unes 

ax+by + c , a'x + b'y+c' ,.... 

— , ^— = + , ^ (m). 

The two lines given by (iii) are therefore the required 
bisectors. 

We can distinguish between the two bisectors; for, if we 
take the denominators to be both positive, and if the 
upper sign be taken in (iii), ax + by + c and ax + b'y + 0' 
must both be positive or both be negative. 

TT . ax+by + c , a^x + V^+c' .. v 

Hence in — , ^ ' = H ' ^ ^ (iv), 

Ja^ + b^ Ja'+b'' ^ ^ 

every point is on the positive side of both the lines (i) and 
(ii), or on the negative side of both. 

If the equations are so written that the constant terms 
are both positive, the origin is on the positive side of both 



i/ 
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lines ; hence (iv) is the bisector of that angle in which the 
origin lies. 

Ex. The bisectors of the angles between the lines 4x-Sy + ls=0, and 

12a; + 5y + 13=0 are given by ^ — = db -^ ; and the upper 

sign gives the bisector of the angle in which the origin lies. 

'' 33. To find the equation of a straight line through the 
point of intersection of two given straight lines. 

The most obvious method of obtaining the required 
equation is to find the co-ordinates a?', y' of the point 
of intersection of the given lines, and then use the form 
y — y' = m (a5 — ic) for the equation of any straight line 
through the point {x\ yf). The following method is how- 
ever sometimes preferable. 

Let the equations of the two given straight lines be 

cw?4-6y + c = (i), 

a'a?+6'y+c'»a0 , (ii). 

Consider the equation 

acc + fcy + c + X {dx-^-Vy + c*) =0 (iii). 

It is the equation of a straight line, since it is of the 
first degree; and if {x\ y) be the point which is common 
to the two given lines, we shall have 

o/x -f Jy' + = ^ 

and aV + 6 y' + c' = 0, 

and therefore {ax' -{-hy -^ c) •¥% {a'x + Vy' + c') = 0. 

This last equation shews that the point [x\ y) is also 
on the line (iii). 

Hence (iii) is tlm equation of a straight line passing 
through the point of intersection of the given lines. Also 
by giving a suitable value to X the equation may be made 
to satisfy any other condition, it may for example be made 
to pass through any other given point. The equation 
(iii) therefore represents, for diflcrent values of X, all 
straight lines through the point of intersection of (i) 
and (ii). 
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Ex. Find the equation of the line joining the origin to the point of 
intersection of 22;+5^~^=0and3a;-2y + 2=0. 
Any line through the intersection is given by 

2a;+ 5y * 4 + X (3aj - 2y + 2) =0. 
This win pass through (0, 0) if "4^ + 2X^0, or if X=s2 ; 

.•. 2a?+6y-4+2(3x-2y + 2)=0, 
or 8a;+|^=:0y is the required equation. 

gAr 34. If the equations of three straight lines be 

ax + by + 0=0, a'fl?4- J'y + c'= 0, and a"a + 6"y + 0" = 

respectively; and if we can find three constants X, fi, v such 
that the relation 

\{ax-^hy + c) +/i (a'aj4- 6'y +0+^ (a 'a?+ 5"y+c'0=O...{i) 
is identically true, that is to say is true for all values of 
X and y, then the three straight lines will meet in a point. 
For if the co-ordinates of any point satisfy any two of the 
Citations of the lines, the relation (i) shews that it will 
also satisfy the third equation. This principle is of fre- 
quent use. 

Ex. The three straight lines joining the angular points of a triangle 
to the middle points of the opposite sides meet in a point. 

Let the angular points A, B, C be (x', y'), («", y")> (^"» y"l> respectively. 
Then I>, JB, Fy the middle points of BC, CA^ AB respectively, will be 

/a/'+a;'" y"+y"' \ fx"'+a:^ y'"+y'\ ^ f ^ + ^' y' + y"\ 

The equation of AD will therefore be 

y-y' x-af 

y"+y"' y ^'+^" ^ 
—2 — y -2 — * 

> 

or y (a/' +a/" - 2a;') - x {y" + y'" - 2y') + x' (y" + y'") - y' (a/' + a^") ^ 0. 

So the equation of BE and CF will be respectively 
y («"' + a' - 2a:") - x (y'" + y' - 2y ") + a/' (y'" + y') - y" {x'" + a/) = 
and y (a;' + a:" - 2a:"') - « (y' + y" - 2y"') + a/" (y' + y ") - y'" [x' + ar") = 0. 

And, since the three equations when added together vanish identically, 
the three lines represented by them must meet in a point. 
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EXAMPLES. 

1. Find the angles between the following pairs of straight lines — 

(i) y = 2x+5 B.nd.3x+y:=7, 

(ii) 05 + 2^-4=0 and 2a;-y + l=0, 

{ni)Ax+By+C=OaiLd{A-\-B)x-{A-B)y=0. % 

Ana, (i) 450, (ii) 900, (iii) 460. 

2. FJhid the equation of the straight line which is perpendicular to 
2x+7y -.&0 and which passes through the point (3, 1). 

An», 7x-2y=l9. 

8. Write down the equations of the lines through the origin perpen- 
dicular to the lines daL+ 2y~-5=0 and ix + dy-7^0. Find the co-ordinates 
of the points where these perpendiculars meet the lines, and shew that 
the equation of the line joining these points is 23x+lly - 85=0. 

4. Find the perpendicular distances of the point (2, 8) from the lines 
4a:+8y-7=0, 6a; + 12y-20=0, and 3aj-|-4y-8=0. Arts. 2. 

5^1^' Write down the equations of the lines through (1, 1) and ( - 2, ~ 1) 
+ / parallel* to 8a;^ 4^/ -i- 7 = ; and find the distance between these lines. 
. ' Ans, V' 

6. Find the equations of the two straight lines through the point 
(2, 8) which make an angle of 45^ with a;+ 2^=0. 

Ans, x-dy + 7=0^Bx+y=:9. 

7. Find the equations of the two straight lines which are parallel to 
^+7^-1-2=0 and at unit distance from the point (1, ^ 1). 

^ Ans, x+7y-h^d=5fj2=0. 

' 8. Find the equation of the line joining the origin to the point of 
intersection of the lines x-iy- 7=0 and y + 2a;- 1=0. 

Ans. 13a;+lly=0. 

9. Find the equation of the straight line joining (1, 1) to the point of 
intersection of the lines 8a; + 4y - 2 = and x—2y + 5=0, 

Ans, 7i; + 26y-38=0. 

10. Find the equation of the line drawn through the point of inter- 
section oty-4x-l=0 and 2» + 6y - 6 = 0, perpendicular to 3y + 4d5 = 0. 

Ans. SSy - 66a; - 101*=(^ ^^^ 

11. Find the lengths of the perpendiculars drawn from the origin on 
the sides of the triangle the co-ordinates of whose angular points are (2, 1), 
(3, 2) and (-1, -1). 

12. Find the equations of the straight lines bisecting the angles 
between the straight lines 4y + 3x - 12 = and 3y + 4a; - 24 =0 ; and draw 
a figure representing the four straight lines. 

Ans. y-x+12=0, 7y+7a;-86=0. 
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13. Find the equations of the diagonals of the reotangle formed by 
the lines a; + 3y-10=0, a;+3y-20=0, 3a;-y + 6=0, and Sz-y-B=0; 
and shew that they intersect in the point (|, |). 

14. Find the area of the triangle formed by the lines y-x=0, 
y+a;=0, x-c=0. Ans. <?, 

15. The area of the triangle formed by the straight lines whose 
equations are y - 2x=0| y - 3a8=0, and y=6a;+4 is •}. ^ 

16. Find the area of the triangle formed by the lines^^2x+4, 
2y + 3a;=5, and2/ + x4-l = 0. iftw. Yt*' 

17. Shew that the area of the triangle formed by the lines whose 
equations are y^m^x+Ci, y^vn^+c^, and x=0 is 

18. Shew that the area of the triangle formed by the straight lines 
whose equations are y=Tn^x-\'C-^t y=m^+C2, and y=i^m^x + c^ is 

J (Vl^V J {^^Z^+i {SiZ3l, [Use EfelT.] 

19. Shew that the locus of a point which motes So that the sum of 
the perpendiculars let fall from it upon two given straight lines is constant 
is a straight line. 

35. A homogeneous equation of the nth degree will 
represent n straight lines through the origin. 

Let the equation be 
Divide by a?" and we get 

Let my m,, m^ m^ be the roots of this equation. 

Then it is the same as 

^(f-".)(i-».)(i-".) (I-.)--"- 

^therefore is satisfied when 

.^72?! = ^' w^®^ |-m, = 0,&c., 

and in no other cjtses. 

Therefore all the points on the locus represented by (i) 
are on on# or other of the n straight lines 

y-Wji»=P, y-mjaj = 0, y-m^x^Q. 
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36. To find the angle between the two straight lines 
represented by the equation Aaf + ^Bxy -f Cy* = 0. 

If the lines be y — Wjaj = 0, and y — mga? = 0, then 
(y — m^Qc) (y — m^ = is the same as the given equation 

.'. mj + mj = — -^ (i) and wijm,= j-, (ii). 

If ^ be the angle between the lines, 

tan 6 = zr^ ^ =a ^^ . — y. — '- , from (i) and (ii). 

l + m^m, A-yG ^^ ^ ^ 

If B^—AG is positive the lines are real, being coin- 
cident if jB» - ^0 = 0. 

If ff — AG is negative the lines are imaginary, but 
pass through the real point (0, 0). 

The lines given by the equation Aa? + 2Bxy + Cy = 0, 
will be at right angles to one another if -4 + 6' = ; that 
is, if the sum of the coefficients of a? and y" is zero. 

" 37. To find the condittcm that the general equation of 
the second degree may represent two straight lines. 

The most general form of the equation of the second 
degree is 

ax' + 2hxy + ty* + 2gx + 2/y + c = (i). 

If this is identically equivalent to 

(Ix + my -hn) {tx + m'y + n') = (ii), 

we have, by equating coefficients in (i) and (ii), 

ir = a, mm' = b, nn = c, 

mn' + m'n = 2f nV + nl = tg, Im + I'm = 2A. 

By continued multiplication of the last three, we have 

8M = mmm'nn' + IV (m' V + m^n'^ 

+ mm' {n'r + nH") + nn' (I'W + i W*) 
= 2aJc + a(4/*-26c) 

+ b (V - 2ca) + c (W - 2ab). . 
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Hence abc — af^ —bg* — ch* + 2fgh = (iii) 

ifi the required condition. 

Unless the coefficients of a? and y* are both zero, we 
can obtain the above result more simply by solving the 
equation as a quadratic in x or in y. 

Suppose a is not zero ; then if we solve the quadratic 
in ^, we have 

cw? + Ay + flr * + V { (^* - a6) y* + 2 (% — a/ ) y + (7" - ac} . 

Now in order that this may be capable of being reduced 
to the form ax + By + (7 = 0, it is necessary and sufficient 
that the quantity under the radical should be a perfect 
square. The condition for this is 

which is equivaleiu to (iii). 

c^^^^CJ^S. To find the equation of the lines joining the origin 
to the common points of 

aa? + 2fucy + bf + 2gx + 2fy + c=^0 (i), 

and lx + my = 1 (ii). 

Make equation (i) homogeneous and of the second 
degree by means of (ii), and we get 
a^ + 2hxy + fty* + 2 {gx -k-fy) (Ix + my) + c{lx-h my)* = 

...(iii), 
which is the equation required. 

For equation (iii) being homogeneous represents 
straight lines through the origin [Art. 35]. To find where 
the lines (iii) are cut by the line (ii), we must put 
lx + my=l in (iii), and we then have the relation (i) 
satisfied; which shews that the lines (iii) pass through the 
points common to (i) and (ii). 

*39. To find the equation of the straight lines bisecting 
the angles between the two straight lines 

aa? + 2hxy + by*=^0. 

If the given lines make angles 0^ and 0^ with the axis 
of X, then (y — a? tan ^1) (y — ^ tan 0^ = is the same as 
the given equation : and we obtain 

s. c. s. 3 
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2A 



tan 0^ + tan ^» = — "t 



(0. 



and 



a 



tan^jtaii^, = T (ii)- 



If ^ be the angle that one of the bisectors makes with 
the axis of «?, then will 

and in either case 

tan 2^ = tan (^^ + ^,), 



or 



2tand __ tan ^j 4- tan ^g 



1-tan*^ l-tan^,tan^/ 
If (a?, y) be any point on a bisector, - = tan d\ 



2^ 



hence 



X tan 0^ 4- tan 0^ 

f ""l-tan6^jtan^,' 



therefore, making use of (i) and (ii), we have for the re- 
quired equation 

2wt/ _ 2h 

a — b h' 



or 



w 



EXAMPLES. 

1. Bhew that the two straight lines ^^•2a;yseo0+a:^=O make an 
angle 6 with one another. 

2 . Shew that the equation x^+xy-Qy^-{-7x+ 31y - 18 = represents 
two straight lines, and find the angle between them. Aru, 45®. 

3. Shew that each of the following equations represents a pair of 
straight lines, and find the angle between each pair: 

(i) (a5-a)(y-a)=0, fii) aj«-V=0, 

(iii) xy=Of (iv) a?y-2aj-3y+6=0, 

(v) sx?-Bxif+4y^=0, ^ (vi) a;»-6a^+4y«+ 335-4=0, 

^ (vii) aB«+2«ycot2a-y'=0. 
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4. For what valne of X does the equation 

12x*-10ay+%a+lla;-6y+X=0 
represent two straight lines? Shew that if the equation represents 
straight lines, the angle between them is tan'^f. Atu. \=2. 

5. For what value of X does the equation 

12ar*+Xay+2y«+llaj-6y + 2=0 
represent two straight lines? Ans, - 10, or - V- 

6. For what value of X does the equation 

12x«+86a!y+Xy« + 6aj+6y+3=0 
represent two straight lines? Arethe lines real or i maginar y? ^ Ajis, 28. 

7. For what value of X does the equation "Kxif+Bx+Sy + 2=0 
represent two straight lines? Ans, X= V- 

8. Shew that the lines joining the origin to the points common to 
3x«+5i»y-3y«+2a;+%=0 and Bx-^^l are at right angles. 

The lines are Sz^+5xy^ 3y^ + (2»+ 3y) (3« - 2y) = 0. 



Oblique Axes. 

40. To find the equation of a straight line referred to 
axes inclined at an angle &>. 




Let LMP be any straight line meeting the axes in the 
points Ly M. 

Let cc, y be the co-ordinates of any point P on the 
line. 

Draw P-^ parallel to the axis of y and OQ parallel to 
the line LMP, as in the figure. 

3—2 
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Then NP^NQ + QP (i) 

KQ sin NOQ , , 

But 7^ = -T—p ii^TTv: = constant = m suppose, 

and QP = OM = c suppose ; 

therefore (i) becomes y^mx + c, which is the required 

equation. 

If be the angle which the line makes with the axis 
of X, then 

sin 



/. tan = 



sin(o)-e)' 
msin 0) 



1 -f m cos a> ' 

41. Many of the investigations in the preceding 
Articles apply equally whether the axes are rectangular 
or oblique. These may be easily recognised. 

*42. To find the angle between two straight lines whose 
equations^ referred to ax^s inclined at an angle co^ are 
given. 

If the equations of the lines be 

y = mx + c, and y = m'x + c\ 

and if 0, 0' be the angles they make respectively with the 

axis of X, then [Art. 40] 

>, m sin 0) j x /i/ ^' sin co 

tan 6 = r: , and tan 



1 + m cos ft) ' 1 + w' cos ft) ' 

therefore tan (g - g') = ., ^ /"^~ "''^ ^'° " , ...(i). 

^ ^ l + (m + m)cosft) + mm ^' 

or the angle between the lines is 



tan 



-1 



{m — m') sin eo 



I • 



1 + (m'\'rr^^ cos ft) + mm' 

The lines will be at right angles to one another, if 
1 + (m + m') cos ft) + mw! = (ii). 

If the equations of the two straight lines be 
aa; + 6y + c = 0, and a!x + Vy + c = 0, 

and be the angle between them, then m = — v > a'Hd 
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^' — — jT, and substituting these values in (i) we have, 



aa + 66' — {aV + a'6) cos w * 

The lines will be at right angles to one another, if 
aa +66'— (a6' + a'6) cos © = (iii). 

*43. To find the perpendicular distance of any point 
(f, g)from the line Ax + By+ 0= 0. 

Let the line cut the axes of x and y in the points K, L 
respectively, and let P be the point whose co-ordinates are 
fyg, and let PN be the perpendicular from it on the line 
LK. Then 

APLK^ APOK-]- APLO- ALOK. (i), 

,\PN.LK= OK,gsinoi)+ OL.f^na) — OK. OL sin a).. » 

(ii); 
The relation expressed in (i) requires to be modified 
for different positions of the point and of the line, unless 
we make some convention with respect to the sign of the 
area of a triangle, but the equation (ii) is universally true. 
The student should convince himself of the truth of this 
by drawing diflferent figures. 

Now 0K = ~, OL^^^; 

A B^ 

also iZ'= OK^ ^OU-^OK. OL cos to 

= -^(^» + J5'-24Bcosa)); 
i. /--x -nxr Af+Bg+C 

.-. firom (u) PJv = yr ^« . p, a A p fSia <»• 

^ ^{A^+B^—zABcosa}} 

*44f. To find the angle between the Unes 

aa^ + ihxy + bf^^O, 
the cuces being inclined at an angle oi. 
If the lines be y^m'x and y^=in''x, 

then will m +m" ^ — -t-* 
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and m' m" = r ; 



whence m — m = ^ , . 



But the angle between y = mx and y=.m"x is 
^ -, (m' -- m") sin ft) -. . ^^^ 

1 + (m + w ) cos o) + mm *■ -^ 

therefore the angle required is 

^ - 2 a/I A' — ab] sin (o 

tan . c%i • 

o — zh cos ft) + a 

The lines aa? + 2hxy + fry* = are at right angles to 
one another, if 

a+ J — 2Aco8fi) = 0. 

Polar Co-ordinates. 

" 45. To find the polar equation of a straight line. 

Let ON be the perpendicular on the given line from 
the origin, and let ON = p, and XOIf= ou 

Let P be any point on the line, and let the co-ordinates 
ofPber, 0. 




Then, in the figure, z NOP is (9 — a), and 

OPcos NOP = ON. 

Therefore the required equation is 

rcos(5 — a) =p. 

This equation may also be obtained by writing r cos 
for X, and r sin for y in the equation a; cos a + y sin a =p. 



i 
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46. To find the polar equation of the line through two 
given points. 

Let P, Qhe the given points and let their co-ordinates 
be r, & and r", &' respectively. 

Let JJ be any other point on the line, and let the 
co-ordinates of jR be (r, 6). 

Then, since 

A TOQ'\' A qOR - A POE^ 0, 
we have 

//'sin {&'-&) +r'Vsin (^-r) - rr' sin {Q-0) =0. 

The required equation is therefore, 

rV'sin (^^ ^ +/Vsin (5- O +rr' sin (^- ^) = 0. 

EXAMPLES. 

1. Shew that the Imes given by the equation ^'-x*=0 are at right 
angles to one another whatever the angle between the i^ea may be. 

2. Find the equation of the straight line passing throngh the point 
(1, 2) and entting the line a; + 2y=0 at right angles, the axes being 
inclined at an angle of 60®. Am, 9;= 1. 

8. Find the angle the straight line y=5a;+6 makes with the axis of 
x, the axes being inclined at an angle whose cosine is {. Am. 45®. 

4. If y^^mat-k-c and y=imx+<f make equal angles with the axis of x^ 
then win m+m'+2mm'cos(i)=:0. 

5. If the lines Ax*'h2Bxjf + Cy'=0 make eqnal angles with the axis 
of X, then will 3= A cos <a. 

6. Shew that the lines given by the eqnation 

flc' + 2a?y cos w + y* cos 2« = 
are at right angles to one another, the axes being inclined at an angle u. 

7. Find the polar co-ordinates of the foot of the perpendicular from 
the pole on the line joining the two points (r^, 0j), (r„ 0^. 

47. We shall conclude this chapter by the solution of 
some examples. 

(1) On the Met of a triangle a» diagonals, paraUelogranu are deteribedy 
having their sides parallel to two given straight lines; shew that the other 
diagonals of these paraUelograms will meet in a point. 
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Take any two lines parallel to the sides of the paraUelognuns for the 
axes. Let A, £, C, the angular points of the triangle, be (a/, ^, (a^', /*) 
and (a?'", y'") respeotiYelj. 

Y> 

7 B E 




Then the extremities of the other diagonal of the parallelogram of 
which AB is one diagonal wiU be seen to be {s^y y") and («", y^. 
Therefore the equation of the diagonal FK will be 

y -yf' _ ^ -^ 

or a;(y'-y'0+y(*'^^') + ^y'-«y=O. 

Similarly the equation of HE will be 

and the equation of GD will be 

The sum of these three equations vanishes identically, therefore the 
three straight lines meet in a point. [Art. 34.] 

(2) Any straight line is drawn through a fixed point A cutting two 
given straight lines OX, OY in the points P, Q respectively, and the paral- 
lelogram OPSQ is completed: find the equation of the locus o/B. 
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Take the two given lines for the axes, and let the co-ordinates of the 
point ii be/, ^. 

Let the equation of the line PQ in any one of its possible positions be 

M=i <")• 

Then the co-ordinates of the point B will be a and /9. 

But, since the line PQ passes through the point (/, g)t the Talnes«=/, 
y=:g satisfy the equation (i). Therefore 

M=i ("'• 

Hence the co-ordinates a and p of the point B always satisfy the 
relation (ii). Galling the co-ordinates of the point B, x and y instead 
of a and j9, we have for the equation of its locus 

X y 

(3) Through a fixed point O any straight line is drawn meeting two 
given parallel straight lines in P and Q ; through P and Q straight lines 
are drawn in fiaed directions, meeting in B: prove that the locus of "R is a 
straight line. 

Take the fixed point O for origin, and the axis of y parallel to the two 
parallel straight lines; and let the equations of these parallel lines be 
a;=a, x=b. 

Then, if the equation of OPQ be y=imx, the abscissa of P is a, and 
therefore its ordinate ma; also the abscissa of Q is &, and therefore its 
ordinate mb. 

Let PR be always parallel to y=zm'x and QB always parallel to y ^m"x, 
then the equation of PB will be 

y-ma=m'{x-a) (i), 

and the equation of QB will be 

y-^mh=m" (x-b) (ii). 

At the point B the relations (i) and (ii) will both hold, and we can find, 
for any particular value of m, the co-ordinates of the point B by solving 
the simultaneous equations (i) and (ii). This however is not what we 
want. What we require is the algebraic relation which is satisfied by the 
co-ordinates {x, y) of the point By whatever the value of m may be. To 
find this we have only to eliminate m between the equation (i) and (ii). 
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Theresaltis 

(h - a) y=in'h (a? - a) ~ m"a (as - 6). 

This equation is of thd first degree, and therefore the required loons is 
a straight line. 

(4) To find the centres of the inscribed circle and of the escribed circles 
of a triangle whose angular points are given. 

Let (aJ', y'), (as", y")» (^"» y"') '^^ *^o angular points A, B, C respectively. 
The equation of B (7 is 

y(aj"-a;'")-«(y"-J/^")+y'V"-»'y"=0 (i), 

the equation of CA is 

y{«"'-aj')-aj(y'"-y')fy"V-aj^y=a (ii). 

and the equation of AB is 

y(a;'-«")-a?(/-y'0+y'^"-«'y"=O (iii). 

The perpendiculars on these lines from the centre of any one of the 
circles are equal in magnitude. 

The centres of the four circles are therefore [Art^ 81] giyen by 

If the co-ordinates of the angular points A, B, C of the triangle be 
substituted in the equations (i), (ii), (iii) respectively, the left hand mem- 
bers of all three will be the same. Hence, [Art. 26] the angular points 
of the triangle are either aU on the positive sides of the lines (i), (ii), (iii), 
or all on the negative sides. 

The perpendiculars from the centre of the inscribed circle on the 
sides of the triangle are all drawn in the same direction as those from 
the angular points of the triangle. Hence in (iv) the signs of all 
the ambiguities are positive for the inscribed circle. 

For the escribed circles the signs are - + +, + - +, and + + - 
respectively. 
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Examples on Chaptbb II. 

^ 1. A straight line moves ^o that the sum of the recipro- 
cals of its intercepts on two fixed intersecting lines is constant; 
shew that it passes through a fixed point. 

2. Prove that hx' — 2hxt/ + ay* = represents two straight 
lines at right angles respectively to the sti'aight lines 

3. Find the equation to the n straight lines through 
(a, 6) perpendicular respectively to the lines given by the 
equation 

P(^ -^Py^i^ + PaST" V + +pjxr = 0. 

4. Find the angles between the straight lines represented 
by the equation 

«?• + 3aj»y - 3ay - y* = 0. 

* 5. QA, OB are two fixed straight lines, -4, B being fixed 
points ; 1*9 Q are any two points on these lines such that the 
ratio of AP to BQ is constant; shew that the locus of the 
middle point of FQ is a straight line. 

* 6. If a straight line be such that the sum of the perpendi- 
culars upon it from any number of fixed points is zero, shew 
that it will pass through a fixed point. 

* 7. PJf, F^ are the perpendiculars from a point P on two 
fixed straight lines Vhich meet in ; MQ, NQ are drawn 
parallel to the fixed straight lines to meet in Q ; prove that, if 
the locus of jP be a straight line, the locus of Q will also be a 
straight line. 

8. A straight line OFQ is drawn through a fixed point 0, 
meeting two fixed straight lines in the points P, Q, and in the 
straight line OFQ a point R is taken such that OPy OR, OQ 
are in harmonic progression; shew that the locus of i? is a 
straight line. 

" 9. Find the equations of the diagonals of the parallelogram 
formed by the lines 

a = 0, a = c, a'=0, a=c, 

where a = a; cos a + y sin a — p, 

and a = a; cos a' + y sin a ~-p\ 
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10. ABGD is a parallelogram. Taking A as pole, and AB 
as initial line, find the polar equations of the /our sides and of 
the two diagonals. 

11. From a given point (A, h) perpendiculars are drawn 
to the axes and their feet are joined ; prove that the length of 
the perpendicular fix)m (A, k) upon this line is 

A^sin'w 
^{A* + Aj* + 2M cos o)} ' 

and that its equation is hx — h/ = h' — I;^, 

" 12. The distance of a point (fl;^ y^) from each of two 
straight lines, which pass through the origin of co-ordinates, 
is 8; prove that the two lines are given by 

(x,y-xy^y = h'{a^ + i/). 

13. Shew that the lines FO^ KBy and AL in the figure to 
Euclid L 47 meet in a point. 

« 14. Find the equations of the sides of a square the 
co-ordinates of two opposite angular points of which are 3, 4 
and 1,-1. 

15. Find the equation of the locus of the vertex of a 
triangle which has a given base and given difference of base 
angles. 

16. Find the equation of the locus of a point at which 
two given portions of the same straight line subtend equal 
angles. 

17. The product of the perpendiculars drawn from a point 
on the lines 

a;cos0 + y sin0= a, a;cos<^ + ysin^ = a 

is equal to the square of the perpendicular drawn from the 
same point on the line 

^ + A . tf + A 6-ih 

ajcos— ^ + ysm— ^-acos — ^; 

shew that the equation of the locus of the point is as* + ^ = a*. 

■* 18. PAy PB are straight lines passing through the fixed 
points Ay B and intercepting a constant length on a given 
straight line; find the eqimtion of the locus of P. 
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19. The area of the parallelogram formed bj the straight 
lines 3aj + 4y = 7a, 3x + 4y = 7a,, 4aj + 3y = 76i, and ix + 3y= 76, 
is 7 (a, -a.) (6, -i,). 

20. Shew that the area of the triangle formed hj the lines 
oa^ + 2A^ + 6^* = and Za; + my + raa*0 is 

21. Shew that the angle between one of the lines given by 
aa? + 2k»y + 6y* = 0, and one of the lines 

asx? + 2kxy + 6y" + X (a:* + y^ = 0, 

is equal to the angle between the other two lines of the system. 

22. Find the condition that one of the lines 

ox* + 2JiQcy + 6y* = 0, 
may coincide with one of the lines 

aV + 2A'ay + 6y«0. 

23. Find the condition that one of the lines 

oo* + 2hay + 6y* = 0, 
may be perpendicular to one of the lines 

aV + 2A'a5y + 6y=:0. 

24. Shew that the point (1, 8) is the centre of the inscribed 
circle of the triangle the equations of whose sides are 

4y + 3a5 = 0, 12y — 5aj = 0, y - 16 s= 0, respectively. 

25. Shew that the co-ordinates of the centre of the circle 
inscribed in the triangle the co-ordinates of whose angular points 
are(l, 2), (2, 3) and (3, 1) are ^(8 + ^10) and J (16- ^10). 
Find also the centres of the escribed circles distinguishing the 
different cases. 

26. If the axes be rectangular, prove that the equation 

(a«-3y)a: = wy{y-3a0 
represents three straight lines through the origin making equal 
angles with one another. 

27. Shew that the product of the perpendiculars from the 
point (»', ^) on the line's aa? + 2hxy + 6y* = 0, is equal to 

oaf* + 2Aa/y + 63/' 

Jia-by + W 
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28. If jPp Pg t)e the pei'pendiculars from (x, y) on the 
straight lines aa? + 2hxy + fty* = 0, prote that 

29. Shew that the locus of a point su^h that the product 
of the perpendiculars from it upon the three straight lines 
represented by 

ay' + 5y'aj + cya" + c?ic" = 

is constant and equal to k^ 

is a'tf' ■{'hy^x-¥ cyo? -^-doi? -J^J{a - c)' + (6 - (]^*= 0. 

30. Shew that the condition that two of the lines re- 
presented by the equation 

Aa? + 3Bafy-^3Cxf + D^=0 

may be at right angles is 

A' + SAG + ZBD + B'^O, 

31. Shew that the equation 

a (»* + /) - Uxy (a^^y') + Qcafy' = 

represents two pairs p£ straight lines at right angles, and that, 
if 26' = a* + Sac, the two pairs will coincide. 

32. The necessary and sufficient condition that two of the 
lines represented by the equation 

ay* + bxT^ + cccy + dafy + eas* = 

should be at right angles is 

(h + d) (ad+ he) + (e - a)* (a + c + c) = 0, 

33. Shew that the straight lines joining the origin to the 
points of intersection of the two curves 

ax^-h2hxy + h^+2gx = 0f 

and a'af + 2hfxy + h'^ + 2g^x - 0, 

will be at right angles to one another, if g'(a + 6) =^ (a' + 5'). 

34. Prove that, if the perpendiculars from the angular 
points of one triangle upon the sides of a second meet in 
a point, the perpendiculars from the angular points of the 
second on the sides of the first will also meet in a point. 

35. If the angular points of a triangle lie on three fixed 
straight lines which meet in a point, and two of the sides pass 
through fixed points, then will the third side also pass through 
a fixed point. 
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CHAPTER III. 



Chanqe of Axes. Ai^harmonic Batios, ob Cross 

Batios. Involution. 



Change of Axes. 
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48. When we know the equation of a curve referred 
to one set of axes, we can deduce the equation referred to 

another set of axes. 

« 

f ' 49, To change the origin of co-ordinates without 
changing the direction of the axes. 




Let OX, or be the original axes; O'X, O'T the new 
axes; O'X' being parallel to OX, and O'T being parallel 
to OY. Let A, k be the co-ordinates of O referred to the 
original axes. 
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Let P be any point whose co-ordinates referred to the 
old axes are x^y^ and referred to the new axes x\ ff. 
Draw PM paraUel to OF, cutting OX in 2f and O'X' 
iuN. 
Then x=^OM^OK + KM=-OK+aN^h + x\ 

y^MP,= MN+NP=KO' + NP = k + y\ 

Hence the old co-ordinates of any point are found in terms 
of the new co-ordinates; and if these values be substituted 
in the given equation, the new equation of the curve wiU 
be obtained. 

In the above the axes may be rectangular or oblique. 

h ^ 60. To change the direction of the axes without 
cha/nffing the origin, both systems being recta/ngular. 




Let OX, Y be the original axes ; 0X\ OY the new 
axes ; and let the angle XOX' = 0, 

Let P be any point whose co-ordinates are x, y re- 
ferred to the original axes, and x\ y referred to the new 
axes. Draw PN perpendicular to OX, PN" perpendicular 
to 0X\ N'M perpendicular to OX, and N'L perpendicular 
to PN, as in the figure. 

Then x^ON^OM-NM^OM'-LN' 
^ON'coad-N'Psmd 
= x' cos0 — y' sin 6; 
y^NP=NL + LP^MN' + LP 
=^ON''8m0 + N'PcoQ0 
s= X sin d + y' cos 9. 
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Hence the old co-ordinates of any point are found in 
terms of the new co-ordinates; and if these values be 
substituted in the given equation, the new equation of the 
curve will be obtained. 

Ex. 1. What does the equation 3x> + 2xy + 3y^ - 18a; - 22t^ + 50 = he- 
come when referred to rectangular axee through the point (2, 3), the new 
axis of X making an angle of 45* with the oldt 

First change the origin, by patting x' + 2, y' + d for as, y respectively. 

The new equation will be 

3(ar'+2)« + 2(«'+2)(y'+S)+3(y' + 8)a-18(a:' + 2)-22(y' + 3) + 50=0; 

which rednces to 3«^ + 2xfy' + 3y '* -1=0, 

or, suppressing the accents, to 

3x»+2«y + 3y»=l (i). 

To torn the axes through an angle of 45<^ we must write x' — ^ -y'—r 
for X, and x' — r- + y* — rr for y. Equation (i) will then be 

which reduces to 4«^ + 2y^ = 1. 

Ex. 2. "What does the equation «• - y* + 2x + 4y = become when the 
origin is transferred to the point {- 1, 2) 7 Ans. oc^ - yS+ SsbO. 

% Ex. 8. Shew that the equation 6x* + 5xy - 6y* - 1 7x + 7y + 6 = 0, when 
referred to axes through a certain point parallel to the original axes will 
become 6x* + 5jcy - 6y* = 0. 

Ex. 4. What does the equation 4x* ^- 2y/Zxy + 2y' - 1 = become when 
the axes are turned through an angle of 30®? Ans. 5iK^+y^-l=0, 

Ex. 5. Transform the equation x*-2xy+y'+x-3y=0 to axes 
through the pbiji^t (- 1, 0) parallel to the lines bisecting the angles be- 
tween the original axes. A ns, y/2y^ — x = 0. 

Ex. 6. Transform the equation x' + exy + y^ = a-, by turning the rect- 
angular .les through the angle ^. 

51. To change from one set of oblique axes to another, 
without changing the origin. 

S. G. S. 4 
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Let OX J OF be the original axes inclined at an angle 
Q>; and OX!^ OF" be the new axes inclined at an angle 
« ; and let the angle ZOZ' = 0. 




Let P be any point whose co-ordinates are a?, y re- 
ferred to the original axes, and of, y' referred to the new 
axes; so that in the figure OM^x, MP=y, OM'^x', 
and M'P^y\ JfP being parallel to OF and MT parallel 

to or. 

Draw PK and M'H perpendicular to OX, and M'G 
perpendicular to PK. 

Thea KP^ KG+GP^ EM' + (?P; 

.•. y sin 0) = a?' sin XOX' + y sin XOY 

= x' sin + y sin {6 + o)'). 

Similarly, by drawing PL perpendicular to OY^ we 
can shew that 

wjfiino) = a?' sin Z'OF-y' sin FOr 

= x' sin (ft) — ^) — y' sin (<»' + ^ — o)). 

These formulae are very rarely used. The results which 
would be obtained by the change of axes are generally 
found in an indirect manner, as in the following Article. 

*52. If by any change of axes a^ + ihxy + hy^ he 
changed into a'a? ' + 2k' xy' + 6 y'*, then will 
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a + 5 — 2Acoso> a'-f- V — 2h' co^to 



sin* o) sin' (o 



ana — 
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sin* 6) sin 6) 



where to and a/ are the angles of inclination of the two 
sets of axes. 

If be the origin and P be any point whose co-ordi- 
nates are x, y referred to the old axes and x\ y' referred to 
the new, then OP^ is equal to a?* + y* + 2ayy cos ©, and also 
equal to x^ + y* + 2a;'y cos to. 

Hence a^ + i^ + 2xy cos a is changed into 

x*+y'*'\'2x'y'coaa>\ 

Also, by supposition, 

aa? + ihxy + 6y* is changed into a'a?'* + ih'x'y + jy *. 

Therefore, if X be any constant, 

aa? + 2Aa?y + 6y* + X (a? + 2a?y cos « + y*) will be changed 

into a'a:" + 2AVy' + 6'y» + X (a?" + 2a?y cos ©' + y'"). 

Therefore, if X be so chosen that one of these expressions 
is a perfect square, the other will also be a perfect square 
for the same value of X. 

The first will be a perfect square if 

(a + X)(6 + X)-(A + Xcosa))* = 0, 

and the second if 

(a' + X) (6' + X) - (A' + X cos w')' = 0. 

These two quadratic equations for finding X must 
have the same roots. Writing them in the forms 

, g + & — 2A cos ft) ^ i /'^ ~ ^* __ A 

X "T* : — Z "~ X + : u — U, 

sm 6) sm 0) 

a' + 6'-2A' cosa)\ , a'6'-A'« ^ 

and XH . , - / X+ — -a / =0, 

sm" CO sm o) 

we see that 

a + 5 — 2A cos ft) _ a*-\-V -^^KcoBto' ... 
sin &> sm o> 

4—2 
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. ah -—l? OjV — A' ., .» 

and ■ " . g — = — r— 5 — ,-- ....(11). 

sm 6> sm 0) 

If b(!yth sets of axes are at right angles these equations 
take the simpler forms 

a + 6 = a' + 6', and a6-A' = a'6'-A" (iii). 

^ 53. The degree of an equation is not altered hy any 
alteration of the a^es. 

For, from Articles 49, 50, and 51, we see that, however 
the axes may be changed, the new equation is obtained 
by substituting for x and y expressions of the form 

h! + "my + n, and Vx + my' + n\ 

These expressions are of the first degree, and therefore if 
they replace x and y in the equation the degree of the 
equation will not be raised. Neither can the degree 
of the equation be lowered, for, if it were, by returning to 
the original axes, and therefore to the original equation, 
the degree would be raised. 

Ex. 1. Prove, by adtaal transformation of rectangular axes, that if 
aa:'+2Aa^+5y« become a'jf'3^2Va/y'+6y*, then will a+6=a'+6', and 

Ex. 2. If the formula for transformation from one set of axes to 
another "with the same origin be x=^mx'+np'y y^ndx^+n'y't shew that 

m^ + m'^ -1 ^ mm' 

[a?* + y' + 2xy cos (a will become a/' + y"^ + 2xy cos w'. Substitute there- 
fore the given expressions for x and y, and equate coefficients of x^ and 
y''^ to unity, and then eliminate cos to.] 



Anhabmonio or Cross Ratios. 

*54. A set of points on a straight line is called a 
range ; and a set of straight lines passing through a point 
is called a pencil ; each line is called a ray of the pencil. 

If P, Q, JB, 8 be four points on a straight line, the 
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PO PS 
ratio ^^ : ^^-^ or PQ . US : P8.BQ is called the anhar- 

monic ratio or croaa ratio of the range P, Q, iJ, 5, and is 
expressed by the notation {PQRS], 

If OP, OQ, OR, 08 he a pencil of four straight lines 
the ratio sin POQ . sin BOS : sin POS . sin ROQ is called 
the anharmonio ratio or cross ratio of the pencil, and is 
expressed by the notation 0{PQRSY 

If the cross ratio of a pencil or of a range is equal to 
— 1 it is said to be harmonic. 

It is easy to shew that if {PQBS} = — 1, then 
PQ:PS::PR--PQ:P8--PR, 
so that PQ, PR, PS are in harmonical progression. 

If P, Q, R, S he a harmonic range, then Q and S are 
said to be harmonically conjugate "with respect to P and Q, 

*55. If four straight lines intersecting in a point 
O he cut oy any straight line in the points P, Q, -S, S, 
the cross ratio of the range P, Q, J?, S wiU be equal 
to that of the pencil OP, OQ, OR, OS. 




For, if ;? be the length of the perpendicular from on 
the line PQR8, we have 
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jp. PQ = OP. OQ sin POQ, 
p.ES^^OR.OSsmMOS, 
p.PS^OP.OS&inFOS, 
p.RQ^OQ.ORsinROQ. 
„ PQ.R8 _ sin POQ . sin R08 

that is {PQiJfif} = {PQR8}. 

If the pencil be cut by any two straight lines in 
the points P, Q, R, 8 and P', Q\ Rf, 8' respectively, as in 
the figure, the cross ratios of the ranges P, Q, R, 8 and 
P', Q\ R\ 8 will be equal to one another, since they are 
both equal to the cross ratio of the pencil. 

If we draw the transversal P Qf'R" parallel to 08, 
it will meet 08 at an infinitely distant point, and, represent- 
ing this point by the symbol oo , we have 

since ^577 — is unity. 

*o6. To find the cross ratio of the peruAl formed by the 
lines whose eqimtions are 

ic = 0, y — ma? = 0, y = and y — m'x^O. 

Draw the line x — h cutting y — mx = in P, the axis 
of X in -N", and y — m'a? = in Q. 
Then JVQ = m'A, and JVP = mA. 

From the above we see that the four lines 

sc^Q, y'-mx=^ 0, y = and y-\'mx^ 
form a harmonic pencil. 

If the axes are at right angles to one another the lines 
y — rax = 0, and y + rnx = make equal angles with either 
axis. 

Hence, if a pencil be harmonic and two alternate rays 
be at right angles to one another, they will bisect the 
internal and external angles between the other two. 
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*57. T^fini the cross ratio of the pencil farmed by the 
four lines 




OH i 

Draw any line parallel to OY cutting the given lines 
in the points K, Ly M, If respectively, and the axis of x in 
E, and let OH = x. 

Then {KLM]!r\ ^ ^^' ^ . 

Now KL = HL''HK=y--kx\ 

MN = HN-- HM= nx'^mx\ 
KJtf = JSTiV^- HK^ nx'- kx\ 
ML^HL^HM=W^mx\ 

Hence {KLMN} = S|:il\^^^ . 

*58. To find the condition that the lines given by the two 
equations aa^+2hxy + by'=iO and a^a^ + 2h'xy + b'y^ = 
may be harmonicaUy conjugate. 

Let the pairs of lines be y = ooj, y = a'a? ; 
and y = /Sa?, y = /8a?. 

Then, if y = aaj, y = /Sa?, y^ax, and y=ffx form a har- 
monic pencil, we must have [Art. 57] 

(g-/3)(a' -/y)_ ■ 

or 220^ + 2/3/3'^ {« + oO (/8 + /90- 



56 



ANHABMONIC OB CBOSS RATIOS. 



But, from the given equations ve have 



Hence the condition required is 

a6' + ab = 2hh\ 

*59. We can shew in a similar manner that the pairs 
of points given by the equations 

cw;' + 2Aa? + i = 0, and a V + 2*'aj + 6' = 0, 
are harmonically conjugate if 

aV + a'b = 2kh\ 

*60. Each of the three diagonals of a quadrilateral is 
divided harmonically hy the other two diagonals. 




Let the straight lines QAB, QDC, PDA and FOB be 
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the sides of the quadrilateral. The line joining the point 
of intersection of two of these lines with the point of 
intersection of the other two is called a diagonal of the 
quadrilateral. There are therefore three diagonals, viz. 
PQ. AC^BDm the figure. 

We have to prove that 

[AOGR] = [BODS] = [QSPR] =- ~ 1. 

Let QO cut AD in K and BO in Z. 

Then, from Art, 55, 



or 



[AOGR] = Q 

And, since {AOOR] = { GOAR], 

AO.CR GO.AR 



AOCR}^ 
AKDP] = 
GLBP] = 



AKDP] 
[GLBP] 
GOAR\. 



AR,GO GR.AO* 
.-. {A0GR}:^±1. 

We must take the negative sign, for two of the rays 
coincide if the anharmonic ratio of a pencil be equal to + 1. 

This follows from Art. 85, for if -^tt^t/ = 1, then P" and -ft" 

are coincident. 

Hence the diagonal AG is cut harmonically. 

We can prove in a similar manner that the other 
diagonals are divided harmonically. 

Involution. 

*61. Def. Let be a fixed point on a given straight 
lino, and P, P'; Q, Q\ R, R\ &c. pairs of points on the 
line such that 

OP . 0F-=^ OQ. OQ'-^OR . 0R'-= = a const. = k 

Then these points are said to form a system in involution, 
of which the point is called the centre. Two points 
such zaP,P' are said to be conjugate to one another. The 
point conjugate to the centre is at an infinite distance. 
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If each point be on the same side of the centre as its 
conjugate, there will be two points K., K^, one on each side 
of the centre, such that OK^-=^OK^^OP .OF. These 
points K^y K^ are called double points or foci. 

It is clear that when the two foci are given the involu- 
tion is completely determined. 

An involution is also completely determined when two 
pairs of conjugate points are given. 

For, let a, a' and 5, V be the distances of these points 
from any point in the straight line upon wjiich they lie, 
and let so be the distance of the centre of the involution 
from that point. Then we have the relation 

(a — a;) (a —a;) = (J — a?) (5' — a?), 
or (a + a' — 6 — 6') a? = oa' *- W. 

Hence there is only one position of the centre. 

The position of the centre can be found geometrically 
by drawing circles one through each of the two pairs of 
conjugate points, then [Euclid ill. 37] the common chord 
of the circles will cut the line on which the points lie in 
the required centre. 

*62. If any number of points he in involiition the cross 
ratio of any four points is equal to that of their four con- 
jugates. 

Let P, Q, jR, S be any four points, and let the distances 
of these points from the centre be p q,r, » respectively and 

therefore those of their conjugates -,-,-,- respectively. 

and {P'Q'i2'^} = t4rT4^=J^^^#^- 

\s p) \q r) 

Hence {PQR8]^{FQRS']. 

The above gives us at once a means of testing whether 
or not six points are in involution. For P, P will be con- 



INVOLUTION. 69 

jugate points in the involution determined by -4, A' and 
B, F, if [ABA'P] = [A'EAF]. 

*63. Any two conjugate points of an involution and the 
two foci form a harmonic range. 

Let K^, K^ be the two foci, and the centre of 
the involution, and let jK'jO = c = OK^. 

Then, if P, P' be the two conjugates we have to prove 
that 

K,P. K,F 

or {c-hOPXOF^c) + {c+OF){OP^c)^0, 

or OP.OF^c\ 

which we know to be true. 

*64. If any number of pairs of points in involution 
be joined to any point we obtain ^pencil of lines which 
may be said to be in involution. 

Such a pencil is cut by any other transversal in pairs of 
points which ate in involution. This follows from Articles 
55 and 62. 

EXAMPLES. 

1. If P, Q, B, 8 be any four pointB on a straight linei then 

PQ,ltS+PR.8Q+P8.QR=0. 

2. Shew that 

{PQR8} = {qPSll] = {RSPQ] = {8BQP}. 

3. Shew that 

4. Shew that, by taking four points in different orders, six and only 
dz different cross ratios are obtained, and that of these six three are the 
reciprocals of the other three* 

5. If {PQRS}=^1, shew that {SRQP}^--1, {PRQS] = 2, and 
{PSQR}=i. 

6. If {PQRS\ = - 1, and O be the middle point of PR, then 

OP^=zOQ.08. 

7. If{i'«i25r}=-l,shewthat^ + i = A.and^ + ± = A. 
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The Cibcle. 

' 65. To find the equation of a circle referred to any 
rectangular axes. 




Let be the centre of the circle, and P any point on 
its circumference. Let d, e be the co-ordinates of G; a?, y 
the co-ordinates of P; and let a be the radius of the circle. 
Draw CM, FN parallel to OF, and CiT parallel to OX, as 
in the figure. Then 

CK^ + KJP^^CP'. 
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But Cir«a?-d, and JrP = y-«; 

.-. (^-fi); + (y-^)'-a' (I), 

is the required equation. 

If the centre of the circle be the origin, d and e will 
both be zero, and the equation of the circle will be t 

a?-\-f^a^ (ii). 

The equation (i) may be written 

The equation of any circle is therefore of the form 

a"+3^ + 25ra?J-2/y + c=0 (iii), 

where g,fa,nd c are constants. 

Conversely the equation (iii) is the equation of a 
circle. 

For it may be written 

and this last equation shews that the distance from any 
point on the locus of the equation (iii) from the point 

(— jr, — /) is constant and equal to '^s^ •{-/*'* c. The 
e quation (ii i) therefore represents a circle of radius 

V^ +/* "" c> the centre of the circle being s^t tte point 

If ^r •{•f^'-c =a the radius of the circle is zero, and the 
circle is called a point-circle. 

If ^ +/* — c be negative, no real values of x and of y 
will satisfy the equation, and the circle is called an imagin 
nary circle. 

' 66. We have seen that the general equation of a 
circle is 

a;* + 2/* + 25ra?4- 2^ + c=* 0. 

This equation contains three constants. If we want to 
find the equation of a circle which passes througb three 
given points, or which is defined in some other manner, we 
assume the equation to be of the above form and deter- 
mine the values of the constants g^ f, c for the circle 
in question from the given conditions. 
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For example — To find the equation of the circle which 
passes through the three points (0, 1), (1, 0) and (2, 1). 
Let the equation of the circle be 

a^ + ^ + 25ra?+2/^ + C = 0. 

Then, since (0, 1) is on the circle, the equation must be 
satisfied by putting a? = and y *= 1 ; 

.-. l+2/+c = 0. 
Also, since (1, 0) is on the curve, 

And, since (2, 1) is on the curve. 

Whence 5^=*/= — 1> a^^d c = l. 

The required equation is therefore 

a;"+y'-2aj-2y + l = 0, 

67. To find the equation of a circle when ths axes are 
inclined at an angle a>. 

The square of the distance of the point {x, y) from the 
point (d, e) will be equal to 

(a? - d)' + (y - ef + 2(ar- d) (y ^g) cos ©. [Art. 4.] 

Therefore the equation of the circle whose centre is at 
the point (d, e), and whose radius is a, will be 

(a; - d)*+.(y -c)*+ 2(37- d) {y - e) cos o) = a» (i), 

ox a?-\-'j^ +2xy cos w — 2a? (d + e cos o)) — 2y (e + d cos to) 

-hd* + e" + 2decos(»-a" = (ii). 

Any circle therefore referred to oblique axes has its 
equation of the form 

x*+y'+2a:ycosa)+ 2gx-\- 2fy + c = (iii), 

where g, f, c are constants so long as we consider one 
particular circle, but are different for different circles. 

The equation (iii) will still be true if we multiply 
throughout by any constant ; it then takes.the form 

Ax^ + 2A cos (o xy + Ay^ + 20x + 2Fy + C =0 (iv). 

Hence the equation of a circle referred to oblique axes is 
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of the second degree, the coefficients of of and ^ are 
equal to one another, and the ratio of the coefficients 
of xy and of \& ^ cos co, where en is the angle between 
the axes. 

We can find the centre and radios of the circle represented by the 
equation a^+y*+2aByoosw+2pac+2/y + c=0. For it wUl be identical 
with (a;-d)2+(y-«)*+2(x-d)(y-«)cos«-a«=0, if d+eco8w=-^, 
e+dcos»= -fy and cP+«'+2de cos ctf-a'=e. We therefore haye dsin'» 
=/ cos «— ^, « sin* «= 17 cos «-/, and a' sin' «=»/*+(;•- 2/1^ cos «- c sin' w. 



EXAMPLES. 

1. Find the radii and the co-ordinates of the centres of t))e circles 
whose equations are (i) a:'+y'-a;-|^=0, (ii) 4a:'+4y'+4j;-6y+8=50. 

Am, i, centre (J, i), radim —jr ; ii. centre ( - i, 1), radius —j^ . 

2. Find the equation of the circle which passes through the points 
(0, 0), (a, 0) and (0, b). An$. a;'+y'-ax-6y=0. 

8. Find the equation of the circle which passes through the points 

(a, 0), (- a, 0) and (0, b). 

a^ — ly^ 
Am, ae'+y*+ y-a»=0. 

_ 4. Shew that, if the co-ordinates of the extremities of a diameter of a 
circle be {af^ jf) and (£\ y") respectively, the equation of the circle will be 

(x-aj')(x-«")+(y-y')(y-y")-o. 

[13ie line joining any point P (x^y) on the circle to (1^, y') makes with 
the axis of :i; an angle tan^^^^^^ , the line joining P to {x^', y") makes 

an angle tan~^ _% * ^^^ these lines are at right angles, we have 



./' 



or {X - x') (a; - or") + (y - y') (y - y")=0]. 

6. Shew that if the co-ordinates of the extremities of a diameter be 
(z', yf) and {xf', j^) respectively, the equation of the circle will be 

(x-aK) (aj-a:")+(y-2^) (^ - y") + {(y - y') («-«") + {y-y") («-«')} cos u 

=0, 
M being the angle between the axes* 



■f 
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6. If the equation a^+xy+y^'¥2x-^2y:a0 represent a eirde, ihew 

that the axes are inclined at an angle of 60", and find the oentre and 

radius of the circle. 

2 
Aru, centre (- 1, - 1) ; radiui — . 

7. Find the equation of the circle through the three points (jt', y'), 

' 68. Def. Let two points P, Q be taken on any curve, 
and let the point Q move along the curve nearer and nearer 
to the point P; then the limiting position of the line PQ, 
when Q moves up to and ultimately coincides with P, 
is called the tangent to the curve at the point P. 

The line through the point P perpendicular to the 
tangent is called the normal to the curve at the point P. 

^ 69. To find the equation of the tangent at any point of 
the circle whose eqiuition is x^ + y^ =* a\ 

Let x\ y and x\ y" be the co-ordinates of two points 
on the circle. 

The equation of the secant through the points (^', y ) 
and (a?", y") is . 

^-^ _ y^y' 

a^^x^^y'-f ^^' 

But, since the two points are on the circle, we have 

x'^ + i^=a\ and a;"*+/* = a'; 

/. ^'»-^'- = y--.y- (ii).^ 

Multiply the corresponding sides of the equations 
(i) and (ii), and we have 

(a;-a;')(^' + = -(y-»')(y+y") ("i). 

Let {x"y y) move up to and u^mately coincide with 
{x\ y') ; then in the limit the chord becomes the tangent 
at {x\ jf). The equation of the tangent at {x\ y') is there- 
fore obtained by putting x' = x\ and y" = y* in equation 
(iii) ; the result is 
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or W + y/ = »'* + y'*; 

is the required equation of the tangent at the point {af, y*), 

70. To find the equation of the tangent at any point of 
ihe circle whose equation is 

The equation of the secant through the two points 
(a^', y'), {x", y") wiU be 

x — oi -. y^'^ r\ 

X —a? y *~ y 

Since the two points are on the circle, we have 
a?''+y' + 2^x' + 2/y' + c«0, 

/. (^'-^")K + ^" + 25r) = -(y'-jr)(y^+/+2/)...(ii). 

Multiply the corresponding sides of the equations (i) 
and (ii), and we get for the equation of the secant 
(a;-aj')(^' + ^" + 25r) = -(y-y')(y' + y"+2/). 

The equation of the tangent at (x\ y') will therefore 
be 

(x-.;r')(^' + Sr) + (y-y^) (y' +/) =0, 
or xx' + yy' -{-gx +Jy = x'+ y^* + gx[ -{-fy'. 

Add gx'+ft/-^- c to both sides ; then, since {x\ y') is on 
the circle, the equation of the tangent becomes 
xx'+yy' + g(x + x')+fQ/ + y') + c=:0. 

' 71. To find the equation of the normal at any point of 
a circle. 

Let the equation of the circle be 

^ + y» = a'. 

If {x\ y') be any point on the circle, the equation of the 
tangent at that point will be 

xaf + yy' = a^ (i)- 

The equation of the line through {x\ y) perpendicular 
to (i) is [Art. 30] 

(a;-«;')y'-(y-y')« =0, 

S.C.S. 5 
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or xjf^yx'^0 (ii). 

This is the required equation of the normal at {x\ r/). 

It is clear from equation (ii) that the normal at any 
point of the circle passes through the origin^ that is thrqugh 
the centre of the circle. 

' 72. To find the points of intersection of a given straight 
line and a circle. 

Let the equation of the circle be 

ai' + y'^a*.: (i). 

and let the equation of the straight line be 

y = »w? + c (ii). 

At points "which are common to the straight line and the 
.circle both these relations are satisfied. Points on the 
straight line satisfy the equation y" = (mx + c)*, and points 
on the circle satisfy the equation y* = a' — a;' ; hence for 
the common points we have 

(mx + c)' = a' — ^, 

or a^(l +m*) + 2mcx + c'- a"= (iii). 

This is a quadratic equation, and every quadratic equation 
has two roots, real, coincident or imaginary. 

Hence there are two values of x, and the two corre- 
sponding values of y are found from (ii). So that every 
straight line meets a circle in two real, coincident, or 
imaginary points— imaginary points being those one or 
both of whose co-ordinates are Jmaginaiy. ^ 

It is impossible to represent geometrically the two 
imaginary points of intersection of a straight line and 
a circle : we shall find however that imaginary points and 
lines have often an important significance : and it is 
necessary to consider them in order to enunciate our 
theorems in their most general forms. 

The roots of the equation (iii) will be eqiLol to one 
another^ if , 

' (l+m')(c»-a*)=mV, 
that is, if ^ = a*(l+w") .....(iv). 
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If the two values of x are equal to one another the two 
values of y must also be equal to one another from (ii). 

Therefore the two points in which the circle is cut by 

the Une will be coincident ii c=a Jl + m \ 

Hence the line y = mx + ajl+m^ will touch the 
circle a? + y^=sa^ for all values of m. 

Since either sign may be given to the radical Jl 4- «i', 
it follows that there are two tangents to a circle for every 
value of m, that is, there are two tangents parallel to any 
given straight line. 

'' 73. To find the locus of the middle points of a system of 
'parallel chords of a circle. 

Take the centre of the circle for origin, and the axis of 
X parallel to the chords. 

Let the equation of the circle be 

^' + 2/" = a» (i); 

and let the equation of any one of the parallel chords be 

y-c = (ii). 

Where (i) and (ii) meet we have 

a? + c^=^a^', 

/• a? = ± Jd^ — c*. 

Since the two values of x are equal and opposite, it 
follows that the. middle point of the chord has its abscissa 
zero, that is, the middle point of the chord is always on 
the axis of y. This is true for all values of c. If c> a 
the two values of x are both imaginary, but their sum 
is still zero, and therefore the middle point of the chord is 
still on the axis of y. 

The locus of the middle points of parallel chords of a 
circle is therefore the straight line through the centre 
which is perpendicular to the chords : the locus need not 
however be supposed to be limited to that portion of this 
line which is within the circle. 

74. In the preceding Articles we have assumed no 
geometrical properties of the circle except that the distance 

5—2 
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from any point to tbe centre is constant. Some of our 
results may be obtained more readily by assuming the 
propositions proved in Euclid, Book III. For instance, let 
(x\ y') be any point on the circle whose equation is 
ic* + y' = a' ; the equation of the line from {x, y') to the 

centre of the circle is -7 — ^ = 0, and the equation of a 

X y ^ 

perpendicular line through {x\ y) is [Art. 30] 

(a? — aj')a7' + (y — y')y'=0 or d:a;' + y^ — a' = 0. 
And by Euclid III. this line is the tangent at the point. 

•* 75. Two tangents can he drawn to a circle from any 
point ; and these two tangents will he real if the point he 
outside the circle, coincident if the point be on the circle, and 
imaginary if the point be within the circle. 

Let the equation of the circle be 

a^ + y'^^a^ 

and let h, k be the co-ordinates of any point. Let x\ j/ b6 
the co-ordinates of any point on the circle, then the 
equation of the tangent at {x\ y^) will be 

xx' + y^ = a". 

The tangent at {x\ %f) will pass through the point 
(A, h) if 

hx'-^kj/ = a^ ...(i). 

But {x\ if) is on the circle, therefore 

^'« + 2/» = a" (ii). 

Equations (i) and (ii) determine the values of x' and of 
y' for the points the tangents at which pass through the 
particular point (A, A;). Substitute for y' in (ii) and 
we get 

or a;'^(A'-i-A;')-2a*Aaj'-f-a'(a»-A:^ = (iii^. 

Equation (iii) gives the abscissae, and from (i) we get 
the corresponding ordinates. Since equation (iii) is & 



^.^^«^y^^.^ 
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quadratic equation, there are two points the tangents at 
which pass through (h, k). 

The roots of (iii) are real, coincident, or imaginary 
according as ,x v a » 

is greater than, equal to, or less than zero. 
That is, according as ^ 

is greater than, equal to, or less than zero. That is, 
according as (A, k) is outside the circle, on the circle, 
or within the circle. 



y\ EXAMPLES. 

1. "Fmdi ilie co-ordinates of the points where the line |^=2x + l cats 
the circle x* -f y" = 2. Ans. (- 1, - 1) and (i, {). 

2. Shew that the line 3^ ~ 2y = touches the circle ic^ + y' - So; + 2y = 0. 
8. Shew that the circles a;^ + y > = 2 and a* + y* - 6j; - 6y + 10 = touch 

one another at the point (1, 1). V ' ^ 

4. Shew that the circle a^-^y^- 2ax - 2ay + a^ = touches the axes of 
xandy. 

5. Find the equation of the circle which touches the lines x=0,y=Oy 
andoBsrc. Ant. 4x^+^y^-Acx±4cy + c^=0. 

6. Find the equation of the circle which touches the lines a;= 0» »= a, 
and3dB+4y+5a=0. 

Aru. a?+y^ -{ix+2ay +a^— 01 x^+y^ - ax+iay +^a'^=:0. 

7. Shew that the line y=m(a;-a)+aN/l+m^ touches the circle 
a^+y*=s2aa^ whateyer the value of m may he. 

<^ 8. Two lines are drawn through the points (a, 0), (- a, 0) respectively, 
and make an angle $ with one another ; find the locus of their intersection. 

The circles «' + y> - a* = ± 2ay cot 6. 
^ 9. A circle touches one given straight line and cuts off a constant 
length {21) from another straight line perpendicular to the former ; find 
the equation of the locus of its centre. Ans, y^^x^= 1?. 

' 10. A line moves so that the sum of the perpendiculars drawn to it 
from the points (a, 0), (> a, 0) is constant ; shew that it always touches a 
drde. 
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11. Find the etiuations of the two tangents to aj*+ y» = 3, which make 
an angle of 60* with the axis of jc. Arts, y=\/S (a?=b2). 

^ 12. Find the equation of the circle inscribed in the triangle the 
equations of whose sides are ac = 1, 2y = 6 and 3a; - 4y = 5. 

^rw. (x-2)«+(y-4)«=l. 

13. Shew that the two circles 
j.«4.y2-2aa;-26y-2a6=0anda?+y3+26a;+2ay-2a6=0 

cut one another at right angles. [This requires that the square of the 
distance between the centres of the circles is equal to the sum of the 
squares of their radii.] 

14. Shew that the two circles represented by the equations 

x*+y^ + 2dx+Jff*=0, a;a + y2+2(ry~&2=0 
intersect at right angles. 

" 76. Tangents are drawn to a circle from any point; to 
find the equation of the straight line joining the points of 
contact of the tangents. 

Let the co-ordinates of the point from which the tan- 
gents are drawn be a?' y. Let the co-ordinates of the two' 
points of contact be h, k and h\ k' , and let ar* + y* — a' = 
be the equation of the circle. 

The equations of the two tangents will be [Art. 69] 

xh +yk —a^^^Oy 
xh' +yk'-a^ = 0. 

Since both these tangents pass through the point 
{x\ y'), therefore both equations are satisfied by the co- 
ordinates a:', y'; 

.-. x'h + y'k-a* = (i), 

and a?'A'+y'A;'-a'=0.. (ii). 

But the equations (i) and (ii) are the conditions that 
the two points (A, k) and (hf, k') may lie on the line whose 
equation is 

Hence (iii) is the required equation of the straight line 
through the two points of contact of the tangents which 
pass through (x' y'). 

If the equation of the circle be ar'+y*+2^a:+2/y+c=0, we can shew 
in a similar manner (by assuming the result of Art. 70) that the equation 
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of {he Khe joining the points of contact of the tangents wHoh pass 
tiirongh (x', y') is 

«/+yy'+y («+a/) + /(y+y')+c=0. 

If the point (x\ y') be outside the circle the two tan- 
gents will be real, and the co-ordinates h, k and h\ k' will 
all be real. If however the point (a?', y') be within the 
circle the two tangents wiU be imaginary; but, even 
in this case, the Ime whose equation is (iii) is a real 
line when x' and y' are real. So that there is a real line 
joining the imaginary points of contact of the two imagi- 
nary tangents which can be drawn from a point within the 
circle. 

Be/, The straight line through the points of contact of 
the tangents (real or imaginary) which can be drawn from 
any point to a circle is called the polar of that pomt 
with respect to the circle. 

The point of intersection of the tangents to a circle at 
the (reai or imaginary) points of intersection of the circle 
and a straight line is called the pole of that line with re- 
spect to the circle. 

" 77. Let TP, TQ be the two tangents to a circle from 
any point T» Let Q move up to and ultimately coincide 
with the point P, then T will also move up to and 
ultimately coincide with P, and the tangents TP, TQ 
will ultimately coincide with one another and with the 
chord PQ. That is to say, the polar of T, when T is on 
the circle, coincides with the tangent at that point. 




This agrees with the result of Art 76. For the 
equation of the polar is of the same form as the equation 
of the tangent, and hence the polar of a point which is on 
the circle is the tangent at that point. 
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'' 78. If the polar of a point P pass through Q, then 
will the polar of Q pass through P. 

Let F be the point {x\ yT), and Q be the point (oT, y"), 
and let the equation of the cirde be aj? + y* — a' = 0. 

The equations of the polars of {x\ y') and (a/', y") are 

xaf +yy — a" = (i), 

and fl?«" + yy"— a* = (ii). 

If Q be on the polar of P, ita co-ordinates must satisfy the 
equation (i); 

.-. a7V + yY-a* = 0; 

but this is also the condition that P may be on the line 
(ii), that is on the polar of Q, which proves the proposition. 

If Q be any. point on a fixed straight line, and P be 
the pole of that line; then the polar of Q must pass 
through P, for by supposition the polar of P passes 
through Q. 

Conversely, if through a fixed point P any straight line 
be drawn, and Q be the pole of that line; then, since P is 
on the polar of Q, the point Q must always lie on a fixed 
straight line, namely on the polar of P. 

79. If the polars of two points P, Q meet in iZ, then 
JJ is the pole of the line PQ. For B is on the polar 
of P, therefore, by Art. 78, the polar of B goes through P; 
similarly it goes through Q ; and therefore it must be the 
line PQ. 

-* 80. To give a geometrical construction for the polar of 
a point with respect to a circle. 

Let the equation of the circle be 

a;*4-y* = a'; 
let P be any point, and let the co-ordinates of P be a?', y'. 

The equation of the polar of P with respect to the 
circle is 

xx' + yy' -a^=0 --(O- 

The equation of the line joining P to 0, the centre of 
the circle, is ^ -, 

^ ^-^, = (ii). 

- « y 
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We see from ihe equations (i) and (ii) that the polar of 
any point with respct to a circle is perpendicular to the 
line joining the point to the centre of the circle. 

If OiV" be the perpendicular from on the polar, 

[Art. 31.] 



ON^ 



a' 



also 
therefore 



ON.OP = a\ 



We have therefore the following construction for the 
polar. Join OP and let it cut the circle in A ; take JV on 
the line OP such that OP : OA :: OA : ON, and draw 
through N a line perpendicular to OP. 





Ex. 1. Write down the polars of the following points with respect to 
the drole whose equation is :r^+^'=4, 

(i) (2,3), (ii) (3,-1). (ui) (1,-1). 

Ex. 2. Find the poles of the following lines with respect to the circle 
whose equation is »* + 3/' = 36, 

(i) 4aj+6y-7=0, (ii) 3aj-2y-6=0, (in) «MB+6y-l=0. 

An», (i) (20, 30), (ii) (21, - 14), (iU) (35a, 356). 

Ex. 3. Find the co-ordinates of the points where the line a; =4 cnts 
the circle 3^+y^^^\ find the equations of the tangents at those points, and 
shew that they intersect in the point (1, 0). 

Am. (4, ± J^^y 4a; dk ^/- 12y = 4. 

Ex. 4. If the polar of the point («', y') with respect to the circle 
a? + y« = a« touch the circle (« - a)^ + y' = a', shew that y** + 2aa! = a\ 
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■' 81. To find lite polar equoMon of a circle. 
Let C be the centre of the circle, and let its polar 
co-ordinates be p, o, and let the radius of the circle be 
equal to a. (k^^ -^^'^^ -> ^- ^-f 



p. 




V X. 



V 



O'-A^ ^ y— 

Let the polar co-ordinates of any point P on the curve 
be f &• 

Then " CP^ = OG^ + OP* -20C. OP coa COP. 
But CP= a, Oa = /), OP=r, z XOC^ a, z XOP = 0; 

/. a* = p" + r'-2r/3Cos(^-,a) (i), 

which is the required equation. 

If the origin be on the circumference of the cirdAp = a, 
and we have from (i) ' 

r=2acos(^ — a) (ii). 

If, in addition, the initial line pass through the centre, a 
will be zero, and the equation will be 

r = 2acos^ (iii). 

From equation (i) we see that if r^, r, be the two values 
of r corresponding to any particular value of 0, then 

r r^^p^-a* (i^)» 

so that r, r is independent of 0. 

This proves that, if from a fixed point a straight line 
be drawn to cut a given circle, the rectangle contained by 
the segments is constant. ^ . * ^ ^\ 

From (iv) we see that if the origin be within the circle, 
in which case p is less than a, r^ and r, must have different 
signs, and are therefore drawn in different directions, as is 
geometrically obvious. 



A-" 
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"* 82. To find the length of iJie tangent drawn from a 
given point to a circle. 

If jT be the given point, and TP be one of the -^ i/'<^ 
tangents from T to the circle whose centre is (7, then we 
know that the angle CPT is a right angle ; 

/. TP'^Cr-CP* (i). . V 

Let the equation of the circle be 

(a? — a)'+ (y — J)* — c* = (ii), 

and let the co-ordinates of T be a?', y\ 

Then Cr = (x' - a)' + (y' - 6)'; 

therefore from (i) we have 

TF^^{x'^ay-\'{y'^iy-(? (iii). 

TP* is therefore found by substituting the co-ordinates 
of, y' in the left-hand member of the equation (ii). 

We see, therefore, that if /S=»0 be the equation of a 
circle (where 8 is written for shortness instead of a?" + y* 
+ ^gx 4- 2/y + c), and the co-ordinates of any point be sub- 
stituted in fif, the result is equal to the square of the length 
of the tangent drawn from that point to the circle ; or 
{Euclid III. 37] to the rectangle of the segments of chords 
drawn through the point. If the point be within the circle 
the rectangle is negative, and the length of the tangent 
imaginary. 

If the equation of the circle be 

to find the square of the length of the tangent from any 
point to the circle we must divide by A and then substi- 
tute the co-ordinates of the point from which the tangent 
is drawn. 

<83. If a? + y*+2gx +2ft/ +c=0 (i) 

be the equation of one circle, 

and x' + y' + 2g'x-]-2fy + c=0 (ii) 

be the equation of another circle, the equation 

ai' + y'+2gx+2fi/ + c = a^-\-f + 2g'x + 2fy + c...{m) 
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will clearly be satisfied by the co-ordinates of any point 
which is on (i) and also on (ii). Equation (iii) represents 
therefore some locus passing through the points common to 
the two circles. 

But (iii) reduces to 

2(5r-5r')a? + 2(/-/Oy + c-c'=0. (iv), 

which is of the first degree, and therefore represents a 
straight line. 

Hence (iii), or (iv), is the equation of the straight line 
through the points common to the circles (i) and (ii). 

Although the two circles (i) and (ii) may not cut one 
another in real points, the straight line given by (iii) or by 
(iv) is in all cases real, provided that g,/, c, g,f, c are 
reai. We have here therefore the case of a real straight 
line which passes through the imaginary points of inter- 
section of two circles. 

Another geometrical meaning can however be given to 
the equation (iii). 

For H 8=0 he the equation of a circle, in which the 
coefficient of a^ is unity, and the co-ordinates of any point 
be substituted in 8, the result is equal to the square of the 
tangent drawn from that point to the circle 8=0. [Art. 82.] 

Now if X, y be the co-ordinates of any point on the 
line (iii) the left side of that equation is equal to the 
square of the tangent from (a?, y) to the circle (i), and the 
right side is equal to the square of the tangent from (x, y) 
to the circle (ii). 

Hence the tangents drawn to the two circles from any 
point of the line (iii) are equal to one another. 

Def. The straight line through the (real or imaginary) 
points of intersection of two circles is called the radical 
a^ of the two circles. 

From the above we see that the radical axis of two 
circles may also be defined as the locus of the points frora 
which the tangents drawn to the two circles are equal to 
one another. 
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The co-ordinates of the centres of the two circles are 
— ^, — ^ and — ^r', —f respectively: the equation of the 
line joining them, therefore is 

which [Axti 30] is perpendicular to the line (iv). 

Hence the radical axis of two circles is perpendicular 
to the line joining their centres. This is geometrically 
obvious when the circles cut in real points. 

84. The three radical axes of three circles taken in 
pairs meet in a point 

If 5 = 0, S' = 0, 8" = be the equations of three circles 
(in each of which the coeflScient of a? is unity), the equa- 
tion of the radical axis of the first and second will be 

The equation of the radical axis of the second and third 
will be 

And of the third and first will be 

And it is obvious that if two of these equations be satisfied 
by the co-ordinates of any point, the third equation will 
also be satisfied by those co-ordinates. 

The point of intersection of the three radical axes 

is called the radical centre of the three circles. 

» 

^ < *85. To find tlie eqimtion of a system of circles every 
^]f pair of which has the sam>e radical cwrw. 

If the common radical axis be taken for the axis of y, 
and a line perpendicular to it for the axis of x, then all the 
circles cut a? = in the same two points. 

Hence, if x*-hy' + 2gx+2fy + c = be the general 
equation of the circles, when we put a; = the roots of the 
resulting equation y* + 2fy + c = must be the same for 
all the circles. 

Therefore y and c must be the same for all the circles. 
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If we take as origin the point midway between the two 
points where x=0 cuts the circles, /will be zero, and the 
equation becomes 

a» + y' + 25ra? + c = 0,. (h), 

which is the required equation, c being the same for all 
the circles. 

The radical axis cuts the circles in real points if c be 
negative, and in imaginary points if c be positive. 

The equation (i) can be written 

Hence, if g be taken equal to ± Vc the circle will reduce 
to one of the points (T ^c, 0), 

These points are called the limiting points of the system 
of co-axial circles. When c is positive, that is when the 
circles themselves cut in imaginary points, the limiting 
points are real, and conversely, when the circles cut in real 
points the limiting points are imaginary. 

* 86. 7/" S = and S' = be the equations of two circles, 
S - ^ S' = vrill, for different values of \, represent all 
circles which pass through the points common to S = and 
S' = 

For, if/Sf=Oand^' = Obe 

a^ + f + 2gx + 2fy + c^0 (i), 

a? + y' + 2g'x + 2fy + c'==0 (ii), 

then will iSf - \ iS' = be 

^ + 2/V+ 2gx+2fy + c - X {a? +/ + 2gx+2fy + c} 

• =0 (iii). 

Now (iii) is clearly the equation of a circle, whatever \ 
may be. 

Also, if the co-ordinates of any point satisfy both (i) 
and (ii), they will also satisfy (iii). 

Hence 8--\8' = is, for any value of X, a circle 
passing through the points common to £f =? and /S' = 0. 

By giving a suitable value to \ the circle (iii) may 
be made to pass through any other point ; therefore 
S — \^=^0 represents all the circles through the inter- 
sections o{ S==0 and S' = 0. 
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The geometrical meaning of the equation fif — \ 5' = 
should be noticed. From Art. 82 we see that any point 
whose co-ordinates satisfy the equation 8=^\8' is such that 
the square of the tangent from it to the circle 8=0 is 
equal to X times the square of the tangent from it to 
8 =0, We have therefore the following proposition — the 
locus of a point which moves so that the tangents from it 
to two given circles are in a constant ratio, is another circle 
which passes through their common points. 

87. If 0, (y be the centres of two circles whose radii 
are a, a! respectively, the two points which divide the 
line 0(7 internally and externally in the ratio a : of are 
called the centres of similitvde of the two circles. 

The properties of the centres of similitude are best 
lareated geometrically. 

The most important of the properties are (1) Two of 
the common tangents to two circles pass through each 
centre of similitude; (2) Any straight line through a 
centre of similitude of two circles is cut similarly by the 
two circles. 

// EXAMPLES. . 

1. Find the length of the tangent drawn from the pomt (2, 5) to the 
circle a;^ + 3^ - 2a; - % - 1 = 0. 

Also the length of the tangents from (4, 1) to the circle 

4aj3+4yS-.3a.-y_7=0. Ans. 3, 2 V3. 

2. Find the equation of the circle through the points (3, 0), (0, 2) and 
(- 1, 1) ; and find the value of the constant rectangle of the segments of 
aU chords through the origin. Ans,^, 

3. Find the radical axis of the circles a:'+y*+2a;+3y-7=0 and 
jj»+y»_2a;-y + l=0. Ans, x+y-2=0. 

4. Find the radical axis of the two circles a?+y*-\-bx+hy-c=0 and 

5. Find the radical axis and the length of the common chord of the 
circles x^+y^+<ix+lfy-\-c=Q and a^+y'+&B+ay + c=0. 

Am.x-y==0, {i(a+hf-ic\h 
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6. Shew that the three circles 
jc>+y«+8«+€y+12=O,a;*+y«+2»+8y+16=O,aiid««+y>+12y+24=0, 
have a oommon radical axis. 

7. Find the radical centre of the three circles 

aj*+y*+4a;+7=0, 2a;»+2y«+8«+6y + 9=0, and«'+y*+y=0. 

Atu. (- 2, - 1). 

\ 8. Find the equations of the straight lines which totich hofh the 

circles x^+y*=4 and (a; - 4)' +y^=l. Find also the co-ordinates of the 

centres of similitude. 

Ans, 3x±V7y-8s=0, «nd«±Ayi6y-8=0; (8, 0), (|,0). 

9. If the length of the tangent from (/, g) to the circle x* 4:y'^6 be 
twice the length of the tangent from {/, g) to the drole s* +f^+Bx + 3y =0, 
then will /«+^«+4/+4|r+2=0. 

10. If the length of the tangent from any point to the drole 
a;'+y*+2a;=0 be three times the length of the tangent from tiie same 
point to the circle x*+y'— 4=0, shew that the point mnst be on the 
circle 4x2+4y»-a;-18=0. 

11. Find the equation of the circle through the points of intersec- 
tion of the circles a;'+y'+2«+3y-7=0 and a'+y'+3a5-2y-l=0, and 
through tiie point (1, 2). Atu. a? + y* + 4r - 7y + 6=0. 

12. Find the equation of a circle through the points of intersection of 

iB* + y2- 4=0 and x^+g^ - 2a5- 4y +4=0 and touching the Hne a;+2y=0. 

Atu, a;2+y*-a5- ^=0. 

*88. We shall conclude this chapter by the solution 
of some examples. 

(1) To find the equation of the circle which cuts three given circlet itt 
right angles. 

Let the equations of the given circles be 

««+y* + %raj + 2/y+c=0 (i), 

a^+y«+2sf'x+2/'y+c'=0 (ii), 

a:«+y«+2/'a?+2/"y + c"=0 (iii). 

If the circle whose equation is 

a?+y2+2(?a;+2PV + <7=0 (iv) 

cut (i) at right angles, the square of the distance between their centres is 
equal to the sum of the squares of their radii. Hence we have 

{G-gY+(P-f)^=.G*+F^-C+g^+P-'C, 

or 2Gg+2Ff-'C-c=0 (v). 

We also have, since the other circles are cut at right angles, 

2G/+2F/'-C-c'=0... ...: (vi), 

2G/ + 2iy"-C-c"=0 (Yii). 



THE CIBCLE. 81 



=0. 
A 
boilf 
sofaf 



=0. 



Eliminating G, F, C, from the equations (iv), (y), (vi), and (vii), we 
y^Sjj hare f(»r the required equation 

-c, g, /, -1 
-^', 17', /, -1 

-c", p", r, -1 

(2) The polan of any fixed point with respect to a series of co-axial 
circles pass through another fixed pointy and the polar of one of the 
,,L limiting points of the system is the same for aU the circles. 
The system of circles is given by the equation 



(■=! 

* 
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a;a + y8 + 2ax + c=0 (i), 

where c is the same for all the circles [Art. 85]. 
The limiting points of the system are {^s/c, 0). 
Let the co-ordinates of the fixed point be (/, g), then the equation of 
^ _ the polar with respect to (i) will be 

xf+yg+a(x+f)+c=0, (ii). 

And, whatever the value of a may be, the straight line (ii) always 
passes through the point given by xf+yg +c=sO and x+f—0. 

If /=±V<J aJid g=0, equation (ii) reduces to /(«+/)+« (a? +/)=0; 
and therefore a;+/=0. 
^J Hence the polar of one of the limiting points is the line through the 
^^' other limiting point parallel to the radical axis. 

(3) If ABO be any triangle^ and A'B'C he the triangle formed by the 
\^ polars of the three points A, B, G with respect to a circle^ so that B'C is 
the polar of A, C'A' is the polar of B, and A'B' is the polar of C ; then will 
ty2 the three lines AA', BB', CC tneet in a point. 
Let the equation of the circle be 

x^+y*=.a*. (i), 

and let the co-ordinates of the points A,B,Chex', y'\ x", y" ; and a/", y"^ 
' respectively. 
^ Then the equations of the three lines JB'C", C'A', A'B* will be 

^ a:a;' + yy'-a2=0. (ii), 

a;ar" + y/'-a«=0 (iii), 

' and arj;'"+yy"-a2=0 (iv). 

AJl is a line through the intersection of (iii) and (iv), its equation ia 
therefore [Art. 33] included in 

xs!' + yy" - a^ = X i^xx'" + yy'" - a«). 
We find X by making tho above line pass through A^ whose co-ordinates 
are a/, y'; we get therefore 

« V + y'j^' - a2 = X (aj'a;"' + y y - a^). 

\ s. c. s. 6 
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Hence the equation of AA' is 

The other equations can now be written down from synunetiy. 

They will be 
(xaf''+yy"' - a^ia^x^-hyY - a^-ixx'+yy' - a^^'vT' -vfjf" - a«) =0...(Yi), 
and 

K+yy'-a2)(«'V''+yy'-a2)-(aa^'+3/y''-aa)(«'V+y'Y-a^^ 

Since the three equations (y), (yi), (vii) when added together vanish 

identically, the three lines AA', BB\ CC represented by those equations 

must meet in a point. [Art 84.] 

(4) O is one of the points of intersection of two given circles, and any 
line through O cuts the circles again in the points P, Q respectively. Find 
the locus of the middle point of PQ. 

Let be taken for origin, and let the equations of the circles be 

[Art. 81] 

r=2acos(^-a), andr=2&008(^-/3). 

Then, for any particular value of $, 

• OP=2acos(^-o), 

and 0Q= 26 cos (0-/3). 

If jR be the middle point of PQ, 

OB=i(OP+OQ); 

••. OJ2=acos(0-o) + 6cos(0-/3). 

The locus of B is therefore given by 

r=a cos (0 - a) + 6 cos (0 - j8) 

:= (a cos a+ & cos j3) cos + (a sin a+ & sin/3) sin 0. 

The locus is therefore the circle whose equation is 

r=i4cos(0-JB), 

where A and B are given by the equations 

A cos £=a cos a +6 cos p, and A sin B=a sin a+bsmp. 

(5) If from any point on the circle circumscribing a triangle ABC, 
perpendiculars be drawn on the sides of the triangle, the feet of these per- 
pendiculars will lie on a straight line. 

Take the point O for origin, and the diameter through it for initial 
line, then the equation of the circle will be r=2a cos 0, 

Let the angular co-ordinat^ of the points A, B, C he a, p, y respec- 
tively. 

The line BC is the line joining (2a cos p, p) and (2a cos 7, 7). To 
find the polar equation oi BC take the general form p=rcoa(0 — <f>) 
[Art. 45] and substitute the co-ordinates of B and of C. We thus obtain 
two equations to determine p and ^ The equations will be 
^=2acop |3cos {p - 4>), and jp=2a cos 7 cos (7 - <p). 
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Hence = j8 + 7, and p=2a cob p cos 7. The equation otBCis therefore 

2acoB/9cos7=rcos(d- ^-y) (i). 

Similarly, the equations of CA and of AB will be respectively 

2a cos 7 cos a =r cos ($-y-a) (ii), 

and 2acosooo8/5=rcos(^-a-/3) (iii). 

The co-ordinates of the feet of the perpendiculars on the lines (i), (ii), 
(iii), from the point 0, are 2a cos /3 cos 7, /9+7; 2a cos 7 cos a, 7+ a; 
and 2a COB a cos /3, a+p. These three points are all on the straight line 
whose equation is 

2acoBacos/3cos7=rcoB(^-a-/3-7) (iv). 

The line through the feet of the perpendiculars is called the pedal line 
of the point O with respect to the triangle. 

Let JD be another point on the circle, and let the angular co-ordinate 
of D be 8, The four points Ay B, G, D can be taken in threes in four 
ways, and we shall have four pedal lines of corresponding to the four 
triangles. We have found the equation of one of these pedal lines, viz. 
equation (iv). The equations of the others can be written down by sym- 
metiy; they will be 

2acosj8Cos7COs5=rooB(^-/3-7-5) (v), 

2a cos 7 cos 8 cos a=r cos (^-7- 5-0) (vi), 

and 2acosdcosacos/9=rcos(9-d-a-/3) (vii). 

The co-ordinates of the feet of the perpendiculars from on the lines 
(iv), (v), (vi) and (vii) will be 2a cos a cos /3 cos 7, a +^+7, and similar 
expressions. These four points are aU on the line whose equation is 
2a cos a cos p cos 7 cos 5 =r cos (^ - o - j3 - 7 - 8). 
THis proposition can clearly be extended. 



Examples on Chapter IV. 

1. A point moyes so that the square of its distance from 
a fixed point varies as its perpendicular distance from a fixed 
straight line; shew that it describes a circle. 

2. A point moves so that the sum of the squares of its 
(iistances from the four sides of a square is constant ; shew 
that the locus of the point is a circle. 

3. The locus of a point, the sum of the squares of whose 
distances from n fixed points is constant, is a circle, 

6—2 
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4. Ay B are two fixed points, and F moves so. that 
FA = n . FB ; shew that the locus of P ia a circle. Shew also 
that, for different values of n, all the circles have a common 
radical axis. 

5. Find the locus of a point which moves so that the 
square of its distance from the base of an isosceles triangle 
is equal to the rectangle under its distances from the other 
sides. 

6. Prove that the equation of the circle circumscribing 
the triangle formed by the lines a? -i- y = 6, 2x + y = 4:, and 
aj + 2y = 5 is 

ic' + j^'- 17a;- 19y + 50 = 0. 

7. Find the equation of the circle whose diameter is {he 
common chord of the circles 

iB' + y + 2a; + 33^+ 1 = 0, and fic' + y' + 4aj+3y + 2 = 0. 

8. Find the equation of the straight lines joining the 
origin to the points of intersection of the line x+2i/ — 3 = 0, 
and the circle a?" + y* — 2a; - 2y = 0, and shew that ihe lines are 
at right angles to one another. 

9. Any straight line is drawn from a fixed point meeting 
a fixed straight lino in F, and a point Q is taken on the line 
such that the rectangle OQ . OF is constant; shew that the 
locus of Q is a circle. 

10. Any straight IJne is drawn from a fixed point 
meeting a fixed circle in P, and a point Q is taken on the line 
such that the rectangle OQ . OF is constant j shew that the 
locus of © is a circle. 

11. Shew that the radical axis of two circles bisects their 
four common tangents. 

12. If be one of the limiting points of a system of 
co-axial circles, shew that a common tangent to any two circles 
of the system will subtend a right angle at 0. 

13. Prove that the equation of two given circles can 
always be put in the form 

a;* + 2/" + aa; + 6 = 0, af + y' + ax + h=:0, 

and that one of the circles will be within the other if aa' and 
b are both positive. 
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14. The distances of two points from the centre of a 
circle are proportional to the distances of each from the polar 
of the other. 

15. If a circle be described on the line joining the centres 
of similitude of two given circles as diameter, prove that the 
tangents drawn from any point on it to the two circles are in 
the ratio of the corresponding radii 

16. Find the locus of a point which is such that tan- 
gents from it to two concentric circles are inversely as their 
radii. 

17. If two points A, B are harmonic conjugates with 
respect to two others C, JD, the circles on AB and CD as dia- 
meters cut orthogonally. 

18. If two circles cut orthogonally, every diameter of 
either which meets the other is cut harmonically. 

19. A point moves so that the sum of the squares of its 
distances from the sides of a regular polygon is constant ; shew 
that its locus is a circle. 

20. A circle passes through a fixed point and cuts two 
fixed straight lines through 0, which are at right angles to one 
another, in points P, Q, such that the line FQ always passes 
through a fixed point; find the equation of the locus of the 
centre of the circle. 

21. The polar equation of the circle on (a, a), (6, jS) as 
diameter is 

r* — r {a cos (^ - a) + 6 cos (^ - )S) } + a6 cos (a - ;3) = 0. 

22. Pind the equation for determining the values of r at 
the points of intersection of the circle and the straight line 
whose equations are 

r = 2a cos tf, and r cos (tf — /?) = p. 

Deduce the value of p when the straight line becomes a 
tangent. 

23. Find the co-ordinates of the centre of the inscribed 
circle of the triangle the equations of <whose sides are 

3a;-4y = 0, 7iB-24y = 0, and 5a;- 12y-36 = 0. 
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24. Find the locus of d^ point the polars of which with 
respect to two given circles make a given angle with one 
another. 

25. From any point on the radical axis of two circles 
tangents are drawn, and the lines joining the points of contact 
to the centres of^he circles are produced to meet; find the 
equation of the locus of the point of intersection. 

26. If the four points in which the two circles 
af + y' + ax+by-k-c = Oy a;* + ?/ + a'a: + 6'y + c' = 

are intersected by the straight lines 

respectively, lie on another circle, then will 

a — a', 6 — 6', c — c' 
A, B, C =0. 

27. A system of circles is drawn through two fixed points, 
tangents are drawn to these circles parallel to a given straight 
line; find the equation of the locus of the points of contact. 

28. If A, Bj Che the centres of three co-axial circles, and 
^i> ^s> h ^ ^^ tangents to them from any point, prove the 
relation 

BCt^'+CAt,' + ABt^'=0. 

I 29, If ti, t , <3 be the lengths of the tangents from any 

point to three given circles, whose centres are not in the same 
straight line, shew that any circle or any straight line can be 
represented by an equation of the form 

What relation will hold between A, B, C for straight lines 1 

30. If a circle cut two of a system of co^axial circles at 
right angles, it will cut them all at right angles. 

31. Shew that every circle which passes through two 
given points is cut orthogonally by each of a system of circles 
having a common radical axis. 

32. Prove that all circles touching two fixed circles are 
orthogonal to one of two other fixed circles. 
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33. If two circles cut orthogonally, prove that an inde- 
finite number of pairs of points can be found on their common 
diameter such that either point has the same polar with respect 
to one circle that the other has with respect to the other. Also 
shew that the distance between such pairs of points subtends 
a right augle at one of the points of intersection of the two 
circles. 

34. If the equations of two circles whose radii are a, a be 
^=0, S' = 0, then the circles 

a a 
will intersect at right angles. 

35. Find the locus of the point of intersection of two 
straight lines at right angles to one another, each of which 
touches one of the two circles 

(aj-a)» + y" = 5», (a: + a)" + y* = c", 

and prove that the bisectors of the angles between the straight 
lines always touch one or other of two other fixed circles. 

36. Shew that the diameter of the circle which cuts at 
right angles the three escribed circles of the triangle ABC is 

-; — 7 (1 + cos AcosB + cos B cos (7+ cos Ccos A)^ . 

sin A ^ ' 

37. Find the locus of the point of contact of two equal 
circles of constant radius c, each of which passes through one 
of two lixed points at a distance 2a apart : and shew that, if 
a = c, the locus splits up into a circle of radius a and a curve 
whose equation may be put into the form {pi^+yy^ a' (a;"-3y). 



CHAPTER V. 



The Parabola. 



• 89. Definitions, A Conic Section, or Conic, is the locus 
of a point which moves so that its distance from a fixed 
point is in a constant ratio to its distance from a fixed 
straight line. The fixed point is called a fociis, the fixed 
straight line is called a directrix, and the constant ratio is 
callea the eccentricity. 

It will be shewn hereafter [Art. 312] that if a right 
circular cone be cut by any plane, the section will be in all 
cases a conic as defined above. It was as sections of a cone 
that the prof)erties of these curves were first investigated. 

We proceed to find the equation and discuss some of 
the properties of the simplest of these curves, namely that 
in which the eccentricity is equal to unity. This curve is 
called a parabola, 

* 90. To find the equation of a parabola. 

Let 8 be the focus, and let YY' be the directrix. Draw 
80 perpendicular to YY\ and let 05 = 2a. Take 08 for 
the axis of x, and OY for the axis of y. 

Let P be any point on the curve, and let the co- 
ordinates of P be X, y. 

Draw FN", PM, perpendicular to the axes, as in the 
figure, and join 5P. 



SI :^ O- -tK 



THE PABABOLA. 

Then, by definition, 8P^PM\ 
therefore FM^ = 8P^ = PiV* + 8N^ ; 
that is, a?" = y' + (^ — 2a)*, 
or r^ = 4ia{x-'a) 

This is the required equation of the curve. 
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(i). 




The curve cuts the axis of a? at a point A where y = 0> 
and from (i) when y = 0, a? = a ; that is, OA = a. 

The point A is called the vertex of the parabola. 

If we transfer the origin to A, the axes being un- 
changed in direction, equation (i) will become [Art. 49] 

y^ = 4sax (ii). 

The focus is the point (a, 0). The directrix is the line 

x + a = Q. 

Also 8P = MP=^0A + A]Sr=^a + x, 

' 91. Since the equation of the parabola is y* = 4flw?, 
and ^ is a positive quantity, x must always be positive. 
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and therefore the curve lies wholly on the positive side of 
the axis of y. 

For any particular value of x there are clearly two 
values of y equal in magnitude, one being positive and the 
other negative. Hence all chords of the curve perpen- 
dicular to the axis of x are bisected by it, and the portions 
of the curve on the positive and on the negative sides of 
the axis of x are in all respects equal. 

As X increases y also increases, and there is no limit 
to this increase of x and y, so that there is no limit to 
the curve on the positive side of the axis of y. 

The line through the focus perpendicular to the direc- 
trix is called the axis of the parabola. 

The chord through the focus perpendicular to the axis 
is called the latus-rectum. 

In the figure to Art. 90, SL = LK = OS = 2a. There- 
fore the whole length of the latus-rectum is 4a. 

'^ 92. We have found that y^ — 4flw? = for all points 
on the parabola. 

For all points within the curve y^ — 4iax is negative. 

For, if Q be such a point, and through Q a line be 
drawn perpendicular to the axis meeting the curve in P 
and the axis in JT, then Q is nearer to the axis than P 
and therefore NQ^ is less than i^TP*. But, P being on the 
curve, NP^ — 4a . AN'= 0, and therefore NQ^ — 4a . AN is 
negative. 

Similarly we may prove that for all points outside the 
curve y* — 4iax is positive. 

Hence, if the equation of a parabola be y^ — 4aaj = 0, 
and we substitute the co-ordinates of any point in the left- 
hand member of the equation, the result will be positive 
if the point be outside the curve, negative if the point 
be within the curve, and zero if the point be upon the 
curve. 

' 93. The co-ordinates of the points common to the 
straight line, whose equation is y = mx + c, and the 
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parabola, whose equation is y^ = 4iax, must satisfy both 
equations. 

Hence, at a common point, we have the relation, 

(mo? + c)* = 4flW7 (i). 

Therefore the abscissae of the common points are given 
by the equation (i), which may be written in the form 

mV -h (2mc — 4a) icH-c* = (ii). 

Since (ii) is a quadratic equation, we see that every 
straight line meets a parabola in two points, which m^y 
be real, coincident, or imaginary. 

When m is very small, one root of the equation (ii) is 
very great ; when m is equal to zero, one root is infinitely 
great. Hence every straight line parallel to the axis of 
a parabola meets the curve in one point at a. finite distance, 
and in another at an infinite distance from the vertex. 

' 94. To find the condition that the line y = mx + c may 
touch the parabola y' — 4aa; = 0. 

As in the preceding Article, the abscissae of the points 
common to the straight line and the parabola are given 
by the equation 

(mx + cf = 4aa?, 

that is mV + {^mc — 4a) a? + c' = 0. 

If the line be a tangent, that is if it cut the parabola 
in two coincident points, the roots of the equation must 
be equal to one another. The condition for this is 

4mV = (^mc — 4a)', 

which reduces to mc = a, or c = — . 

m 

Hence, whatever m may be, the line 

, a 

y = mx H — 

will touch the parabola y* — 4aaj = 0. 

• 95. To find the equation of the straight line passing 
throv^h two given points on a parabola, and to find the 
eqvution of the tangent at any point 



/ 
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Let the equation of the parabola be 

and let x\ y', and x\ if' be the co-ordinates of two points 
on it. 

The equation of the line through these points is 

y — y _ X'—x ,.. 

y — y X —X 

But since the points are on the parabola, we have 

y* = 4aa?', and y"»=:4aa?"; 

... y"»-y'« = 4a(A'"-a?') tii> 

By multiplying the corresponding sides of the equa- 
tions (i) and (ii), we have 

or, since y** — 4kix' = 0, 

y(y' + y")-4^-yy' = o (iii), 

which is the equation of the chord joining the two given 
points. 

In order to find the equation of the tangent at (a, y) 
we must put j/' = y and aj" = a?' in equation (iii), and we 
obtain 

2yy - 4aa? - y'" = 0, 
or, since y'* = iaai', 

yi/ = 2a{x + x) (iv). 

Cor, The tangent at (0, 0) is a; = 0; that is, the 
tangent at the vertex is perpendicular to the axis. 

^ ^ ' 96. We have found bj independent methods [Articles 94 and 95] two 
forms of the equation of a tangent to a parabola. Either of these oould 
however have been found from the other. Thus, suppose we know that 
the equation of the tangent at (a/, y^ is 

^, 2a 2ax^ 
then y=:^-x-\ J-, 

y y 

If this be the same line as that given by 

y=nix+c 

we must have 

2a , 2ax' 
m=--r, and c= — rJ 

y y 

therefore mc = a, as in Article 94^ 
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In the Bolntion of questions we should take whichever form of 
the equation of a tangent appears the more suitable for the particular 
ease. 

Ex. 1. The ordinate of the point of intersectum of tvoo tangents to a 
parabola is the arithmetic mean between the ordinatee of the points of 
contact of the tangents. 

The equations of the tangents at the points {x^y y') and {x^', y"^ are 

yi/=2a{x-\-x^), 
and yy^'=2a(x+x^'). 

By subtraction, we have for their common point, 

y(y'-y")=2ax'-2ax'' 

Ex. 2. To find the locus of the point of intersection of two tangents to 
a parabola which are at right angles to one another. 
Let the equations of the two tangents be 

y=mx+- (i), 

y=m'x + —, (ii). 

' nv ^ ' 

Then, -since they are at right angles, mm'=s -1. Hence the second 

equation can be written, 

1 ' 

y= — x-am. (iii). 

m 

To find the abscissa of their common point we have only to subtract 

(iii) from (i), and we get 

and therefore we have x+a=0. 

The equation of the required loeus is therefore x + a=0, and this 
[Art. 90] is the equation of the directrix. 

97. Tojind the equxUion of the normal at any point of 
a parabola. 

The equation of the tangent at {x\ y') to the parabola 
y'-4cw? = 0, is[Art. 95] 

y^ = 2a{x + x') (i). 

The nonnal is the perpendicular line through {x\ y'). 

Therefore [Art. 30] its equation is 

(y-y')2a+y(a?-^0=o (ii). 
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The above equation may be written 



n 



y = _|_,+y'+|_ 



(iii). • 



.'S 



If we put m = — |- , then y' = — 2am, and -^^ = — am'; 

therefore (iii) becomes 

y = wio?— 2am — am' (iv). 

This form of the equation of a normal is sometimes 
useful. 

^ 98. We wfll now prove some geometrical properties 
of a parabola. 

Y 




G X 



Let the tangent at the point P meet the directrix inU 
and the axis in T. Let FN, PM be the perpendiculars 
from P on the axis and on the directrix. 

Let PGy the normal at P, meet the axis in G. 
Then, if Xy y' be the co-or4inates of P, the equation of 
the tangent at P will be \ '-! - -^ '^ x .- ^' > / ' 

yy'==2a{x + x') (i) [Art. 95]. 

Where this meets the axis, y = 0, and at that point, we 
have from (i), x + x' — 0, 

:. TA^AN. , (a); 

/. TS^AS+AN^SP 08); 



,\ 
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and since TS=8P, the angle 8TP is equal to the angle 
SFT; so that PT bisects the angle SPM.^ (7). 

We see also that the triangles R8P and RMP are 
equal in all respects. 

Hence the angle RSP = the angle -B3fP= a right angle 

... (S). 

Again, since M is the point (— a, y'), and 8 is the point 
(a, 0), the equation of the line 8M is j, * .. . - a «- - ' - 

y— v' a? + a ; .v ' /''r'-/..^'' 

^— ,- = -^— ^ ;....(ii).' 

— y 2a ^ 

This is clearly perpendicular [Art. 30] to the tangent 
at P which is given by the equation (i), 

.'. 8M is perpendicular to PT. (e). 

Since PT is perpendicular to SM and bisects the angle 
.8PM, it will bisect 8M. If then Z be the point of inter- 
section of ^Jf and PT, SZ=ZM. Butfif^=^a There- 
fore AZ is parallel to OM, and is therefore the tangent at 
the, vertex of the parabola; so that the line through 
the focus of a parabola perpendicular to any tangent PT 
meets PT on the tangent at the vertex (f). 

We may prove the last proposition as follows. 

Let the equation of any tangent to the parabola be 

y==mx-\ — (ill). 

The equation of the line through the focus (a, 0) perpen- 
dicular to (iii) is ; . . , 

'/ y = (a; — a), 

pr ^ y = h— (iv). 

The lines (iii) and (iv) clearly meet where a? = 0. 
The equation of the normal at P {x\ y) is [Art. 97] 

^ 2a(y-j^)-hy'(a;-^) = 0. 

At the point Q we have y = 0, and therefore 

' -2ay.+Jt:(^-^'}=0, 



/r ^4f '' 



X '/ 
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or ^a^x-'x'^AG'-AN^NG. 

.\ N0=-2a (17). 



EXAMPLES. 

1. Find the eqnationB of the tangents and the equations of the 
normals to the parabola y*-4ax=s0 at the ends of its latns rectum. 

Ans, a5=Fy+a=0, y±x^Za=b. 

2. Find the points where the line y=3x^a cuts the parabola 

y*- 4005=0. Ans, (a, 2a), (q, -la). 

8. Shew that the tangent to the parabola v'-4aa;=0 at the pomt 
(xf, y^) is perpendicular to the tangent at the point 



U' P" J' 



^ 4. Shew that the line y=2x+^ cuts y^ - 4ax s in coincident points. 

Shew that it also cuts 20gi^+20y^=a^ in coincident points. 
' 5. A straight line touches both a;'+^'=2a^ and ^^=800;; shew that 
its equation is y = ± (x+ 2a). 

" 6. Shew that the line 7x + 6y = 13 is a tangent to the curye 

y*-7aj-8y+14=0. 

7. Shew that the equation aE^ + 4aa;+2a^=:0 represents a parabola, 
whose vertex is at the point ( - 2a, 2a), whose latus rectum is 2a, and 
whose axis is parallel to the axis of y, 

8. Shew that all parabolas whose axes are parallel to the axis of 
y have their equations of the form 

3i?+2Ax+2By + C=0, 
' 9. Find the co-ordinates of the vertex and the length of the latuB 
rectum of each of the following parabolas : 

(i) t/2=5a;+10, (ii) fl;^-4a;+2y=0, 

(iii) (t/-2)2=5(aj+4), and (iv) dx^+12x-8y=0. 
Ans. (i)(-2,0),5. (ii)(2,2),2. (iii) (-4, 2), 5. (iv) ( - 2, - 1). f 
10. Find the co-ordinates of the focus and the equation of the 
directrix of each of the parabolas in question 9. 

Ans. (i) (-1, 0), 4aj-f-13=0. (ii) (2, f), 2y-6=0. 

(iii) (-V»2), 4a; + 21=0. (iv) (-2, ^|), 6y+13=0. 

" 11. Write down the equation of the parabola whose focus is uie 

origin and directrix the straight line 2a;~^-l=0. Shew that the line 

2y=4x-l touches the parabola. 
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12. If through a fixed point on the axis of a parabola any chord 
FOF be drawn, shew that the rectangle of the ordinates of P and P' 
will be constant Shew also that the product of the abscisses will 
be constant. 

13. Find the co-ordinates of the point of intersection of the tangents 

y=OTa!4-— , y=m'df+-:. Shew that the locus of their intersection is a 

straight line whenever mm! is constant; and that, when mm' +1=0, this 
line is the directrix. 

14. Shew that, for all values of m, the line i/=m(a;+a)+ — will 

touch the parabola y* = 4a (a? + a). 

15. Two lines are at right angles to one another, and one of them 
touches ^^=4a (:r + a), and the other ^'=4a' (x+a') ; shew that the point 
of intersection of the lines will be on the line p; + a + a' =0. 

16. If perpendiculars be let fall on any tangent to a parabola from 
two given points on the axis equidistant from the fodus, the difference of 
their squares will be constant. 

17. Two straight lines APy jIQ are drawn through the vertex of 
a parabola at right angles to one another, meeting the curve in P, Q ; shew 
that the line FQ cuts the axis in a fixed point. 

18. If the circle ar^ + 1/' + -4a; + Py + (7 = cut the parabola y^ - 4aa; = 
in fotir points, the algebraic sum of the ordinates of those points will be 
zero. 

t^^ 19. If the tangent to the parabola y^ - 4flW5= meet the axis in T and 
' the tangent at the vertex -4 in F, and the rectangle TAYQ be completed; 
shew that the locus of Q is the parabola y^+ax=0^ 

"^ 20. If P, Qy R be three points on a parabola whose ordinates are in 
geometrical progression, shew that the tangents at P, R wiil meet on the 
ordinate of Q, 

■ 

"^ 21. Shew that the area of the triangle inscribed in the parabola 

1 
y2-4aa;=0 is — (^i-yj) {y^^y^ {l/z-^Vd* ^^^re y^ y^, y^ are the 

ordinates of the angular points. , 

* 99. Two tangents can be drawn to a parabola from 
any point, which will be realy coinddent, or imaginary ^ ac- 
cording as the point is outside, upon, or within the curve. 

S. C. s. 7 
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The line whose equation is 

y==mw + T- (i) 

*^ m 

will touch the parabola y* = 4tax, whatever the value of rti 
may be [Art. 94]. 

The line (i) will pass through the paJPticular point 

(*', y), if 

y =7nx H — , 
m 

that is if mV— my + a=0 ^(ii). 

Equation (ii) is a quadratic equation which gives the 
directions of those tangents to the parabola which pass 
through the point (x\ y'). Since a quadratic equation has 
two roots, tivo tangents will pass through any point {x, y'). 

The roots of (ii) are real, coincident, or imaginary, ac- 
cording as y'' — 4!ax' is positive, zero, or negative. That 
is [Art. 92] according as (x', y') is outside the parabola, 
upon the parabola,. or within it. 

* 100. To find the equation of the line through the 
points of contact of the two tangenis which can be draum to 
a parabola from any point 

Let x\ y' be the co-ordinates of the point from which 
the tangents are drawn. 

Let the co-ordinates of the points of contact of the tan- 
gents be A, h and A', V respectively. 

The equations of the tangents at (A., 1c) and (A', U) are 

yh = 2a (a? + h) 

and yh* = 2a (x + h"). 

We know that (a?', y') is on both these lines ; 

.-. i/k^^aix'+h) (i) 

and yT=2a(a;'-hA0 (ii). 

But the equations (i) and (ii) are the conditions that 
the points (A, k) and (h\ M) may lie on the straight line 
whose equation is 

y y = 2a (a?' + it) (iii). 
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Hence (iii) is the required equation of the line through 
the points of contact of the tangents from {x\ y'). 

The line joining the points of contact of the two 
tangents from any point P to a parabola is called the jpoiar 
of P with respect to the parabola, [See Art. 76.] 

' 101. If the polar of the point P with respect to a 
parabola pass through the point Q, then will the polar of Q 
pass ihrotigh P. 

Let the co-ordinates of P be x', y\ and the co-ordinates 
of Q be < y\ 

The equation of the polar of P with respect to the 
parabola y* — 4aaj = is 

yi/^Za^x + x). 

If this line pass through Q {x'\ y"), we must have 

yY=2a(a;" + aj'). 
The symmetry of this result shews that it is also the 
condition that the polar of Q should pass through P, 

It can be shewn, exactly as in Art. 79, that if the 
polars of two points P, Q meet in -B, then R is the pole of 
the line PQ. 

The equation of the polar of the focus (a, 0) is a; + « = 0. 
So that the polar of the focus is the directrix. 

If Q be any point on the directrix, Q is on the polar of 
the focus S, therefore the polar of Q will pass through Sy 
so that if tangents be drawn to a parabola from any point 
on the directrix the line joining the points of contact will 
pass through the focus. 

"^ 102. The locus of the middle points of a system of 
parallel chords of a parabola is a straight line parallel to 
the axis of the parabola. 

The equation of the straight line joining the two 
points (a?', i/), {x\ y") on the parabola y^--4aa3 = is 
[Art. 95, (iii)] 

y(y'+y")-4aa?-yy' = o ..(i). 

Now, if the line (i) make an angle with the axis of the 

7-2 
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parabola, 

J% J? Cv / * * V 

tan^= -; ^ (u). 

y -^f . . ' 

But, if the co-ordinates of the middle point of the 
chord be Qc, t/), then will 

2^7 = a?' + «", and 2y = y' + y\ 

Hence, from (ii), tan 5 = — , 

or y = 2acot^ (iii), 

so that y is constant so long as is constant. 

Hence the locus of the middle points of a system 
of parallel chords of a parabola is a straight line parallel to 
the axis of the parabola, 

Def. The locus of the middle points of a system of 
parallel chords of a conic is called a diameter, and the 
chords it bisects are called the ordinates of that diameter. 

We have seen in Art. 93 that a diameter of a parabola 
only meets the 'curve in orie point at a finite distance from 
the vertex. The point where a diameter cuts the curve is 
called the cj^tremity of that diameter. 

' 103, Tkd tcmgent at the extremity of a diameter is 
parallel to the chords which are bisected by that diameter. 

All the middle points of a system of parallel chords of 
a parabola are on a diameter. Hence, by considering the 
parallel tangent, that is the parallel chord which cuts the 
curve in coincident points, we see that the diameter of a 
system of parallel chords passes through the point of con- 
tact of the tangent which is parallel to the chords. 

'^ 104. • To find the equation of q, parabola when the axes 
are any diameter and the tamffent at the extremity of that 
diameter. 

Let P be the extremity of the diameter, and let the 
tangent at P make an angle with the axis. 
Then NP=^ 2a cot [Art. 102 (iii)], 

.-. AF=-, — = acot'ft 
4a 
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Let the co-ordinates of Q referred to the new axes be 
J?, y respectively, and draw QM perpendicular to the axis 
of the parabola, cutting the diameter PV in K. 

T' 




Then 

MQ=^NP+KQ = 2acot0 + ysm0 (i), 

AM=^AN+NM^AN+PV+rK 

= acot'^ + a; + y cos (ii). 

But QM' =^4ia. AM; 

therefore, from (i) and (ii), 

(2a cot ^+y sin ^"= 4a(acot^ 5 + a?+y cos5), 

or y'sin* 0=4!ax (iii). 

But AN = a cot" 0; therefore 8P= a + ^iV^= -^. 

sm^ 

Therefore, putting a' for SP or . ^ ^ , the equation of 
the curve is y^=4ia'x ...(iv). 

♦ 105. If the equation of a parabola, referred to any 
diameter and the tangent at the extremity of that diameter 

as axes, be v* — 4jcw? = ; the line y — mx H — will be a 

tangent for all values of m ; the equation of the tangent 
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at any point (a?', y') will be yt/ ^2a{x + af) = ; the 
equation of the polar of {x, '/) with respect to the 
parabola will be yrf — 2a (a? -f a?0 = ^ 5 ^^^ ^^® locus of the 
middle points of chords parallel to the line y = mx will 

, 2a 

be v = — • 

These propositions require no fresh investigations ; for 
Articles 94, 95, 100 and 102 hold good equally whether 
the axes are at right angles or not. 

"^^^06. The equation of the normal at any point (a?', y') 
of the parabola y — ^ax = is 

y-2/'+|- (^-^0=0 (i). 

If the line (i) pass through the point (A, h) we have 

The equation (ii) gives the ordinates of the points the 
normals at which pass through the particular point (A, A). 
The equation is a cvbic equation, and therefore through 
any point three normals can be drawn to a parabola. 

Since there is no term containing y", we have, if y^, y,, 
yg be the three roots of the equation (ii), 

^1 + ^2 + ^3=0 (iii). 

Now, for a system of parallel chords of a parabola, the sum 
of the two ordinates at the ends of any chord is constant 
[Art. 102]. Therefore the normals at these points meet on 
the normal at a fixed point the ordinate of which added to 
the sum of their ordinates is zero. 

Hence the locus of the intersection of the normals at 
the ends of a system of parallel chords of a parabola is a 
straight line which is a normal to the curve. 

107. We shall conclude this Chapter by the solution 
of some examples. 

(1) To find Vie locuii of the point of intersection of two tangents to a 
parabola which make a given angle with one anotJier. 
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The line y=mx + - is a tangent to the parabola y' - 4aa5=0, whatever 

the yalae of m may be. [Art. 94.] 

If {Xj y) be supposed known, the equation will give the directions of 
the tangents which pass through that point. 

The equation giving the directions wiU be 

And, if the roots of this quadratic equation be m^ and m^j then 
will 

w»i+wi,=' and m^in^^ - ; 

/ \4 y'-4aa5 

But, if the two tangents make an angle a with one another, 

tan «=3JI!??I 

l + WljWlj 

. , y'-4aa? 
.'. tan*o=^^ r^ . 

So that the equation of the required locus is 

if - 4aaj- (a;+a)2 tan« a=;;0. 

(2) To find the locus of the foot of the perpendicular drawn from 
a fixed point to any tangent to a parabola. 

Let the equation of the parabola be y>>4aa;=0, and let ^, A; be the 
co-ordinates of the fixed point 0. 

The equation of any tangent to the parabola is 

y=mx+- (i). 

The equation of a line through (h, k) perpendicular to (i) is 

y-Ji=--{x-h) (ii). 

To find the locus we have to eliminate m between the equations (i) and 
(ii). 

From (ii) we have m = r ; 

y — tc 

therefore, by substituting in (i), we get 

x-h y-h ^ 

or yiy-'k)(x-h)-\'x{x-h)^+a{y-'kY=0 (iii). 

The locus is therefore a curve of the third degree. 

From (ill) we see that the point itself is always on the locus. If 
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the point O be outside the parabola this presents no difficulty, for two zeal 
tangents can in that case be drawn throagh O, and the feet of the perpen- 
diculars from on these will be O itself. 'When the point O is within the 
parabola the tangents from are imaginary, and the perpendiciilars to 
them from O are also imaginary, but they all pass throngh the zeal point 
Of and therefore O is a point on the locos. 

When ^=a, 1e=0, that is when O is the focns of the parabola, (iii) 
reduces to x{y^+(x-a)^}=0; so that the cubic reduces to the point 
circle y^+{x- a)^=0, and the straight line x=0. [See Art. 98 ^. 

(3) The orthoeentre of the triangle formed by three tangents to 
a parabola U on the directrix. 

Let the equations of the sides of the triangle be 

y=m'x+^,,y=m''aj+^,, and y=*m"'x+j^,* 

The point of intersection of the second and third sides is 

/_a_ ±,±\ 

The line through this point perpendicular to the first side has for 

equation 

a a l_f a \ 

Now this line cuts the directrix^ whose equation is x=: -^a, in the 
point whose ordinate is equal to 

/I _1_ J^ 1 \ 

^ \m' "^ wf' "^ m'" "^ m'm"m"') ' 
The symmetry of this result shews that the other perpendiculars cut 
the directrix in the same point, which proves the theorem. 

(4) To find the locus of the point of intersection of two normaU 
which are at right angles to one another. 

The line whose equation is 

y=mx-2am-am^ (i) 

is a normal to the parabola ^ - 4aa;=0, whatever the value of m may be. 

If the point (as, y) be supposed known, the equation (i) gives the 

directions of the normals which pass through that point. 

If the roots of the equation (i) be m^, %, m^, we have 

mi+m2+m^=0 (ii), 

Jia — X ....^ 

fnjm2+ fn2fn^+ m^nhi^ (m), 

-^-^-^-i ^^^- 
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If two of the normals, given by 974, iri^ suppose, be perpendicular to 

'one another, we have 

i»jm3=: —1 (v). 

The elimination of %, 114, 9113 from the equations (ii), (iii), (iv) and (v) 
will give the locus required. 

The result is y* = a (aJ - 3a). 



ExAitPLJSS OS Chapter Y» 

1 . The perpendic\ilar from a point on its polar with respect 
to a parabola meets the polar in the point M and cuts the axis 
in Gy the polar cuts the axis in T, and the ordinate through 
cuts the curve in P, P'; shew that the points T, Pj if, G, P 
are all on a ciircle l^hose centre is S, 

2. Prove that the two parabolas %^^a3t^ a? = hy will 
cut one another at an ansle 



-1 



tan' 



2 (a* + 6i) 



3. If PSQ be a focal chord of a pai-abola, and PA meet 
the directrix in M^ shew that MQ will be parallel to the axis 
of the parabola. 

4. Shew that the locus of the point of intersection of two 
tangents to a parabola at points on the curve whose ordinates 
are in a constant ratio is a parabola. 

5. The two tangents from a point P to the parabola 
y*— 4aaj=0 make angles ^,, $^ with the axis of x] find the 
locus of P (i) when tan 6^ + tan 6^ is constant, and (ii) when 
tan' ^2 + tan'^, is constant. 

6. find the equation of the locus of the point of inter- 
section of two tangents to a parabola which make an angle 
of 45^ with one anothen 

7. Shew that if two tangents to a parabola intercept a 
fixed length on the tangent at the vertex, the locus of their 
intersection is another equal parabola. 
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8. Shew that two tangents to a parabola which make equal 
angles respectively with the axis and directrix but are not at 
right angles, intersect on the latus rectum. 

9. From any point on the latus rectum of a parabola 
perpendiculars are drawn to the tangents at its extremities ; 
shew that the line joining the feet of these perpendiculars 
touches the parabola. 

10. Shew that if tangents be drawn to the parabola 
y' — Aax = from a point on the line a? + 4:a = 0, their chord of 
contact will subtend a right angle at the vertex. 

11. The perpendicular TI^ from any point T on its polar 
with respect to a parabola meets the axis in M; shew that if 
TiY. TM is constant the locus of ^ is a parabola ; shew also 
that if the ratio T^ ; TM is constant the locus is a parabola. 

12. Two equal parabolas have their axes parallel and 
a common tangent at their vertices: straight lines are drawn 
parallel to the direction of either axis; shpw that the locus of 
the middle points of the parts of the lines intercepted between 
the curves is an equal parabola, 

13. Two parabolas touch one another and have their axes 
parallel; shew that, if the tangents at two points of these 
parabolas intersect in any point on their common tangent, the 
line joining their points of contact will be parallel to the 
axis. 

14. Two parabolas have the same axis; tangents are drawn 
from points on the first to the second ; prove that the middle 
points of the chords of contact with the second lie on a fixed 
parabola. 

15. Shew that the locus of the middle point of a chord of 
a parabola which passes through a fixed point is a parabola. 

16. The middle point of a cho^d PF^ is on a fixed straight 
line perpendicular to the axis of a parabola; shew that the 
locus of the pole of the chord is another parabola. 

17. If TPy TQ be tangents to a parabola whose vertex is 
Ay and if the lines AF, AT, AQ, produced if necessary, cut the 
directrix in p, t, and q respectively; shew that pt = tq. 
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18. If the diameter through any point of a parabola 
meet any chord in P, and the tangents at the ends of that 
chord meet the diameter in Q, Q'; shew that Oi* *= OQ . 0Q\ 

19. The Vertex of a triangle is fixed, the base is of 
constant length and moves along a fixed straight line; shew 
that the locus of the centre of its circumscribing circle is a 
parabola. 

20. Shew that the polar of any point on the circle 

with respect to the circle 

aj' + y* + 2aa;-3a»=0, 

will touch the parabola 

y* + 4ax =» 0, 

21. PJSP" is a focal chord of a parabola ; V is the middle 
point of PF^y and VO is perpendicular to FP and cuts the axis 
in 0; prove that SOj VO are the arithmetic and geometric 
means between SF and SP* 

22. PJSp, QSq, JKSr are three focal chords of a parabola ; 
QB meets the diameter through pin A^ RP meets the diameter 
through q in B, and PQ meets the diameter through r in (7; 
shew that the three points Ay £, are on a straight line 
through S. 

23. PP is any one of a system of parallel chords of a 
parabola, is a point on PP such that the rectangle PO . OP 
is constant; shew that the locus of is a parabola. 

24. On the diameter through a point of a parabola two 
points P, P' are taken so that OP . OP is constant; prove that 
the four points of intersection of the tangents drawn from P, P 
to the parabola will lie on two fixed straight lines parallel to 
the tangent at and equidistant from it. 

25. If a quadrilateral circumscribe a parabola the line 
through the middle points of its diagonals will be parallel 
to the axis of the parabola. 

26. If from any point on a focal chord of a parabola two 
tsmgents be drawn, these two tangents are equally inclined 
to the tangents at the extremities of the focal chord. 



the parabola y* — 4aaj = is ^ + — '==X'-2a, 
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27. If two tangents to a parabola make equal angles with 
a iixed straight line, shew that the chord of contact must 
pass through a fixed point. 

28. Two parabolas have a common focus and their axes in 
opposite directions; prove that the locus of the middle points of 
chords of either which touch the other is another parabola. 

29. Find the locus of the middle point of a chord of 
a parabola which subtends a right angle at the Tertex. 

30. The locus of the middle points of normal chords of 

31. FQ is a chord of a parabola normal 9,t F, AQ h 
drawn from the vertex A, and through F a liae is drawn 
parallel to AQ meeting the axis, in F^ Shew that AR ^ 
double the focal distance of F^ 

32. Parallel chords are drawn to a parabola j- shew that the 
locus of the intersection of tangents at the ends of the chords 
is a straight linej, also the locus of the intersection of the 
normals is a straight line, and the locu& of the intersection of 
these two lines is a parabola. 

33. If the normals 9,k the points F^ Q, R of a. parabola 
meet in a point; shew that the circle FQR will go through 
the vertex of the parabola* 

34. If the normals at two points of a. parabola be inclined 
to the axis at angles $, <^ such that tajx, $ tan ^ = 2, shew that 
they intersect on the parabola^ 

35. The locus of a point from which two normals can he 
drawn making complementary angles With the axis is a 
parabola. 

36. Two of the normals drawn to a parabola from a point 
F make equal angles with a given straight line. Prove that 
the locus of P is a parabola. 

37. The normal at a point F of & parabola meets the axis 
in (r, FG is produced to H, so that GI£— ^FG; prove that the 
other two normals to the parabola, which pass through H, are 
at right angles to each other. 
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38. The normals at three points P, Q, B o£ a, parabola 
meet in the point 0. Prove that SF-hSQ + SB-^ SA = 20M, 
where S is the focus and OM the perpendicular from on the 
tangent at the vertex. 

39. Any three tangents to a parabola, the tangents of 
whose inclinations to the axis are in any given harmonical 
progression, will form a triangle of constant area. 

40. Shew that the area of the triangle foimed by three 
normals to a parabola will be 

a' 

41. If a tangent to a parabola cut two given parallel 
straight lines in P, Q, the locus of the point of intersection 
of the other tangents from jP, ^ to the curve will be a parabola. 

42. If lEtn equilateral triangle circumscribe a parabola, 
shew that the lines from any vertex to the focus will pass 
through the point of contact of the opposite side. 

43. From any point on y'=a(x + c) tangents are drawn to 
^ = 4ax; shew that the normals to this parabola at the points 
of contact intersect on a fixed straight line. 

44. If the normals at two points on a parabola intersect 
on the curve, the line joining the points will pass through 
a fixed point on the axis. 

45. If through a fixed point any chord of a parabola be 
drawn, and normals be drawn at the ends of the chord, shew 
that the locus of the point of intersection of the normals is 
another parabola. 

46. If three normals from a point to the parabola 3/* = 4aas 
cut the axis in points whose distances from the vertex are in 
arithmetical progression, shew that the point lies on the curve 

47. If thr^e of the sides of a quadrilateral inscribed in a 
parabola be parallel to given straight lines; shew that the 
iourth side will also be parallel to a fixed straight line. 

48. Circles are described on any two focal chords pf a 
parabola as diameters. Prove that their common chord passes 
through the vertex of the parabola. 
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49. Two tangents to a given {Parabola make angles with 
the axis such that the product of the tangents of their halyes 
is constant; prove that the locus of the point of intersection 
of the tangents is a confocal parabola. 

50. If the citcle described on the chord PQ of a pa)?abola 
as diameter cut the parabola again in the points B, S, then 
will FQ and ES intercept a constant length on the axis of the 
parabola. 

51. If the normals at P, Q, M meet in a point 0, and 
PP^y QQ'y RR be lines through P, Q, R making With the axis 
angles equal to those made by PO, QO, RO respectively, then 
will PP, QQ^y RR' pass through another point 0\ and the line 
00' will be perpendicular to the polar of 0\ 

52. The normals to a parabola at P, Q, R meet in 0; 
shew that OP .OQ .OR=^a. OL . OM, where OL and OM are 
tangents from to the parabola, and 4a is the length of the 
latus rectum. 

53. If from any point in a straight line perpendicular to 
the axis of a parabola normals be drawn to the curve, prove 
that the sum of the squares of the sides of the triangle formed 
by joining the feet of these normals is constant. 

54. A triangle ABC is formed by three tangents to a 
parabola, another triangle DEF is formed by joining the points 
in which the chords through two points of contact meet the 
diameter through the third. Shew that A^ By C are the middle 
point of the sides of DEF. 

55. If ABC be a triangle inscribed in a parabola, and 
A'B'C be a triangle formed by three tangents parallel to the 
sides of the triangle ABCy shew that the sides of ABC will be 
four times the corresponding sides of A'BC, 

56. If four straight lines touch a parabola, shew that the 
product of the squares of the abscissse of the point of inter- 
section of two of these tangents and of the point of intersection 
of the other two is equal to the continued product of the 
absciss® of the four points of contact. 
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67. TF^ TQ are tangents to a parabola, and ^,, /?,, p^ 
are the lengths of the perpeudiculars from P, T, Q respectively 
on any other tangent to the curve; shew that p^p^=p^'» 

58. OA, OB are tangents to a parabola, and AP, JBP are 
the corresponding normals ; shew that, if F lies on a fixed line 
perpendicular to the axis, describes a parabola; and £nd 
the locus of 0, if F lies on a fixed diameter. 

59. FG is the normal at P to the parabola y' — 4aa;=0, 
G being on the axis; GF is produced outwards to Q so that 
FQ = GF ; shew that the locus of ^ is a parabola, and that 
the locus of the intersection of the tangents at F and Q \a 

y*(a; + 4a)+l6a» = 0. 






^ - \ 
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CHAPTER VI. 



The Ellipse. 



Definition. An Ellipse is the locus of a point which 
moves 60 that its distance from a fixed point, called the 
focus, bears a constant ratio, which is less than unity, to its 
distance from a fixed line, called the directrix. 

"" 108. To find the eqimtion of an ellipse. 

K 




Let 8 be the focus and KL the directrix. 

Draw iSZjerpendicular to the directrix. 

Divide Z^ in -4 so that 8A : AZ = sriven ratio = e 



:1 



suppose. 
Thei 



here will be a point A in ZS produced such that 

8A' : AZ :; e : 1. 



J 
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Let G be the middle point o{ AA'y and let ^-4'= 2a. 
Then 8A = e. AZ, and 8A' = e. A'Z\ 

.-. SA + SA'^e{AZ+AZ)) 
:. 2AO=2e.ZC; 

/. Z(7«^ (i). 

Also SA' --SA^e {A'Z -- AZ) ; 

or ^^'-2^iSf = c.^^'; 

ak .'. 8C=e.AG=ae (ii). 

Now let C be taken as origin, CA' as the axis of a:, 
and a line perpendicular to CA' as the axis of y. 

Let P be any point on the curve, and let its co- 
ordinates be X, y. 

Then, in the figure, 

/. SN^ + NP' ^ e'ZN\ 
Now /SiY= /SG + Ci\^= ae + ^; 

and ZN=ZC + CN=^ + a); 

e 

.-. (ae + a;)' + y* = «^ f a; 4- - J , 
or y'* + a:^(l-e«)=a*(l-e'^), 

a a (1 — e ) 

Putting a; = 0, we get y^±a V(l — O > which gives 
us the intercepts on the axis of y. If these lengths be 
called + 6, we nave ^^ - -^ ' ^ "- - f . ' 

and the equation (iii) takes the form 



^ + 2^ = 1 
a" ^ 6" 

S. C. S. 8 



a*+6» = l ••^^)- 



/ 
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The latiis rectum is the chord through the focus 
parallel to the directrix. To find its length we must put 
X = — 06 in equation (v). 

Then y« = 6» (1 - e*) = ^ , from (iv), 

Of 

so that the length of the semi-latus rectum is — . 

' 109. In equation (v) [Art. 108] the value of y cannot 
be greater than b, for otherwise a^ would be negative ; and 
similarly x cannot be greater than a. Hence an ellipse is 
a curve which is limited in all directions. 

If X be numerically less than a, y* will be positive ; 
and for any particular value of x there will be two equal 
and opposite values of y. Ther axis of x therefore divides 
the curve into two similar and equal parts. 

So also, if y be numerically less than h, a? will be 
positive, and for any particular value of y there will be two 
values of x which will be equal and opposite. The axis 
of y therefore divides the curve into two similar and equal 
parts. From this it follows that if on the axis of x the 
points ;S; Z' be taken such that G8' = SG, and CZ' = ZC, 
the point /S ' will also be a focus of the curve, and the line 
throttgh Z* perpendicular to CZ' will be the corresponding 
directrix. 

If {x\ y) be any point on the curve, the co-ordinates 

. of V^ 
x\ y will satisfy the equation -j + ts — 1 = ; and it is 

clear that in that case the co-ordinates — x\ — y will also 
satisfy the equation, so thaiPthe point (—a?', —y) will also 
be on the curve. But the points {x\ y') and (— x, — y') are 
on a straight line through the origin and are equidistant 
from the origin. Hence the origin bisects every chord 
which passes through it, and is therefore called the centre 
of the curve. 

The chord through the foci is called the major uxiSy 
and the chord through the centre perpendicular to this 
the minor axis. 
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110. To find the focal distances of any point on an 
ellipse. 

In the figure to Art. 108, since SP = ePM, we have 

SP^eZN=^e{ZG-\'CN) = e{^+i^^a'^ex^ 

also 8'P=e,NZ'=:e(CZ'^CN)=^a-ex; 

.-. SP+ST = 2a. 

An ellipse is sometimes defined as the locus of a point which moves so 
that the sum of its distances from two fixed points is constant. 

To find the equation of the curve from this definition. 

Let the constant sum be 2a, and the distance between the two fixed 
points be 2ae, 

Take the middle point of the line joining the fixed points for origin, 
and this line and a line perpendicular to it for axes, then we have from 
the given condition 

s/(x - aef+y^+ J{xTa£f+y^=2a 
which, when rationalized, becomes 

y>+x«(l-c»)=a»(l-e2), 
which is the equation previously obtained. 

'' 111. The polar equation of the ellipse referred to the 
centre as pole will be found by writing rcos^ for x, and 
r sin ^ for y in the equation 

a 0* 
The equation will therefore be 

r' cos'g r" sin'g _ 
a» ^ V ' 

1 cos'^ sin'5 ..V 

or -5 = — ,- H — n— \}h 

IT a 

The equation (i) can be written in the form 

?=^+(p-^»)«^'^*^ • ^"^' 

11... 
Since ^ — ^ is positive, we see from (ii) that the least 

8-2 
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value of -o is -J , and that -^ increases as increases from 
r a T 

1 "1 

to -^ , the greatest value of -5 being -^ . Hence the 
radius vector diminishes from a to i as ^ increases from 
Oto|. 

^112. We have found that for all points on the ellipse 

We can shew in a manner similar to that adopted in 
Art. 92 that, if x, y be the uo-ordinates of any point within 

the curve, -5 + r^ — 1 will be negative, and that -« +. f« — 1 

will be positive if x, y be the co-ordinates of any point 
outside the curve. 

''IIS. To find the points of intersection of a given 
straight line and an ellipse, and to find the condition that 
a given straight line may tottch the ellipse. 

Note. We shall henceforth always take -2 + ry = 1 as 

the equation of the ellipse, unless it is otherwise expressed. 

Let the equation of the straight line be 

y^mx'\-c (i); 

At points which are common to the straight line and 
the ellipse both these relations are satisfied. Hence at 
the common points we have 

0? (mx -f c)' _ 

a'^ W^" ' 

or a;«(6' + aW) + 2mca»a? + a»(c*-6*) = (ii). 

This is a quadratic equation, and every quadratic 
equation has two roots, real, coincident, or imaginary. 

Hence there are two values of x, and the two corre- 
sponding values of y are given by equation (i). 
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The roots of the equation (ii) will be equal to one 
another, if 

a»(c'-5»)(6» + aW) = 7nVa*, 

that is, if c' = aW + b\ 

If the two values of x are equal to one another the two 
values of y must also be equal to one another from (i). 

Therefore the two points in which the ellipse is cut by 
the line will be coincident if c = \/{a?ni^ + V), 

Hence the line whose equation is 

y = mx + f^(a?m^ -{-h^ (iii) 

will touch the ellipse for all values of m. 

Since either sign may be given to the radical in (iii), 
it follows that there are two tangents to the ellipse for 
every value of m, that is, there are two tangents parallel 
to any given straight line. These two parallel tangents 
are equidistant from the centre of the ellipse. 

" 114. To find the equation of the chord joining two 
points on the ellipse, and to find the equation of the tangent 
at any point. 

Let x\ y' and x\ y" be the co-ordinates of two points 
on the ellipse. 

The equation of the secant through the points {x\ y) 
and {af\ y) is 

(i). 



x—x _ y—y 

X —x y — y 



But, since the two points are on the ellipse, we have 

-i + Tsr = 1> and -^ + % =x 1 ; 
a" ah 



a 



Multiply the corresponding sides of the equations (i) 
and (ii), and wel&ave 
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a» "^ J* " a' "*■ 6' ' 

or, since, -, + '4^ = 1, 

^x+ af) y(.v'4y-0 _ , . x'x" yY_ ... 
a 6 a 

which is the equation of the chord joining the two given 
points. 

In order to find the equation of the tangent at (x ^ y) 
we must put a?" =«', and y" ^^y' in equation (iii), and we 

a ^ 

Cor. 1. The co-ordinates of the extremities of the 
major axis are a, and — a, respectively, and, from (iv), 
the tangents at these points are x = a and a? = — a. 

Hence the tangents at the extremities of the major 
axis are parallel to the minor axis. 

Similarly the tangents at the extremities of the minor 
axis are parallel to the major axis. 

Cor. 2. The tangent at the point (x, y') is parallel 
to the tangent at the point (—a?', —y), and these two 
points are on a straight line through the centre of the 
curve. 

Hence the tangents at the extremities of any chord 
through the centre of an ellipse are parallel to one another. 

' 115. To find the condition that the line Ix + my — n = 
may toitch the ellipse. 

The equation of the lines joining the origin to the 
points where the ellipse 

^+1=1 «' 

is cut by the straight line 

lx-\-my = n (ii), 

is[Ari38] jH..i;-(^^t^?y=0 (iii). 



(; 
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If the line (ii) cut the ellipse in coincident points, the 
equation (iii) will represent coincident straight lines, 
Therefore the left-hand member of (iii) must be a perfect 
square : the condition for this is 

^1 P\fl m^\_Pm^ 
.a' nV W nV "" n* ' 

whence q,H^ + b^m* = n* (iv). 

Cor. The line a?cosa + y sina-^jp = will touch the | 
ellipse, if 

p^ — cf cos'a + 6' sin*a (v). 

''116. To find the fsqvution of the normal at any point 
of an ellipse. 

The equation of the tangent at any point {x\ y) 
of the ellipse is , • , ^ 

-9+^ = 1. r a &^K 



a' • 6^ 

The normal is the line through (x, y') perpendicular 
to the tangent; its equation is therefore [Art. 30] 






x — x y — y ±s ■ } '"( -. 7 ■ '/ 

V 



EXAMPLES. 

1. Find the eccentricities, and the co-ordinates of the foci of the 
following ellipses : 

(i) 2a;2+3y«-l=0, (ii) 8(a;-l)«.+6 (y + l)2-l=0. 

Am, (i) -^, (±^,0^; (ii) i, (1, -1±AV6). 

2. Find' the lengths of the latera recta of the ellipses in question 1. 

Am, JV2and JV6. 

3. Shew that the line y =« + Vf touches the ellipse 2x' + 3i/* = 1. 
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4. Shew that the Und 3^=305—3 outs the curve iaj'-Sy*- 2x2=0 in 
two points equidistant f^om the axis of y, 

5. Is the point (2, 1) within or without the ellipse 2as^+ 3^^ - 12=0? 

G. Find the equations of the tangents to -^ + ^2=1 which make an 
angle of GO^ with the axis of x. 

7. Find (i) the equations of the tangents and (ii) the equations of the 
normals at the ends of the latera recta of 2a;^+3^^=6. 

The four points are (± 1, ±| V^). 

8. Find the equations of the tangents to -^ + r^=l- which make 

equal intercepts on the axes. Ana^ a: ± y ± Ja^-\-b^= 0. 

9. Shew that the equation 4a^+2y'=Ga; represents an ellipse whose 

eccentricity is —r^ , and shew that the origin is at an extremity of the 
minor axis. 

10. Find the equation of the ellipse which has the point ( - 1, 1) for 
focus, the line 4a;- 3y=0 for directrix, and whose eccentricity is |. 

Ans, 20ajs + 24a^+27y* + 72(a;-y + l) = 0. 

11. If the normal at the end of a latus rectum of an ellipse pass 
through one extremity of the minor axis, shew that the eccentricity of the 
curve is given by the equation e* + 6^ - 1 = 0. 

12. If any ordinate MP be produced to meet the tangent at the end 
of the latus rectum through the focus S in Qj shew that the ordinate of 
Q is equal to the distance SPi 

13. A straight line AB of given length has its extremities on two 
fixed straight lines OA, OB which are at right angles ; shew that the locus 
of any point C on the line is an ellipse whose semi-axes are equal to CA 
and CB respectively. 

' > ' 117. Two tangents can be drawn to an ellipse from 
any pointy which will he real, coincident, or imaginary, 
according as the point is outside, upon, or within the curve. 

The Une whose equation is 

y = mx + ^(aW + b^ (i) 

will touch the ellipse, whatever the value of m may be 
[Art. 113], 



THE ELLIPSE. 121 

■ 

The line (i) will pass through the particular point 
(^', l/\ if 

that is, if 

or m' (x" - a*) - 27?ij?y + y'* - 6« = (ii). 

Equation (ii) is a quadratic equation which gives the 
directions of those tangents to the ellipse which pass 
through the point [x\ y). Since a quadratic equation has 
two roots, two tangents will pass through any point (x\ y'). 

The roots o^ (ii) are real, coincident, or imaginary, 
according as 

(a;''-a*)(y''-f)-a;V 
is negative, zero, or positive ; or according as -j + ?« — 1 is 

positive, zero, or negative. That is, [Art. 112] according as 
\x\ if) is outside the ellipse, upon the ellipse, or within it. 

''118. To find ike equation of the line through the points 
of contact of the two tangents which can he drawn to 
an ellipse from any point 

Let x\ y^ be the co-ordinates of the point from which 
the tangents are drawn. 

Let the co-ordinates of the points of contact of the tan- 
gents be A, k and A', k' respectively. 

The equations of the tangents at (h, k) and Qi, k') are 



and 



a ' la — ■'■• 

a 



We know that {of, y') is on both these lines ; 

"*• a» "^"F "" ^^^' 

a?'A' i/k' 

and -^+^ = 1 (ii). 

a b 
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But (i) and (ii) shew that the points (A, h) and Qi\ k') 
are both on the straight line whose equation is 

:^ + F~-* ('''^• 

Hence (iii) is the required equation of the line through 
the points of contact of the tangents from {x\ y"). 

The line joining the points of contact of the two 
tangents from any point P to an ellipse is called the polar 
of P with respect to the ellipse. [See Art. 76.] 

'119. If the polar of a point P with respect to an ellipse 
pass through the point Q, then will the polar of Q pass 
through P. 

This may be proved exactly as in Art. 78. 

' 1 20. To find the locus of the point of intersection of two 
tangents to an ellipse which are at right angles to one 
another. 

The line whose equation is 

y = mx ■}- Ja^m^ + b* (i) 

w^ill touch the ellipse, whatever the value of m may be. 

If we suppose x and y to be known, the equation gives 
us the directions of the tangents which pass through the 
point (x, y). 

The equation, when rationalized, becomes 

m'(a^-a')r-2iw^ + y*-6' = (ii). 

Let m^ and m^be the roots of (ii) ; then, if the tangents 
be at right angles, m^m^ = — 1 ; 

ar — a ^ 

or a?-\-'f^a^ + V (iii). 

The required locus is therefore a circle. 

This circle is called the director circle of the ellipse. 
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"* 121. The circle described on the major axis of an 
ellipse as diameter is called the auxiliary circle. 



b 




^ 




/^ 


^ 


A 

1 


N 1 
i 



If the equation of the ellipse be 



a 



(i). 



the equation of the auxiliary circle will be 

a? 



+ ^ = 1 
a a 



(ii). i 

If therefore any ordinate NP of the ellipse be produced 
to meet the auxiliary circle in^, we have from (i) and (ii) 

NP* CN^_Np^ 

b' "" a" " a' ' 

NP h 



Np a ' 

Hence the ordinates of the ellipse and of the circle are 
in a constant ratio to one another. 

The angle A'Cp is called the eccentric angle of the 
point P. The point p on the auxiliary circle is said 
to correspond to the point P on the ellipse. 
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If the angle ACp be ^, the co-ordinates of p will be 
a cos ^, a sin ^ ; and those of P will be a cos ^, J sin ^. 

122. To find the equation of the line joining two points 
whose eccentric angles are given. 

Let ^, (f)' be the eccentric angles of the two points ; 
then the co-ordinates are acos^, 6sin</), and acos^', 
Jsin<^' respectively. 

Hence the equation of the line joining them is 

x — a cos (f) _ y — bsin^ 
a cos <^ — a cos <f/ b sin </> — 6 sin <^' ' 

COS <p r — sin ^ 

a ^ ^ 

. s /v A " /'-sin i (</> + <^ J COS i {<l> + <^') ton c^ 

.-. -cos|(</» + ^0 + f siiii(</> + <AO=cosi(<^-<^')-W> \ 

which is the required equation. 

To find the tangent at the point ^, we have to put 
<f)'=<f> in equation (i), and we obtain 



1^; ^ - - 
-cos</»+-f sin^ = l (ii). 



p 

^ '^^ 



12.3. From equation (i) of the preceding article we see 
that if the sum of the eccentric angles of two points on an 
ellipse is constant and equal to 2a, the chord joining those 
points is always parallel to the line 

CO 'U " 

- COS a + r sin a = 1 : 
a 

that is, the chord is always parallel to the tangent at the 
point whose eccentric angle is a. 

Conversely, if we have a system of parallel chords 
of an ellipse the sum of the eccentric angles of the 
extremities of any chord is constant. 
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124. To find the equation of the normal at any point 
of an ellipse in terms of the eccentric angle of the point. 

Let ^ be the eccentric angle of a point P on the 
ellipse ; the equation of the tangent at P is [Art. 122] 

- cos 6 + f sin 6 = 1. 
a ^ ^ 

The equation of the line through (a cos ^, h sin <^) 

perpendicidar to the tangent is [Art. 30] 

Ix — a cos ib) , — Cy — 6 sin A) -^ — , = 0, 

^ ^' cos ^ ^^ sin <^ 



ax 



or 



cos (^ sin (^ 

'^ 125. We win now prove some geometrical properties 
of an ellipse. 

Let the tangent at P meet the axes of x and y in 
T, t respectively, and let the normal meet the axes in O, g. 
Ihraw SZ, 8'Z , GK perpendicular to the tangent at P; 
draw also CE parallel to the tangent at P, meeting 
the normal in F, and the focal distance SP in E. 




t / 



■' nV, 



Then if a; , y' be the co-ordinates of the point. P, 
the eqtiation of the tangent at P will be 

yy'_ 



XX 



= 1 



(i). 
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Where this cuts the axis of a?, y = 0, and at that point 
we have from (i). 



XX 



= 1; 



GN.CT^^^ or CK.GT= CA" (a). 



" CA 

Similarly NP. Ct^CE'. . . . 

The equation of the normal at P is 



m 



x — x 



X 



a' 



= 2^^ (ii). 

y_ ^ ' 



.\ 



Where the normal cuts the axis of x, we have y=0, and 
therefore from (ii), 

// x—x = — ^x, or x==x (1 ^j =eV; 

/. CG^e\GN'. ..........(7). 










Also, since 

; SG^SG+ CG=^ae + e'x\ and GS' = ae-eV, 

we have 

SG ^ ae + e^'x' _ a + ex ' _ 8P 

, , G8' ae-eV""a-eaJ''"fif'P' ^ 

therefore PQ bisects the angle 8P8' (8). 



v/C 
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Again, since P(?»= GIP + NF'^(CN- GGf + NP", 

AndP2^=ii:C=— J 73- [Art. 31]; V ' ^' • 

.-. FF.PG = b' (€). 

The line whose equation is 

-. y = wa? + V(^*^" + ^*) (iii) 

will touch the ellipse whatever the value of m may be. 

Hence, if SZ, S^Z' be the perpendiculars from the foci 
on the line (iii), then [Art. 31] 

^^= — v(i+»»') — ' ^""^ ^^^ ^/"(^+ «?)— ' 

1 + w" ^^'^ 

Again, the equation of the line through S perpendicular 
to (iii) is 

>wy + a? + a^ = (iv). 

To find the locus of ^the point of intersection of (iii) 
and (iv), we must eliminate m from the two equations. 
The equations may be written in the form 

y'-'inx=^ij{a?7ifj? -^-V), and my + «= — ««. 

Square both sides of these equations and add, we thus 
obtain ^^ ^ - " ' ^ 

(a?» + y')(l + w')=aW+6' + aV = a»(l + w«); 

therefore the locus of Z is the auxiliary circle whose 
equation is 

^ + y' = a' (^). 

We should have arrived at the same result if we had 
supposed the perpendicular to have beeft drawn from S\ 
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126. Let P be any point, and let QQ' be the polar of 
P. Let QQ" Be /the axes in T, t Draw SZ, 8'Z\ GK 
and PO perpendicular to QQ'; and let PO meet the axes 
in G, g. Then, if x\ y' be the co-ordinates of P, .the 
equation of Q(^ will be [Art. 118] 



a b 



(i). 



The equation of POG will therefore be [Art. 30] 



x — x y — y 



X' 



(ii). 



a' 



From (i) and (ii) we can prove, exactly as in the 
preceding Article, 

(a) CN,GT^GA\ (/3) FP.Gt^C]?, 
(7) 0(? = e'(7J^, and {h) KG .PG-^h\ 




1 



EXAMPLES. 

1. Shew that the focus of an ellipse is the pole of the coirespondiBg 
directrix. 

2. Shew that the equation of the locus of the foot of the peipen- 
dicular from the centre <^ an ellipse en a tangent is r^^a^co^B •\-h'^^^' 
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3. Shew that the sum of the reciprocals of the sqnares of any two 
diameters of an ellipse which are at right angles to one another is 
constant. [See Art. 111.] 

4. If an equilateral triangle be inscribed in an ellipse Uie sum of the 
squares of the reciprocals of the diameters parallel to the sides will 
be constant. 

5. An ellipse slides between two straight lines at right angles to one 
another; shew that the locus of its centre is a circle. [See Art. 120.] 

6. If the points S', H' be taken on the minor axis of an ellipse such 
that S'C^CH'=CS, where C is the centre and £f is a focus; shew that 
the sum of the squares of the perpendiculars from S' and H' on any 
tangent to the ellipse is constant. 

7. Shew that the locus of the point of intersection of tangents to an 
ellipse at two points whose eccentric angles difiFer by a constant is an ellipse. 

Off 

[If the tangents at 0+ a and - a meet at {xf^ j/) ; then - =cos ^ sec a, 

€v 

^ = sin ^ sec a. Eliminate ^ for the locus.] 

8. The polar of a point P cuts the minor axis in f, and the perpen- 
dicular from P to its polar cuts the polar in the point and the minor 
axis in g ; shew that the circle through the points t, 0, g will pass through 
the foci. [Prove that tC,Cg=SG. CS'.] 

9. Prove that the line lx+my+n=QiBtk normal to 

rr^ ... ax fty o TO 1. ^ COS $ m sin 9 

[Compare with A-^=za^-l^; we have = , — 

. '■ ^ cos^ sm^ a b 

then eliminate 6.] 



10. The perpendicular from the focus of an ellipse whose centre 
is C on the tangent at any point P will meet the line CP on the 
directrix. 

11. If Q be the point on the auxiliary circle corresponding to the 
point P on an ellipse, shew that the normals at P and Q meet on a fixed 
circle. 

12. If Q be the point on the auxiliary circle corresponding to the point 
P on an ellipse, shew that the perpendicular distances of the foci S, H 
from the tangent at Q are equal to SP and HP respectively. 

13. Shew that the area of a triangle inscribed in an ellipse is 

ia6{sin(/3-7) +sin(7-o) + sin(a-i3)}, 
where a, p, y are the eccentric angles of the angular points. 

S. C. S. 9 
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' 127. To find the locusf of the middle points of a system 
of parallel chords of an dlipse. 

The equation of the line through the two points (x\y') 
and {x'\ y") ot the ellipse is [Art. 114] 

ic(a!\al') ^ y {y' + yl . . x'x'' yY 



a* 0' a- 



If the line (i) is parallel to tlie line y = rnxy then 

t? X + x' ,..>. 

m = — -j-r— -,-/ ...,..(n). 

ory +y 

Now, if ar, y be the co-ordinates of the middle point of 
the chord joining (a?', y') and ix'\y'), then 2x = x''{-x'\ 
and 2y^y +/'; 
therefore, from (ii), we have 

m = 5- (ui). 

ory 

Hence the locua of the middle points of all chords 
wliich are parallel to the line y = Ttix is the straight line 
wLose equation is 

V = -— X (iv). 

^ a^m ^ ^ 

From (iv) we see that all diameters of an elKpse [Art. 
102, Def] pass through the centre. . , ^ t- 

Writing (iv) in the form y = m'x, we see that ^r^^ * '^ 

mm' = 5 (v). 

a^ ^ ^ 

It is clear from the symmetry of the relation (v) that 
all chords parallel to y = m'x are bisected by y = mx. 

Hence, if one diameter of an ellipse bisect chords paral- 
let to a second, the seCorid diameter will bisect all chords 
parallel to the- first. 

Def Two diameters are said to be conjugate when each 
bisects chords parallel to the other. 

^ 128. The tangent at an extremity of any diameter is 
parallel to the chords tisected by that diameter^ 
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Ml the middle points of a system of parallel chords' of 
an ellipse are on a diameter. Hence, by considering the 
parallel tangents, that is the parallel chords which cut the 
curve in coincident points, we see that the diameter of 
a system of parallel chords passes through the points 
of contact of the tangents which are parallel to the 
chords. 

^ 129. Let P, D be extremities of a pair of conjugate 
diameters; let the co-ordinates of P be of, y\ and the 
co-ordinates of D be x'\ y[\ The equations of CF and 

CD are '^ =* -7 arid -Tf^-Tf'y 

y X y X 

hence from (v) Art. 127 we have ^ ^ — - 



XX 



a 



a > 



a' 






,(i). 




If <f>, ^' be the eccentric angles of P and D respectively, 
then x' ^a cos <^, y' = 6 sin <^, x' = a cos <^', y" =^ b sin ^\ 
Substituting these values in (i) we have 

cos (f> cos (f> + sin ^ sin ^' = 0, 



or 



^-^^'=9 • 



9—2 
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Hence the difference of the eccentric angles of two 
points which are at extremities of two conjugate diameters 
of an ellipse is a right angle. 

If pCp\ dCd be the diameters of the auxiliary circle 

corresponding to the diameters PCP\ DCI/ of the ellipse, 

then pCp\ dCd! will be at right angles to one another. 

Hence tne co-ordinates of D and of U can be at once 

• expressed in terms of those of P or of P'. 

" 130. To shew that the mm of the squares of two con- 
jugate semi-diameters is constant. 

Let P, D be extremities of two conjugate diameters of 
the ellipse. 

Let the eccentric angle of P be ^, then the eccentric 

angle of D will be ± ^ [Art. 129]. 

The co-ordinates of P will be acos<^, Jsin^, and 
those of B will be a cos f ^ ± - j , 6 sin f ^ ± - j . 

.-. CP' = a»cos»^ + 6'sin«^, 

and (7Z>» = a»cos«r</) ±~) + V sin» (^ ± |) ; 

.-. CP'+Ci)» = a' + 6'. 

131. The area of the 'parallelogram which touches an 
ellipse at the ends of conjugate diameters is constant. 

Let PCF., DCU be the conjugate diameters. The 
area of the parallelogram which touches the ellipse at 
P, P', A -C > 4 (7P . CD sin PCD, or 4 (7i> . CF where CF'i^ 
the perpendicular from C on the tangent at P. 

Now if the eccentric angle of P be ^, the eccentric 
ansjle of D will be <i + - . 

/. Ciy = a' cos' (<^ ± I) + 5' sin' U ± |) . 
or C'Z>» = o'sin'^ + 5»cos''^ (i). 



'' -' t ^' + >'--e^ t'- c^-{r-.ry 



^.■^ _ 2- rt -ht' .- c'^-A'^ 
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The equatioa of the tangent at P will be [Art. 122] 

- COS d> +? sin 6 = 1. 

/. (7^ ;= -__i_-_ , [Art, 31], 
cos sm 9 ^ -■ 

a sin 9 + t>* cos «^ 

From (i) and (ii) we see that the area of the parallelo- 
gram is equal to 4a&, < 

132. If r, / be the lengths of a pair of conjugate 
semi-diameters, and & be the angle between them, then 

rr' sin ^ = aft [Art. 131]. 

Hence sin 6 is least when r¥ is greatest. [ . 

Now the sum of the squares of two conjugate diameters > 
is constant ; hence the product will be greatest when the j ; 
diameters are equal to. one another. 

Hence the acute angle between two conjugate diameters 
of an ellipse is least when the conjugate diameters are equal 
to one another. — 

^ 133. Let the eccentric angles of the extremities P, D 

of two conjugate diameters be ^, ^ ±5 respectively; then 

OF* = a* cos" ^ + 6' sin* <l>, 
and CD" = a* sin* ^ + 6* cos* ^ ; 

.-. Cr -Ciy = (a* -b') COS 2<f>. 

Hence CP = CD when ^ is - or -j- . "^ ^ 

The equations of the eqiuzl conjugate diameters are 
tlierefore 

a "■ 6 * 
Hence the equi-conjugate diameters of an ellipse are 



■t 



V- ^ 



134 THE ELLIPSE. 

the diagonals of the rectangle formed by the tangents at 
the ends of its axes. 

* 134. Def, The two straight lines drawn from any 
point on an ellipse to the extremities of any diameter are 
called supplemental cAiovAa. 

Any two supplemental chords of an ellipse are parallel 
to a pair of conjugate diameters. 

Let the chords be formed by joining the point Q to the 
9^/ extremities P,P' of the diameterls^ PGP. Let V be the 
middle point of QP, and V the middle point of QP'. 
Then GV^ and OF are conjugate, for each bisects a chord 
parallel to the other; and CV\ CV are parallel respec- 
tively to QP and QP\ 

Hence QP and QP^ are parallel to a pair of conjugate 
diameters. 

135. We can find the position of a pair of conjugate 
diameters which make a given angle with one another. 

For, draw any diameter PCP and on PP' descrihe a 
segment of a circle containing the given angle. If this 
circle cut the ellipse in a point Qy the angle PQP' is equal 
to the given angle, and QP, QP are parallel to conjugate 
diameters [Art. 134]. 

The circle and ellipse will not however intersect In any 
real points besides the points P, P' if the given angle 
be less than that between the equi-conjugate diameters of 
the ellipse [Art. 132]. 

'' 136. To find the equation of an ellipse referred to any 
pair of conjugate diameters as ajxes. 

Let the equation of the ellipse referred to its major 
and minor axes be 



.2 -.8 



""" + ^ = 1 (i). 



a^ 



Since the origin is unaltered we substitute for x, y ex- 
pressions of the form Ix + my, Vx 4- m'y in order to obtain 
the transformed equation [Art. 51]. 



N 



\ 
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The equation of the ellipse will therefore be of the 

form Aa^ + 2Hxy + Bf ^1. ,,.,,.,,. ,.{ii). 

By supposition the axis of x bisects all chords parallel 
to the axis of y. Therefore for any particular value of of 
the two values pf y found from (ii) must be equal and of 
opposite sign. Hence if = ; the equation will therefore 

beof the form Aai'-hBy'^^l (iii). 

To obtain the lengths (a', b') of the intercepts on the 
axes of X, y, we must put y = and a? = in (iii) j we 

thus obtain Aa"^ = 1 = ^i'l 

Hence the .equation of an ellipse referred to conjugate 
diameters is 

S 9 

where a\ V are the lengths of the semi-diameters, 

137. By the preceding Article we see that when an 
ellipse is referred to ai^y pair of conjugate diameters as 
axes of co-ordinates^ its equation is of the same form 
as when its major and n^ihor axes are the axes of co- 
ordinates. 

It will be seen that Articles 113, 114, 115, 118 and 127, 
hold good when the axes of co-ordinates are any pair of 
conjugate diameters. 

138. We shall conclude this chapter by the solution of 
some examples. 

(1) To find when the area of a triangle inscribed in an ellipse is 
greatest. 

Let the eccentric angles of P, Q, i?, the angnlal: points of the triangle, 
be 01, 02* ^s* ^^ Pt Q.%T\iG the three corresponding points on the auxiUarjr 
circle. 

The areas of the triangles PQJR, and pqr are [Art. C] 



i 



a cos 01, 6 sin 01, 1 
a cos 02) 5 sin 02) 1 
a cos 03, 5 sin 03, 1 



, and \ I a cos 0i, a sin 0i, 1 
a cos 02, a sin 02, 1 
a cos 03, a sin 03, 1 



,♦. APQJB : ^pqr :: 6 : a. 
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Hence the trianglea PQR ancl pqr are to one another in the eoastaiii 
ratio h : a. Therefore PQR is greatest when p^r is greatest. 

Now Apgr ia greatest when it is an equilateral triangle ; and Iq that 

2r 

tase 0i'^^=0j'^^=^-»^= -^ • 

Hence when a triangle inscribed In an ellipse is a maximtun, the 

2t 4ir 

eccentric angles of its angular points are a, «4--^ , a+ ^ . 

(2) If any pair of conjugate diameters of an ellipse cut the tangent at 
a point P in T, T'\ shew that TP . PT=CD\ where CD is the diameter 
conjugate to CP^ 

Take CP^ CD for aiLCs of se and y, then the equation of the ellipse will 

a* 6^ 

The equation of the tangent at P (a, 0) will be a;— a. 
If y^mx^ y^m'x be tiia equations of any pair of conjugate diameters, 
then 

iiMii'=-~lArt. X27]... (i). 

But Pr=»ma, and PT=m'a ; 

,\ PT . PT =mm*a* (ii) 

,%rP,Pr=6».from(i). 

(8) Tlie line joining the extremities of any two diameters of an 
ellipse which are at right angles to one another will always touch a fixed 
circle. 

Let CP, CQ be two diameters which are at right angles to one another, 
and let the equation of the line PQ be 

a;coso+y sina=|). 

The equation of the lines CP, CQ will be [Art. 38] 






But, since the lines CP, CQ are at right angles to one another, the 
sum of the coefficients of x^ and y^ in (i) is zero [Art. 86];, 

which shews that the perpendicular distance of the line PQ from the 
centre is constant. 

Hence the line PQ always touches a fixed circle. 



. - ^ 
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(4) To find the loau of the poles of normal chords of an ellipse. 
The eqaation of the normal at any point $ is 

«" ^ =««-6» (i). 



COS $ sin 
The equation of the polar of any point (x\ y') is 

■?^ + "pr=^ (H. 

The equations (i) and (ii) will represent the same straight line, if 

{a«-&»)-i = -^,and(a»-5«)|^'=--A ; 
^ 'a' cos<?' ^ '6* sm^ 



or (a» - 6«) cos tf =— , and (a* - 6>) sin ^= — ,\ 

X y 

therefore, hy squaring and adding the two last equations, we have 

Hence the equation of the locua is 

(5) If a quadrilateral circumscribe an ellipsCt tJie line through tJie 
middle points of its diagonals will pass through the centre of the ellipse. 

Let the eccentric angles of the four points of contact of the tangents 
be o, ft 7, «. 

The equations of the tangents at the points a, /3 are 

XV XV 

'C0Sa + 7Bina=l, and-oosi9 + r Bin/S^l. 
a b a *^ 

These meet in the point 

/ cos ^(g 4-/3) ^ sini(tt + /3) \ 
\ C08i(a-/3)* cos J (a -/3)/ 

The tangents at y and 8 will meet in the point 

/ cosJ{7jf«) jSinJ(7 + 3)\ 
\ cos J {7 - 5) * cos J (7 - 6)/ ' 

The co-ordinates of the middle point of the line joining these points of 
intersection are given by 

a cos ^ (a+/3) cos j (7 - J) + cos J (7 + 5) cos J fo - /3) 
*""2 cosi(7-5)cos^(a-/3) ' 

5 8in^(tt-|-/3)eos^(7-5 ) + Bin^(7+g)co8i(tt-j8) 
^~2 co3 4(7-6)cosi(tt-^) 
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Therefore thcf line joining the centre of the ellipse to this point 
makes with the major axis an angle the tangent of which is 

ft Bin^(tt-t-/3)co8^(7-8) + 8in^(7+a)oo8^(tt-|8) 
a cos i {a-^p) COB i (7 - 3) + cos J (y +5) cos i (a - j8) * 

which is equal to 

h sin (g - g) + sin (8-^) + sin (t^y) + sin {s - 6 ) 
a cos (« - a) + cos (« - /3) + cos (» r- 7) + cos (« - 5) ' 

where 2<=o+j5+7+8. 

The symmetry of the above result shews that the line joining the 
centre of the ellipse- to one of the middle points of the diagonals of 
the quadrilateral will pass through the other two middle points. 



Exa.mpl£b on Chapter VI. 

- 1. If SPf S'P be the focal distances of a point P on An 
ellipse -whose centre is C, and CD be the semi-diameter conju- 
gate to CP; shew that SP . S'P = CDK 

" 2. The tangent a^ a point P of an ellipse meets the 
tangent at A, one extremity of the axis ACA\ in the point Y\ 
shew that CT ia parallel to A'P, C being the centre of the 
curve. 

3. A point moves so that the sum gf the squares of its 
distances from two intersecting straight lines is constant. 
Prove that its locus is an ellipse, and find the eccentricity in 
terms of the angle between the lines. 

^4. P, Q are fixed points oh an ellipse and E any other 
point on the curve; V, P are ibhe middle points of PE, QRy 
and VGy Y' G* are perpendicular to PR^ QR respectively and 
meet the axis in G^ G\ Shew that GG' is constant, 

5. A seiies of ellipses are described with a given focus and 
corresponding directrix; shew that the locus of the extremities 
of their minor axes is a parabola. 

- 6. PNP' is a double ordinate of an ellipse, and Q is any 
point on the curve; shew that, if QP, QP* meet the major axis 
in Jf, Jf' respectively, CM. CM'=^CA\ 
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- 7. Lines are drawn through the foci of an ellipse perpen- 
dicular respectively to a pair of conjugate diameters and 
intersect in Q; shew that the locus of Q is a concentric ellipse. 

8. The tangent at any point P of an ellipse cuts the 
equi-conjugate diameters in T, T'\ shew that the triangles TGP^ 
TCP are in the ratio of CT^ : CT'\ 

9. If CQ be conjugate to the normal at P, then will CP 
be conjugate to the normal at Q, 

- 10. If P, 2> be extremities of conjugate diameters of an 
ellipse, and PP, DD' be chords parallel to an axis of the 
ellipse; shew that PD' and Pi> are parallel to the equi- 
conjugates. 

11. 11 Py D are extremities of conjugate diameters, and 
the tangent at P cut the major axis in T, and the tangent at 
1) cut the minor axis in jT'; shew that TT' will be parallel to 
one of the equi-conjugates. 

12. QQ' is any chord of an ellipse parallel to one of the 
equi-conjugates, and the tangents at Q, Q' meet in T-, shew 
that the circle QT^ i)asses through the centre. 

1 3. In the ellipse prove that the normal at any point is a 
fourth proportional to the perpendiculars on the tangent from 
the centre and from the two focL 

14. Two conjugate diameters of an ellipse are drawn, and 
their four extremities are joined to any point on a given circle 
whose centre is at the centre of the ellipse ; shew that the sum 
of the squares of the lengths of these four lines is constant. 

15. PNP' is a double ordinate of an ellipse whose centre 
is Cy and the normal at P meets OF in 0; shew that the locus 
of is an ellipse* 

16. If the normal at "any point P cut the major axis in G, 
shew that, for different positions of Py the locus of the middle 
point of PG will be an ellipse. 

17. A, A^ are the vertices of an ellipse, and P any point 
on the curve; shew that, if PN be perpendicular to -4P and 
PM perpendicular to AP, if, N being on the axis AA\ then 
will MN be equal to the latus rectum of the ellipse. 
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18. Find the equation of the locus of a point from vhich 
two tangents can be drawn to an ellipse making angles $^y O^j 
with the axis-major such that (1) tan 0, + tan ^ is constant, 
(2) cot 0^ + cot 6^ is constant^ and (3) tan ^^ tan 0^ is constant. 

19. The line joining two extremities of any two diameters 
of an ellipse is either parallel or conjugate to the line joining 
two extremities of their conjugate diameters. 

20. If F and D are extremities of conjugate diameters of 
an ellipse, shew that the tangents at F and D meet on the 

ellipse -g + ^, » 2, and that the locus of the middle point of 

21. A line is drawn parallel to the axis-minor of an ellipse 
midway between a focus and the corresponding directrix; prove 
that the product of the perpendiculars on it from the extremi- 
ties of any chord passing through that focus is constant. 

22. If the chord joining two points whose eccentric angles 
are a, ^ cut the major axis of an ellipse at a distance d from the 

centre, shew that tan - tan ^ = -z , where 2a is the length 

of the major axis. 

23. If any two chords be drawn through two points on the 
axis-major of an ellipse equidistant from the centre, shew that 

tan ^ tan ^ tan jr tan 77 = 1, where a, )9, y, 8 are the eccentric 

Ji Z Z Z 

angles of the extremities of the chords. 

24. If Sy H be the foci of an ellipse and any point A be 

taken on the curve and the chords ASBy BHCyCSD, DHE,.. bo 

drawn and the eccentric angles of -4, ^, (7^ i>, . . . be ^ , y O^yO.,,., 



prove that tan ~ tan -^ = cot-jr* cot -^^ = tan -^ tan ^« ... 

25. Shew that the area of the triangle formed by the 
tangents at the points whose eccentric angles ai'e a, )9, y respec- 
tively is afttan J()8-y) tan J(y — a)tan J(a — ;S). 

26. Prove that, if tangents be drawn to an ellipse at 
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points whose eccentric angles are <f>^, fj^^y ^3, the radius of the 
circle circumscribing the triangle so formed is 

.^?!?!1 sec ^»^^- sec 5^3^ sec^^!^' • 

p, q, r being the length of the diameters of the ellipse parallel 
to the sides of the triangle, and a, h the semi-axes of the ellipse. 

27. From any point P on an ellipse straight lines are 
drawn through the foci 8^ H cutting the corresponding direc- 
trices in §, R respectively; shew that the locus of the point of 
intersection of QU and RS is an ellipse. 

28. If P, p be corresponding points on an ellipse and its 
auxiliary circle, centre (7, and if CP be produced to meet the 
auxiliary circle in q) prove that the tangent at the point Q on 
the ellipse corresponding to g is perpendicular to Cp^ and that 
it cuts off from Cp a length equal to CP, 

29. If P, Q be the points of contact of perpendicular tan- 
gents to an ellipse, and p, q be the corresponding points on the 
auxiliary circle; shew that Cp, Cq are conjugate diameters of 
the ellipse. 

30. From the centre C of two concentric circles two 
radii CQy Cq are drawn equally inclined to a fixed straight line, 
the first to the outer circle, the second to the inner: prove that 
the locus of the middle point P of $5^ is an ellipse, that PQ is 
the normal at P to this ellipse, and that Qq is equal to the 
diameter conjugate to CP. 

31. If « is the difierence of the eccentric angles of two 
points on the ellipse the tangents at which are at right angles, 
prove that ah sin<i) = X/A) where A., ft are the semi -diameters 
X)arallel to the tangents at the points, and a, h are the semi-axes 
of the ellipse. 

32. Two equal circles touch one another, find the locus of 
a point which moves so that the sum of the tangents from it 
to the two circles is constant, 

33. Prove that the sum of the products of the perpen- 
diculars from the two extremities of each of two conjugate 
diameters on any tangent to an ellipse is equal to the square of 
the perpendicular from the centre on that tangents 
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34. Q is a point on the normal at any point P of an ellipse 
whose centre is G such that the lines CP, CQ make equal 
angles with the axis of the ellipse; shew that FQ is proportional 
to the diameter conjugate to CP, 

35. If a pair of tangents to a conic be at right angles to 
one another, the product of the perpendiculars- from the centre 
and the intersection of the tangents on the chord of contact is' 
constant. 

36. Find the locus of the middle points of chords of an 
ellipse which all pass through a fixed point. 

37. If P be any point on an ellipse and any chord PQ cut 
the diameter conjugate to CP in i?, then will PQ . PB be equal 
to half the square on the diameter parallel to PQ, 

38. Find the locus of the middle points of all chords of 
an ellipse which are of constant length. 

39. Tangents at right angles are drawn to an ellipse; find* 
the locus of the middle point of the chord of contact. 

40. If three of the sides of a quadrilateral inscribed in an 
ellipse are parallel respectively to three given straight lines, 
shew that the fourth side will also be parallel to a fixed straight 
line. 

41. The area of the parallelogram formed by the tangents 
at the ends of any pair of diameters of an ellipse varies inversely 
as the area of the parallelogram formed by joining the points of 
contact. 

42. If at the extremities P, Q of any two diameters 
OP, CQ of an ellipse, two tangents Pp, Qq be drawn cutting 
each other in T and the diameters produced in jp, and j, then 
the areas of the trianglea TQp, TPq will be equal. 

43. From the point two- tangents OPj OQ are drawn to 
the ellipse -5 + ?» = 1 ; shew that the area of the triangle CPQ 
is equal to 

bV 4- a'k^ ' 

and the area of the quadrilateral OPCQ is equal to 

C being the centre of the ellipse, and A, k the co-ordinates of O. 
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44. ' TF, TQ are tangents to an ellipse whose centre is Ct, 
shew that the area of the quadrilateral GPTQ is ah tan ^ (<^ — ^0 > 
where a, h are the semi-axes of the ellipse, and ^^ Kji are the 
eccentric angles of F and Q. 

45. FCF' is a diameter of an ellipse and QCQ' is the 
corresponding diameter of the auxiliary circle; shew that the 
area of the parallelogram formed hy the tangents at F, Fy Q, Q' 

is 7 rr—' — ITT t "where <B is the eccentric angle of F. 

(a — o)sin20 ^ ; 

46. A parallelogram circumscribes a circle, and two of the 
angular points are on fixed straight lines patrallel to one an- 
other and equidistant from the centre ; shew tliat the other two 
are on an ellipse of which the* circle? is the minor auxiliary 
circle. 

47. Two fixed conjugate diameters of an ellipse are met in 
the points F, Q respectively by two lines OP, OQ which pass 
through a fixed point and are parallel to any other pair of 
conjugate diameters; shew that the locus of the' middle point 
of FQ is a straight line^. 

48. If from any point in the plane of an ellipse the per- 
pendiculars OMj ON be drawn on the equal conjugate diameters, 
the. direction OF of the diagonal of the parallelogram MONF 
will be perpendicular to the polar of 0, 

49. Three points A^ F^ B are taken on an ellipse whose 
centre is C Parallels to the tangents at A and B drawn 
through F meet GB and GA respectively in the points Q and K, 
Prove that QR is parallel to the tangent at F, 

50. Find the locus of" the p6int of intersection of normals 
at two points on an ellipse which are extremities of conjugate 
diameters. 

51. Normals to an ellipse are drawn at the extremities 
of a chord parallel to one of the equi-conjugate diameters; 
prove that they intersect 0ik a diameter perpendicular to the 
other equi-conjugate. 

52. If normals be drawn at the extremities of any focal 
chord of an ellipse, a line through their intersection parallel to 
the axis-major will bisect the chord* 
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53. If a length PQ be taken in the normal at any point P 
of an ellipse whose centre is C, equal in length to the semi- 
diameter which is c<mj agate to CF^ shew that Q lies on one or 
other of two circles. 

54. Shew that, if ^ be the angle between the tangents to 
the ellipse —g + j^ — 1^0 drawn from the point {x', y), then 

wiU tan^ (aj'« + y"-a'-6») = 2a6 ^^' + ^'- 1. 

55. TFf TQ are the tangents drawn from an external 

of 1/" 

point (Xf y) to the ellipse —, + tj -^ 1 =0; shew that, if /S' be a 

ST* a* y- 

56. If two tangents to an ellipse from a point T intersect 
at an angle <^, shew that ST . HT cos <^ = CT' - a* - *', where 
C is the centre of the ellipse and S^ H the foci, 

57. If the perpendicular from the centre C of an ellipse 
on the tangent at any point F meet the focal distance /S'jP, 
produced if necessary, in i?; the locus of R will bo a circle. 

58. If two concentric ellipses be such that the foci of one 
lie on the other, and if e, c' be their eccentricities, shew that 

their axes are inclined at an angle cos~* — ; • 

59. Shew that the angle which a diameter of an ellipse 
subtends at either end of the axis-major is supplementary to 
that which the conjugate diameter subtends at the end of the 
axis-minor. 

60. If 0, ff be the angles subtended by the axis major of 
an ellipse at the extremities of a pair of conjugate diameters, 
shew that cot'^ + cot*^' is constant. 

61. If the distance between the foci of an ellipse subtend 
angles 2^, W at the ends of a pair of conjugate diameters, shew 
that tan'^ + tan'^ is constant. 
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62. If X, k' be the aogles which any two conjugate diame- 
ters subtend at any fixed point ou an ellipse, prove that 
cot' A + cot* A.' is constant. 

63. Shew that pairs of conjugate diameters of an ellipse 
are cut in involution by any straight lina 

64. A triangle whose sides touch an ellipse and enclose 
it, is a minimum; shew that each side of the triangle touches 
at its middle point, and that the triangle formed by joining the 
points of contact is a maximum. 

65. Ay J3j Cf D are four fixed points on an ellipse, and^ 
any other point on the curve; shew that the product of the 
perpendiculars fron^ F on AB and CD bears a constant ratio to 
the product of the perpendiculars from F on J5G and DA. 

G6. Find the locus of the point of intersection of two 
normals to an ellipse which are perpendicular to one another. 

67. Find the equation of the locus of the point of inter- 
section of the tangent at one end of a focal chord of aa ellipse 
with the normal at the other end. 

68. Two straight lines are drawn parallel to the axis-msjor 
of an ellipse at a distance ~.=^ =_ from it; prove that the part 

of any tangent intercepted between them is divided by the 
point of contact into two parts which subtend equal angles at 
the centre. 

69. FG is the normal to an ellipse at P, G being in the 

major axis, GF is produced outwards to Q so that FQ = GF; 

shew that the locus of Q is an ellipse whose eccentricity is 

a* — 6* 

-5 — , „ , and find the equation of the locus of the intersection of 

a* + 6" ^ 

the tangents at F and Q. 
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CHAPTER VIL 
The Hyperbola. 

Definition, The Hyperbola is the locus of a point 
which moves so that its distance from a fixed point, called 
the focus, bears a constant ratio, which is greater than 
unity, to its distance from a fixed straight line, called the 
directrix, 

' 139. To find the equation of an hyperbola. 

Let S be the focus and ZM the directrix. 

Draw SZ perpendicular to the directrix. 

Divide Z8 in A so that SA : -4Z= given ratio = e : 1 
suppose. Then -4 is a point on the curve. 

Therei will also be a point A' in ySZ" produced such that 

SA' : A'Z :: e : 1. 

Let C be the middle point of ^-4', and let AA' = 2a. 
Then 8A = e.AZ, and 8 A' ^e. A'Z-, 

:. 8A+8A' = e{AZ+A'Z); 
.-. 28G=2e.AC; 

/. CS = ae (i). 

Also 8A' ^SA^e {A'Z^ AZ) , 

or AA'^e{AA'-^2AZ); 



f 
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/. AO^e.ZC, 



147 



or 



(7Z= 



a 
e 



(ii). 



Now let G be taken as origin, GA as the axis of x, 
and a line perpendicular to GA as the axis of y. 

Let P be any point on the curve, and let its co- 
ordinates be X, y. 




Now 
and 



Then, in the figure 

.: SIP + NP* = ^ZN*. 
8N=>GN-GS = x-ae, 



or 
or 



ZN=-GN-CZ=x--; 

e 

.: {x — aey + ^ = ^(x — j, 



a? 



y 



a* ■*" o" (1 - e^ 



= 1 



.(iu). 



10—2 



148 THE HTPEEBOLA, 

Since e is greater than unity a*(l— e*) is negative; 
if we put — b* for a' (1 — e*), the equation takes the form 

. ^-1=1 (^^)* 

The latm rectum is the chord through the focus parallel 
to the directrix. To find its length we must put a? = cie 
in equation (iv). 

Then y = J'(e«-l) = 4\ since 6* = a»(e*-l); 

Cb 

SO that the length of the semi-latus rectum is — . 

' 140. In equation (iv) [Art. 139] ic* cannot be less than 
a*, for otherwise y^ would be negative. 

Hence no part of the curve lies between 

x^' — a and x-=a. 

If X be greater than a, y' will be positive ; and for any- 
particular value of X there will be two equal and opposite 
values of y. Therefore the axis of x divides the curve 
into two similar and equal parts. 

For any value of y, o? is positive; and for any particular 
value of y there will be two equal and opposite values of x. 
Therefore the axis of y divides the curve into two similar 
and equal parts. From this it follows that if on the axis 
of X the points B\ Z' be taken such that CS'^SC, and 
CZ' = ZGy the point S'' will also be a focus of the curve, 
and the line through Z perpendicular to CZ' will be the 
corresponding directrix. 

If {x\ y') be any point on the curve, it is clear that the 
point {—x\ — y') will also be on the curve. But the points 
(x\ y') and {—x, —y') are on a straight line through the 
origin and are equidistant from the origin. Hence the 
origin bisects every chord which passes through it, and is 
therefore called the centre of the curve. 

From equation (iv) [Art. 189] it is clear that if a;* be 
greater than a', y^ will be positive, and will get larger and 
&,rger as a? becomes larger and larger, and there is no 
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limit to this increase of x and y. The curve is therefore 
shaped somewhat as in the figure to Art. 139, and consists 
of two infinite branches. 

AA' is called the transverse cuvis of the hyperbola. 
The line through C perpendicular to AA^ does not meet 
the curve in real points ; out, if B, B' be the points on this 
line such that BG== CB'^b, the line BB' is called the 
conjugate axis. 

^ 141. To find the focal distances of any point on an 
hyperbola. 

In the figure to Art. 139, since iSP« ePM, we have 
8P = eZN=e{CN-'CZ)^e(x'-^] = ex-a: ' 

also S'P^e.PM'=:^e{C]ir+ZV)=^e(x+^^^ex + a; 

.-. ST -8P^ 2a. 

* 142. The polar equation of the hyperbola referred to 
the centre as pole will be found by writing rcos^ for x, 
and r sin^ for y in the equation 



^-1=1 \ 

a* b* 



/ 



The equation will therefore be 

r^cos^O r'sin'ff 



= 1, 



1 cos'^ sin'5 ..V 

or -5 = — J— rr~ (v* 

r a ^ 

The equation (i) can be written in the form 

1 1 /I 1\ . ,. ^V«^ .... 
♦•* a* \a* by ^ ^ ^ ^ 

1 

We see from (ii) that -j is greatest, and therefore r is 

least, when 6 is zero. As increases, 3 diminishes, and 

is zero when sin" ^=-5 — 7^: so that for this value of 0. 

a +6 
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6* 1 

r is infinite. If sin*^ be greater than -^ — r-, , -, will be 

negative, so that a radius vector which makes with the 

axis an angle greater than sin"* -j^ — ^ does not meet 
the curve in real points, ^^^ "*" ^ -^ 

' 143. Most of the results obtained in the preceding 
chapter hold good for the hyperbola, and in the proofs 
there given it is only necessary to change the sign of 6*. 
We shall therefore only enumerate them. 

Let the equation of the hyperbola be 

(i) The line y = mx + ^/(a^m* — 6*) is a tangent for all 
values of m [Art. 113]. 

(ii) The equation of the tangent at (x\ y*) is 



ncx 



-^^-=1. [Art, 114.] 



(iii) The equation of the polar of (a?', y) is 
^-^- = 1. [Art 118.] 

(iv) The equation of the normal at {x', y') is 



2^=2L:;^. [Art.ii6.] 

X y 



(v) The line lx + my=^n will touch the curve, if 
a*P-6W = «''[Art. 115]. 

(vi) The line x cos a -f y sin a ^p will touch the 
curve, if p* = a^ cos'a — 6* sin'a [Art. 115]. 

(vii) The equation of the director-circle of the hyper- 
bola is a?+y*=-a!''-b* [Art. 120J. 

The director-circle is clearly imaginary when a is less 
than b, and reduces to a point when a = 6. 
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(viii) The geometrical propositions proved in Art. 125 
are also true for the hyperbola. 

(ix) The locus of the middle points of all chords of 
the hyperbola which are parallel to y = mx is the straight 

line y = m'x, where mm! = -^ [Art. 127]. 

Cb 

" 144. The lines y = ttwj, y = m'a? are conjugate if 

, V 
mm = -5 . 
a 

These two diameters meet the curve in points whose 
abscissae are given by the equations 

The first equation gives real values of x if m be less 
than - , and the second gives real values if m' be less than 

-. But, since m/m! = —^y m and m' cannot both be less 
a a 

than - , nor both be greater. 
a 

Therefore, of two conjugate diameters of an hyperbola 

one meets the curve in real points, and the other in 

imaginary points. 

The two conjugate diameters are coincident if wz = ± - . 

a 

^ 145. Let P, D be extremities of a pair of conjugate 
diameters ; let the co-ordinates of P be x\ y\ and the 
co-ordinates of i)be x\ y". We know from Art. 144 that 
if one of these two points be real the other will be 
imaginary. 

The equations of CF and OD are >. 

-S = — and ^ = -77 . • 

y' X y X / 

Hence, from (ix) Art. 143, we have ^ 'y v 

V" 
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^^ yy t\ r\ 

whence — j— = ^ /I , 

or, since {x\ y') and {x'\ y') are both on the curve, 

or "^ -J 



a- V" 



and .-. from (i) y"^±-x'J~l (iii). 



From (ii) and (iii) we have 



a» . 6» 



" U" 6v U' AV' 

So that, as in the case of the ellipse, the sutn of the 
squares of two conjugate diameters is constant. 

"^ 146. Definition. An cwymp^o^e is a straight line which 
meets a curve in two points at infinity, but which is not 
altogether at infinity. 

To find the asymptotes of an hyperbola. 

To find the abscissae of the points where the straight 
line y = wa?+.c cuts the hyperbola, we have the equation 

a? (mx + c)' __ - 

a' ¥ ' 

,/l m'\ 2mc d" - ^ ... 

'^b"l?j~-F'^-6"«""^ = ^ W. 

Both roots of the equation (i) will be infinite if the 
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coeflScients of o? and of x are both zero ; that is, if 

-s — -vo = 0, and mo = 0. 

Hence we must have c = 0, and m = + - . 

of V* 

The hyperbola -» — tj = 1 

has therefore two real iymptotes whose equations are 
y = + - a? ; or, expressed in one equation, 

ni-Ti = (ii). 

a b 

Draw lines through B, S parallel to the transverse 
axis, and through u4. A' parallel to the conjugate axis ; 
then we see firom (ii) that the asymptotes are the diagonals 
of the rectangle so formed. 

The ellipse has no real points at infinity, and therefore 
the asymptotes of an ellipse are imaginary. 

' 147. Any straight line parallel to an asymptote will 
meet the curve in one point at infinity. 

For, one root of the equation (i) Art. 146 will be in- 
finite, if the coefiicient of o? is zero. This will be the case 

if 7/1 = ± - . So that the line y^±-x-\'C meets the 

curve in one point at infinity whatever the value of c may be. 

'^ 148. The equation of the hyperbola which has BB^ for 
its transverse axis and AA' for its conjugate axis is 

a^ "^ I' 

This hyperbola and the original hyperbola, whose 
equation is 

^^-P^ (")' 

are said to be conjugate to one another. 



-!» + li = l (i). 






dU 
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We append some properties of a pair of conjugate 
hyperbolas. 




(1) The two hyperbolas have the same asymptotes. 

(2) If two diameters be conjugate with respect to one 
of the hyperbolas, they will be conjugate with respect 
to the other. 

This follows from the condition in (ix) Article 143. 

(3) The equations of the hyperbolas (ii) and (i) can 
[Art. 142] be written in the forms 



1 
1^ 



cos' sin* 



a' 
cos" 5 



6« 
sin»^ 



It is clear that if, for any value of 0, r* is positive for one 
curve it is negative for the other. 

Hence every diameter meets one curve in real points 
and the other in imaginary points ; moreover the lengths 
of semi-diameters of the two curves are, for all values of 6y 
connected by the relation r* = — r^. ^ ^ wm. ^^^ * -^ 

(4) If two conjugate diameters cut the curves (ii) and 
(i) in P and d respectively, then CP' — OcP = a' — 6". 

Let oc\ y be the co-ordinates of P, and x\ y" the 
co-ordinates of cZ. 



N 
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Then the equations of CP and Cd are 

^-l=:O,and^-^=0. 
X y ' oc y 

The condition for conjugate diameters, viz, mra = -^ , 

gives ^a^ ~~6^~"^ (^')' 

or — 4- = ^-^ . 

And, since {x'y y') is on (ii), and {x\ y") on (i), we 
have J(£'_i) = ?^(|;-l). 



or 






// 



••6=±a (^")' 

and, /. from (iii), — =±t- (v). 

^ ^ a b 

Hence CP* - Cd* = a?" + y'' - a?"* - y"* 

/« , /2 ** /« ^^ /S 



= («'-^')(S-F> 



(5) The parallelogram formed by the tangents at 
P, jP, d, d' is of constant area. 

The parallelogram is equal to 4CP . CSsinPCd, or 
equal to 4iGd . CP, "where CF is the perpendicular from G 
on the tangent at P. 

* CP and Cd must not be looked upon as conjugate semi-diameters, 
since the points P and d are not on the same hyperbola. The line dCd! 
cnts the original hyperbola in two imaginary points; and if these points 
be 2), D', we see from (3) that CD^= - C<P. 
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Now the equation of the tangent at P is 

And Cd«=^^"4g.'« = a«6«(j: + f:). 

Hence Qd . CF—ah. 

(6) The asymptotes bisect Pd and PcZ'. 

If a?, y be the co-ordinates of the middle point of Pd, 
then 

2^«^' + a?", and 2y = y'4-y"; 

y y +y ./x^^' ^ 

•^ " a 

therefore the middle points of Pd and of Pd* are on one 
or other of the lines 

a "* 6 ' 

Also, since CPKd is a parallelogram CK bisects Pd 
or Pd\ and therefore is one of the asymptotes, so that the 
•p -5' tangents at J9> S^ meet those at d, d' on the asymptotes. 

(7) The equations of the polars of {x\ y) with respect 
to the hyperbolas (ii) and (i) respectively are 



!cr 



-•^ = l,and---^+V = l- 



Hence the polars of any point with respect to the two 
curves are parallel to one another and equidistant from the 
centre. 

If (a?', 2/') be. any point P on (ii), then its polar with 
with respect ^ (i) is 
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But the last equation is the tangent to (ii) at the point 
(— dy — y'), which is the other extremity of the diameter 
through P. 

Hence, if from any point on an hyperbola the tangents 
PQ, P(^ be drawn to the conjugate hyperbola, the line 
QQ' will touch the original hyperbola at the other end of 
the diameter through P. 

Jy^ 149. To find the eqwaiion of an hyperbola referred to 
^ any pair of conjugate diameters as axes. 

The equation of the hyperbola referred to its transverse 
and conjugate axes is 

Since the origin is unaltered we substitute for a?, y ex- 
pressions of the form Ix + my, Vx + my in order to obtain 
the transformed equation [Art. 61]. 

The equation of thie hyperbola will therefore be of the 
form 

Ax^^2Hxy-\'Bf--l (i). 

By supposition the axis of x bisects the chords parallel 
to the axis of y. Therefore for any particular value of x 
the two values of y found from (i) must be equal and 
opposite. Hence JSr= ; the equation will therefore be 
of the form 

Aa?-\^By'^l (ii). 

Of the two semi-conjugate diameters one is real and 

the other imaginary. If their lengths be a' and J —IV \ 
since these are the intercepts on the axes of x and y re- 
spectively, we obtain from (ii) 

Aa'^ = 1 = - Bh'\ 

Hence the required equation is 

2 2 

rtf-^ 150. Since the equation of the curve is of the same form 
a? before, all investigations in which it was not assumed 
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that the axes were at right angles to one another still hold 
good. For example (i), (ii), (iii), (v) and (ix) of Art 143 
require no change. Art. 146 will also apply without change, 
so that the equation of the asymptotes of the hyperbola 
whose equation is (ii) is 

a 

^ 151. To find the equation of an hyperbola when referrd 
to its asymptotes as axes of co-ordinates. 

Let the asymptotes be the lines CK, GK in the 

figure, and let the angle ACK' == a, so that tan a = - . 

a 

Let P be any point {x, y) of the curve, and let x\ij 

be the co-ordinates of P when referred to CKy GE!, Draw 

TM parallel to GK to meet GK in if, and draw PJ 

perpendicular to the transverse axis. 




or 



or 



Then GM^x\MP^y\GN = x, NP^y. 
Now GN = Cilf cos a + MP cos or, 

x=:(x +y') cos a W- 

Also NP= MPsin a - Oif sin a; 

y = (^' — x) sina (ii)* 



THE HYPERBOLA. 159 

Hence, by substituting in tbe equation 

we obtain 

cos'g (x + y'y sin" a(j/ — x'Y _ - ..... 

a' l^' ^"" ^^^' 

-D . . ^ j.\. r sin' a cos' a 1 

Jout tan a = - , therefore 



a'"""^^"^ 6' a' a'+6'* 

Hence, suppressing the accents, we have from (iii) 

4ixy = a' + 6", 
which is the required' equation. 

The equation of the conjugate hyperbola, when referred 
to the asymptotes, will be 

4. 4a?y = - (a' + i'). 

* 152. The equations of an hyperbola, of the asymptotes, 
and of the conjugate hyperbola are 

^«^ = 1 ^'_y! = o and--?^' = ~l 

respectively. 

If the axes of co-ordinates be changed in any manner, 
we should^ in order to obtain the new equations, have 
to make the same substitutions in all three cases. 

Hence, for all positions of the axes of co-ordinates, the 
equations of an hyperbola and of the conjugate hjrperbola 
will only differ from the equation of the asymptotes by 
constants, and the two constants will be equal and opposite 
for the two hyperbolas. 

'^ 153. To find the equation of the tangent at any point 
of the hyperbola whose equation is ^xy = a* + 6'. 

The equation of the line joining the two points (p\ y), 



y „ ^f 



y — y _ x — x ^ ..V 
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But, since the points {x\ y') and {x\ y"). are on the 
curve, 

, , a* + 5* „ „ 

••• y -y=-^^y> 

V"— «/ 0?'— a?'' r'\ 

y'— =-^"- (^)- 

From (i) and (ii) we have 

y X 

The equation of the tangent at {x\ y) is therefore 

or -, + ^=2 (iii). 

X y 

From (iii) we see that the intercepts on the axes are 
2x' and 2/. 

Hence the portion of the tangent intercepted by the 
asymptotes is bisected at the point of contact. 

The area of the triangle cut oflF from the asymptotes 
by any tangent is from (iii) equal to 2x'y sin (o ; or, since 

4ix'y' = a* + 6', and sin co = -^ — ^ , the area of the triangle 

is equal to aK 

' 154. When the angle between the asymptotes of an 
hyperbola is a right angle it is called a rectangular hyper- 
bola. 

The angle between the asymptotes is equal to 2 tan*"*- , 

and therefore when the angle is a right angle we have 
6 = a. On this account the curve is sometimes called an 
equilateral hyperbola. 



/ 
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2^ ^' 165. The asymptotes and any pair of conjugate diame- 
ters of an hyperbola form a harmonic penciL 

The tangent at the extremity of any diameter of an 
hyperbola is parallel jto the conjugate diameter; also 
[Art. 153], the portion of the tangent intercepted by the 
asymptotes is bisected at the point of contact. Hence 
[Art. 55] the pencil formed by the asymptotes and a pair 
i; of conjugate diameters is harmonic. 

* 156. We may, as in the case of the ellipse, express the 
co-ordinates of any point on the hyperbola in terms of a 
single parameter. We may put a? = a sec 0, and y = 6 tan 0, 
since for all values of 0, sec*^ — tan'^ =1. 
, V. If PiV be the ordinate of any point P on the curve, and 
\ ]!}'Q be the tangent fronjt jST to the auxiliary circle ; then 
(7^= a Bee ACQ. Hence ACQ is the angle 0^ 

^ 157. The equation of an ellipse or hyperbola referred 
I to a vertex as origin is found by writing x^a tor x in 
the equation referred to the centre as origin. The equation 
will therefore be 



:6> 



.2 X \2 "~ ^y 



a 



or -1 + ^ = (i). 

aha ^ ' 



> 



Now, if the distance from the vertex to the nearer focus 
jg remain fixed [d suppose), and the eccentricity become 
unity, the curve will become a parabola of latus rectum 4<i. 

The equation of the parabola can be deduced from (i). 
, For, since a (1 - e) = rf, a must be infinite when e = 1. 

ijf Also a (1 - e") = ti (1 + e) = 2d ; therefore - = 2d, 
Jlence, from (i) 

,t a - 2d 

fe or, since a is. infinite, 

y^ = ±4dx. 
s. c. s. 11 
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The parabola therefore is a limiting form of an ellipse 
or of an hyperbola, the latus rectum of which is finite, but 
the major and minor axes are infinite. The centre and 
the second focus are at infinity. 

It is a very instructive exercise for the student to 
deduce the properties of a parabola from those of an ellipse 
or hyperbola, 

" 158. Let the focus of a conic be on the directrix. 

Take the focus as origin, and let the directrix be the 
axis oiy) then the equation of the conic will be 

«* + y" =* ^ V, 
or a^(l-^) + y»^0. 

This equation represents two straighJb lines which are 
real if e be greater than unity, coincident if e be equal to 
unity, and imaginary if ^ be less than unity. 

Hence we must not only consider as conies an ellipse, 
a parabola, and an hyperbola, but also two real ot imaginary 
straight lines. 

It should be noticed that the directrix of a circle is at 
an infinite distance ; also that the foci and directrices of 
two parallel straight lines are all at infinity. 



■^ /. ,c : I 



V ^ ExiMPLEs ON Chapter VII. 

■' 1. AOBy COD are two straight lines which bisect one 
another at right angles; shew that the locus of a point which 
moves so that FA , PB = FG . FD is a rectangular hyperbola. 

^ 2, If a straight line cut an hyperbola in Qy Q* and its 
asymptotes in By B\ shew that the middle point of QQ will 
be the middle point of BB\ 

'* 3. A straight line has its extremities on two fixed straight 
lines and passes through a fixed point ; find the locus of the 
middle point of the line. 
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^4. A straight line has its extremities on two fixed straight 
lines and cuts off from them a triangle of constant area ; find 
the locus of the middle pcant of tiie line. 

5. OA^ OB are fixed straight lines, P any point, and PM, 
PN the perpendiculars from P on OA^ OB ; find the locus of 
P if the quadrilateral OMPJSf be of constant area« 

^ 6. The distance of any point from the centre of a rectan- 
gular hyperbola varies inversely as the perpendicular distance 
of its polar from the centre. 

* 7. . PN is the oi*dinate of a point P on an hyperbola, PG 
is the normal meeting the axis in &; if NP be produced to 
meet the asymptote in Q, prove that QQ is at right angles to 
the asymptote. 

• 8. If e, e be the eccentricities of an hyperbola and of the 

1 1 
conjugate hyperbola, then will -, + -75 = 1. 

' 9. The two straight lines joining the points in which any 
two tangents to an hyperbola meet the asymptotes are parallel 
to the chord of contact of the tangents and are equidistant 
from it. 

10. Prove that the part of the tangent at any point of an 
hyperbola intercepted between the point of contact and the 
transverse axis is a harmonic mean between the lengths of the 
perpendiculaars drawn from the foci on the normal at the same 
point. 

11. If through any point a line OPQ be drawn parallel 
to an asymptote of an hyperbola cutting l^e curve in P and 
the polar of in Q, shew that P is the middle point of OQ^ 

12. A parallelogram is constructed with its sides parallel 
to the asymptotes of an hyperbola, and one of its diagonals 
is a chord of the hyperbola; shew that the direction of the 
other will pass through the centre. 

'13. -4, A' are the vertices of a rectangular hyperbola, and 
P is any point on the curve; shew that the internal and external 
bisectors of the angle APA' are parallel to the asymptotes. 

11—2 
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14. Af A' are the extremities of a fixed diameter of a 
<;ircle and P, i" are the extremities of any chord perpendicular 
to this diameter ; shew that the locus of the point o£ intersec- 
tion oi AP and A'P' is a. rectangular hyperbola, 

15. Shew that the co-ordinates of the point of intersection 
of two tangents to an hyperbola referred to its asymptotes as 
axes are himnonic means between the co-ordinates of the points 
of contact. 

16. From any point of one hyperbola tangents are drawn 
to another which has the same asymptotes; shew that the chord 
of contact cuts off a constant area from the asymptotes, 

17. The straight lines drawn from any point of an equi- 
lateral hyperbola to the extremities of any diameter are equally 
inclined to the asymptotes. 

18. The locus of the middle points of normal chords of 
the rectangular hyperbola jc* - y* = a* is (y* - aj")® = Aa'afy*, 

19. Shew that the line x = is an asymptote of the 
hyperbola 2xt/ + 3x* + 4a5 = 9. 

What is the equation of the other asymptote ? 

20. Find the asymptotes of rcy - 3aj — 2y = 0. 
What is the equation of the conjugate hyperbola ? 

21. Shew that in an hyperbola the ratio of the tangents 
of half the angles which the radii vectores from the foci to a 
point on the curve make with the axis, is constant. 

22. A circle intersects an hyperbola in four points ; prove 
that the product of the distances of the four points of inter- 
section from one asymptote is equal to the product of their 
distances from the other, 

23. Shew that if a rectangular hyperbola cut a circle in 
four points the centre of mean position of the four points is 
midway between the centres of the two curves. 

24. If four points be taken on a rectangular hyperbola 
such that the chord joining any two is perpendicular to the 
chord joining the other two, and if a, j8, y, 8 be the inclinations 

{ 
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to eitlier asymptote of the straight lines joining these points 
respectively to the centre ; prove that tan a tan ^ tan y tan S = 1 • 

25. A series of chords of the hyperbola -« — Ti=l w:® 

tangents to the circle described on the straight line joining 
the foci of the hyperbola as diameter; shew that the locus of 

their poles with respect to the hyperbola is — 4 + t* = -i — rs • 

26. If two straight lines pass through fixed points, and 
the bisector of the angle between them is always parallel to a 
fixed line, prove that the locus of the point of intersection of 
the lines is a rectangular hyperbola. 

27. Shew that pairs of conjugate diameters of an hyperbola 
are cut in involution by any straight line. 

28. The locus of the intersection of two equal circles, 
which are described on two sides AB^ AG of a triangle as 
chords, is a rectangular hyperbola, whose centre is the middle 
point of £C, and which passes through Ay B, C, 



\ . 
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CHAPTER VIII. 

Polar Equation of a Conic, the Focus being the 

Pole. 



' 159. To find the polar equation of a conic, the focus 
being, the pole. 

Let S be the focus and ZM the directrix of the conic, 
and let the eccentricity be e. 




Draw SZ perpendicular to the directrix, and let SZ be 
taken for initial line. 

Let L8U be the latua rectum, then e.8Z = SL = l 
suppose. 
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Let the co-ordinates of any point P on the curve be 
r, 6. Let PM, PN be perpendicular respectively to the 
directrix and to 8Z, 

Then we have 

8P=e.PM = e . NZ^e.N8-\-e.SZ, 
or r = e . r cos (tt — fl) + Z ; 

,«. - = l + ecosft 
r 

If the axis of the conic make an angle a with the 

initial line the equation of the curve will be 

- == 1 + e cos (5 — a). 

For in this case 8P makes with 8Zsji angle — a. 

160. If r, be the co-ordinates of any point on the 
directrix, then 

r cos ^ = 8Z = - : 

e 

therefore the egwition of the directrix is 

- = e cos a, 
r 

The equation of the directrix of - = 1 + c cos ^ — a is 

- = 6 cos (^ — a). 

^161. To shew that in any conic the semi-latus rectv/m is 
a harmonic mean between ike segments of any focal chord. 

If P%P be the focal chord, and the vectorial angle of 
Pbe 0, that of P will be + ir. 

Hence, if 8P=^ r, and 8P' = r', we have 

- 1= 1 -f e cos ^, and -r =» 1 +ecos (^ + tt) ; 

r r 

Hence - + — =r- 

r r I 
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" 162. To trace the conic - = 1 + ecos ^ from its equation. 

T 

(1) Let 6 = 1, then the curve is a parabola, and the 
equation becomes 

- = l+cosfl. 
r 




At the point A, where the curve cuts the axis, 

^ = and r=5 . 

As the angle increases, (1 + cos 0) decreases, that is 

- decreases, and therefore r increases: and r increases 
r 

without limit until ^ = tt, when r is infinite. As in- 
creases beyAnd tt, 1 + cos increases continuously, and , 
therefore r decreases continuously until when O^iir it 

again becomes equal to ^ . The curve therefore is as in 

the figure going to an infinite distance in the direction AS- 
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(2) Let e be less than unity» then the curve is an 

ellipse. 

I 

At the point A, 0=^0. and r^-z . 

^ 1 + e 

As e increases cos^ decreases, and therefore - decreases, 

r 

that is r increases, until O^^ir. when r == -z , [Since e<l, 

this value of r is positive.] 




The curve therefore cuts the axis again at some point 
A' such that 8A' = ^ . 

As passes from tt to 27r, cos increases continuously 
from — 1 to 1 ; hence - increases continuously, and r de- 
creases continuously from = to ;=-— . 

Since, for any value of 0, cos = (ios (27r — 0), the curve 
is symmetrical about the axis. 

Therefore when e is less than unity, the equation repre- 
sents a closed curve, symmetrical about the initial line. 

(3) Let e be greater than unity, then the curve is an 
hyperbola. 

At the point A, 0^0 and r = t-; — • 
^ 1 + e 
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As increases cos^ decreases, and therefore r increases 
until 1 + e cos ^ = 0. For this value of ^, which we will 
call a (the angle ASK in the figure), the value of r will be 
infinitely great. - 

As increases beyond the value a, (1 + e cos 6) becomes 

negative, and when = 7r,r=^ r = 8 A' in the figure. 

(i + e cos ff) will remain negative until is equal to 
(27r — a), the angle ASK' in the figure. When is equal 
to (2Tr — a), r is again infinite. If is somewhat less than 
this, r is very great and is negative, and if is somewhat 
greater, r is very great and is positive. The values of r 
wiU remain positive while changes from (27r — a) to 27r. 

The curve is therefore described in the following order. 

First the part ABC, then G'PA' and A'DE, and 
lastly JS'QA. 




The curve consists of two separate branches, and the 
radius vector is negative for the whole of the branch 
G'PA'DE. 

If, as in the figure, a line SQP be drawn cutting the 
curve in the two points Q and P which are on diflFerent 
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branches, the two points Q and P must not be considered 
to have the same vectorial angle. The radius vector SP 
is negative, that is to. say SF is drawn in the direction 
opposite to that which bounds its vectorial angle, the 
vectorial angle must therefore be A8p, p being on PS 
produced. So that, if the vectorial angle of Q be 0, 
that of P will be ^ - TT. 

^^ 163. To find the polar equation of the straight line 
trough two given points on a conic, and to find the egvaiion 
of the tangent at any point. 

Let the vectorial angles of the two points P, Q be 
(a — ^) and (a+;8) respectively. 

Let the equation of the conic be 

I 
- = 1 +^cos^ (i). 

The straight line whose equation is 

- = ^cos^+Pcos(^-a) (ii), 

will pass through any two points, since its equation cen- 
tos the two independent constants A and B. 

It will pass through the two points P, Q if r has 
the same values in (ii) as in (i) when 0=^a^ P, and when 

This will be the case, if 

1 + ecos (a — /8) = -4 cos (a — /9) +Pcos^, 
and 1 + e cos (a + ^) = -4 cos (a + /9) + P cos /8; 

•*. A^e, and B cos /8 = 1. 
Substituting these values of A and B in (ii) we have 
the required equation of the chord, viz. 

- = ecos^ + sec^cos (^ — a) (iii). 

To find the equation of the tangent at the point whose 
vectorial angle is a, we must put ^ = in (iii), and we 
obtain 

- = e cos ^ + COS (^ — a) (iv). 
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Cor. If the equation of the conic be 

-=1+6 COS (^ — 7), 
T 

the chord joining the points (a — /8) and (a + /3) has for 
equation 

- = ecos(^ — 7) + sec^co8(^— a), 
r 

and the tangent at « has for equation 

- = e COS (^ — 7) + cos (0 — a). 

164. To find the equation of the polar of a point wilJi 
respect to a conic. 

Let the equation of the conic be 

-= 1 + eco^B (i), 

and let the co-ordinates of the point be r^O^. 

Let a + /8 be the vectorial angles of the points the tan- 
gents at which pass through (r^, 6^. 

The equation of the line through these points will be 

- = ecos^ + sec)9cos (^ — a) (ii). 

The equations of the tangents will be 

- == e cos ^ + cos (^ — a +)3), 
r 

and - = ecos^ + cos(^ — a --^). 

Since these pass through (r^, dj, we have 

- =ecos^j + cos(^j — a + )8) ; 

and — = e cos^j + cos(^j — a — ^8) ; 

r^ 

whence ^1 = 0, and cos^ = ecos^j. 

^1 
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Substitute for a and fi in (ii), and we have 

/ — c cos fl' j ( e cos ffA = cos {ff — ^j)...(iii), 

which is the required equation. 

165. We will now solve some examples. 

(1) The equation of the tangents at two points whose vectorial angles 
are a, /3 respectively are 

- = « COB ^ + C0S (^ - o), 

I 
and '-=ecoB$-\-coB{0-p), 



\Vhere these meet 



COS (^ *- o) = COS (tf -^ /3) ; 



2 ' 

Hence, if T he the point of intersection cf the tangents at the two 
points P, Q of a conic^. 8T will bisect the angle PSQ. 11 howeve?r 
the conic be an hyperbola, and the points be on different branches of the 
curve, ST will bisect the exterior angle PSQ ; for, as we have seen, 
the vectorial angle of P (if P be on the further branch) Is not the angle 
which SP makes with SZ, but the angle PS produced- makes with SZ. 

(2) Jf the tangent at any point P of a conic meet the directrix in K, 
then the angle K8P is a right angle, 

Ii the vectorial angle of P be a, the equation of the tangent at 
P will be 

-=ecoBB+0OBX$-^a), 

r ' 

This will meet the directrix, whose equation is Z=ercos^, where 
cos(^-o)=0. 

Hence, at the point ^, ^- o= =t ^ . 

Therefore the angle 'KSP is a right angle. 

(3) If chords of a conic subtend a constant angle at a focus^ the 
tangents at the ends of the chord will meet on a fixed conic, and the 
chord will touch another fixed conic. 

Let 2/3 be the angle the chord subtends at the focus. Let a-/3 and 
a-hphe the vectorial angles of the extremities of the chord. 
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The equation of the ohord will be 

- = « cos ^ + 880 /3 C08 (^ - a), 

IoobB /, - />* \ /x 

or ^=«cos/S.cos^+oos(tf--a) (i). 

But (i) is the equation of the tangent, at the point whose Tectorial 

angle is a, to the oonio whose equation is 

2cosi3 ^ ^ • ,..v 
^=l+eooB/3.oos9 (ll). 

T 

Henoe the chord always touches a fixed conic, whose eccentricity 
is e cosjS, and semi-latus rectum Zoos/3. 

The equations of the tangents at the ends of the chord will be 

{ 

-=e cos ^ + cos {d - tt+^), 

I 

and ~=:«oos^+oos(tf— 0-/3). 

Both these lines meet the conic 

- = «C0S^ + C08^ 

I 
in the same point, viz. where ^ = a and - = e cos a + cos)3. 

Hence, iiie locus of the intersection of the tangents at the ends of the 

chord is the conio 

Zsec/S ^ /, /, /•••\ 
^=l + «sec/3.cos^ (ui). 

Both the conies (ii) and (iii) have the same focus and directrix as the 
given conio. 

(4) To find the equation of the circle drcumscrihing the triangle formed 
hy three tangents to a parabola^ 

Let the vectorial angles of the three points A, B, C "bQ a, Pt y 
respectively. 

Let the equation of the parabola be 

-=l+cos^. 
r 

The equations of the tangents &t A, B^ C respectively will be 

-= cos ^ + cos (^ - a), 
r 

I 

-=oos0 + cos(d-/3), 

{ 

-=cos^+cos(^-7). 
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The tangents at S and C meet where 

^=J03+7), and .'. -=2cos^cob|. 
The tangents at C and A meet where 

0=i{y+a), and-=2cos^cos^. 
And the tftngeuts at A and B meet where 

^=J(a+/3), and-=2cos^oo8§. 

By sabstitation we see that the three points of intersection are on the 
circle whose equation is 



- a p 7 ^^^-2--i"2> 

2oos7rOos^oos^ ^ ' 



2 ftfta ^„„ ^„„ 

2 2 2 
!Dhe circle always passes through the focus of the parabola. 

{5) To find the locus of the foot of the ^erpetidictUar from the focut of a 
conic on any tangent. 

Let the equation of the conic be 

-s:l+e<ioa0, 

T 

The equation of the tangent at any point a is 

-=« cos ^+cos {$ - a), 

or -= («+ coso)cos^+sinttsin^ (i). 

This may be written in the form 

i=£cos(<?-^) (ii), 

where ^cos^=6+cosa, and j^sin^=sina (iii). 

Now, if (r, 0) be the co-ordinates of the foot of the perpendicular from 

the origin on (i) or on (ii), we have r=-=,; and 0=A; 

th^efore, from (iii), - cos - e=cos a, and - sin 9=sin a. 

By the elimination of a we get 

Z2=(l-c2)r2+2gZrcos^. 

The locus is therefore a circle, as we have already found [Art. 125, (17)]. 
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Examples on Chafteb YIIL 

1. The exterior angle 'between any two tangents to a 
parabola is equal to half th^ difference of the vectorial angles 
of their points of contact. 

2. The locus of the point of intersection of two tangents 
to a parabola which cut one another at a constant angle is a 
hyperbola having the same focus and directrix as the original 
parabola. 

3. If FSP' and QSQ' be any two focal chords of a conic 
at right angles to one another, shew that p^^ ^^ + ^„ ^^^ 

is constant. - 

4. If Ay JB, C be any three points on a parabola, and tlie 
tangents at these points form a triangle A'B^C\ shew that 
SA.JSB.SG'^JSA'.SB'.SG', S being the focus of the par^ 
bola. 

5. If a focal chord of an ellipse make an angle a with the 
axis, the angle between the tangents at its extremities is 

_i 2e sin a 



tan' 



1-e* 



6. By means of the equation -= l>f 6 cos 0, shew that the 

ellipse might be generated by the motion of a point moving so 
that the sum of its distances frOm two fixed points is constant. 

.7. Find the locus of the pole of a chord which subtends 
a constant angle (2a) at a focus of a conic, distinguishing the 
cases for which cos a > ss < e. 

8. JPQ is a chord of a conic which subtends a right angle 
at a focus. Shew that the locus of the pole of PQ and tho 
locus enveloped by FQ are each conies whose latera recta are 
to that of the original copic as ^2 : 1 and 1 : ^2 respectively. 

9. Given the focus and directrix of a conic, shew that the 
polar of a given point with respect to it passes through a fixed 
point 
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10. If two conies have a common focus, shew that two of 
their common chords will pass through the point of intersection 
of their directrices, 

11. Two conies have a common focus and any chord is 
drawn through the focus meeting the conies in P, P' and Q, Q* 
respectively. Shew that the tangents at P or P' meet those at 
Qy Q' in points lying on two straight lines through the inter- 
section of the directrices, these lines being at right ^Jigles if 
the conies have the same eccentiicity, 

12. Through the focus of a parabola any two chords LSL\ 
MSM' are drawn; the tangent at L meets those at J/", M' in 
the points N^ W alid the tangent at L' meets then; in K\ JT. 
Shew that the lines KN^ K'N' are at right angles, 

13. Two conies have a common focus about which one is 
turned; shew that two of their common chords will touch 
conies having the fixed focus for focus, 

14. Shew that the equation of the locus of the point of 
intersection of two* tangents to - = 1 + e cos 0, which are at 
right angles to one another, is r* (e* — 1) — 2^e r cos ^ + 2^ = 0. 

15. If PSQy PHR be two chords of an ellipse through the 

pa PfT 

foci Sf -S", then will -qn+ jn^ ^^ independent of the position 
of P. 

16. Two conies are described having the same focus, and 
the distance of this focus from the corresponding directrix 
of each is the same; if the conies touch one another, prove that 
twice the sine of half the angle between the transverse axes is 
equal to the difiference of the reciprocals of the eccentricities. 

17. A circle of given radius passing through the focus of 
a given conio intersects it in il, ^, (7, i>; shew that 

is constant. 

S. C. S. . 12 
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18. A circle parsing throngli the fociis of a conic 'whose latus 
rectum is 21 meets the conic in four points whose distances 

from the focus are r^, r^ r^, r^; prove that — 4--+ — + — =-^. 

19. A given circle whose .centre is on the axis of a 
parabola passes through the focus S, and is cut in four points 
A, Bj C, D by any conic of given latus rectum having S 
for focus and a tangent to the parabola for directrix ; shew 
that the sum of the distances SA, SB, SO, SD is constant. 

20. Two points P, Q are taken one on each of two conies, 
which have a common focus and their axes in the same 
direction, such that FS and QS are at right angles, S being the 
common focus. Shew that the tangents at P and Q meet on a 
conic whose eccentricity is equal to the sum of the squares 
of the eccentricities of the original conies. 

21. A series of conies are described with a common latus 
rectum; prove that the locus of points upon them, at which 
the perpendicular from the foctis on the tangent is equal to 
the semi-latus rectum, is giten by the equation l = -r cos 26. 

22. If POP be a chord of a conic through a fixed point 0, 
then will tsLU^P'SO tB,n^PS0 be constant, S being a focus of 
the conic. 

23. Conies are described with equal latera recta and 
a common focus. Also the corresponding directrices en- 
velope a fixed conf ocal conic^ Prove that these conies all touch 
two fixed conies, the reciprocals of whose latera recta are the 
sum and difierence respectively of those of the variable conic 
and their fixed confocal and which have the same directrix as 
the fixed confocal. 



CHAPTER IX. 



GENEEAL EQUATION OF THE SECOND DEGREE. 

166. We have seen in the preceding Chapters that 
the equation of a conic is always of the second degree : we 
shall now prove that every equation of the second degree 
represents a conic, and shew how to determine from any 
such equation the nature and position of the conic which it 
represents. 

^ 167. To shew that every curve whose eqtiation is of the 
second degree is a conic. 

We may suppose the axes of co-ordinates to be rect- 
angular; for if the equation be referred to oblique axes, 
and we change to rectangular axes, the degree of the equa- 
tion is not altered [Art. 53], 

Let then the equation of the curve be 

aa? -^-^hxy^hf -{- ^gx-^-^fy '\- c^Q (i). 

As this is the most general form of the equation of the 
second degree it will include all possible cases. 

We can get rid of the term containing xy by turning 
the axes through a certain angle. 

For, to turn the axes through an angle we have to 
substitute for x and y respectively x cos ^ — y sin 5, and 
X sin 6 •\-y cos 6 [Art. 50]. 

12—2 
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The equation (i) will become 
a (a? cos ^ — y sin Oy + 2h{xco80^ymi0)(xsm0 + y cos 0) 
+b{xsm0+ycos0)^+2g{xcos0''ysm0)+2f{xsiDi0-\'i/cos0) 

+ c = V-.VV (")• 

The coefficient of xy in (ii) is 

2 (6 - a) sin ^ cos 5 + 2A (cos'tf - sin*^ ; 
and this will be zero, if 

'- ^ tan2^ = ^=\ (iii). 

Since an angle can be found whose tangent is equal to 

2A 
any real quantity whatever, the angle ^ = ^ tan"^ ^, is in 

all cases real. 

Equation (ii) may now be written 

Aa?-\-By' + 2Gx'\-2Fy'\-G=-0 (iv). 

If neither A nor B be zero, we can write equation (iv) 
in the form 

— -J, — -p) , 

A^ + By*^^ + ^-C (v). 

If the right side of (v) be zero, the equation will repre- 
sent two straight lines [Art. 35]. 

If however the right side of (v) be not zero, we have 
the equation 

a? y* 

which we know represents an ellipse if both denominators 
are positive, and an hyperbola if one denominator is posi- 
tive and the other negative. 

If both denominators are negative, it is clear that no 
real values of x and of y will satisfy the equation. In this 
case the curve is an imaginary ellipse. 
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Next let J. or 5 be zero, A suppose. [A and B cannot 
hoik be zero by Art. 53.] Equation (iv) can then be 
"written 



B 



(y+f)' = -2Ga:-o+5 (vi). 



If 0=0, this equation represents a pair of parallel 
straight lines* 

If G be not zero, we may write the equation 
/ F\'_ 2G( F^ ^ 0\ 

[^'^BJ '""BV^2BG^2GJ' 

which represents a parabola, whose axis is parallel to the 
axis of CD. 

Hence in all cases the curve represented by the general 
equation of the second degree is a conic. 

" 168. To find the co-ordinates of the centre of a conic. 
We have seen [Art. 109] that when the origin of co- 
ordinates is the centre of a conic its equation does not 
contain any terms involving the first power of the variables. 
To find the centre of the conic, we must therefore change 
the origin to some point {a;\ y^, and choose x\ y\ so that 
the coefficients of x and y in the transformed equation may 
be zero. 

Let the equation of the conic be 

cwj* + 2hxy + by^ + 2gx + 2/y + c = 0. 
The equation referred to parallel axes through the 
point {x\ y) will be found by substituting x-\-x' for x, and 
y-Vy for y, and will therefore be 
aix-^xj + 2A (a? + a?0 (i/ + 2/0 + & (y + 20' + Sgr (a? -fa?') 

or oai" 4- "^iiocy -^If-^-ix [ax' + hy' + ^r) 4- 2 y \hx + hy' +/). 
+ aa;'' + 2Aa?y + 6y'* + 2^7^;' + 2/2/'4-c = 0. 
The coefficients of x and y will both be zero in the 
above, if a?' and y' be so chosen that 

ax+hy'+g = 0.. (i), 

and hx' + by' +f=0......y...„...{ii). 

The equation referred to (a?', y") as origin will then be 

aa;* + 2Aa?y + 6y* + c' = (iii), 

J ' ( ' ■ ' 
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where c' = aaf^ + 2A^y + ly'^'\-^gx' + 2/y' + c (iv). ' 

Hence the co-ordinates of the centre of the conic are the 
values of x' and y given by the equations (i) and (ii). 
The centre is therefore the point 



( ^f- ig gh - af \ 



When oJ — A' = 0, the co-ordinates of the centre are 
infinite, and the curve is therefore a parabola [Art. 157]. 
If however hf—hg^O and a6 — A* = ; that is, if 

the equations (i) and (ii) represent the same straight line, 
and any point of that line is a centre. The locus in this 
case is a pair of parallel straight lines. 

In the above investigation the axes may be either 
rectangular or oblique. 

Subsequent investigations which hold good for oblique 
axes will be distinguished by the sign (o)). 

169. Multiply equations (i) and (ii) of the preceding 
Article by x\ y respectively, and subtract the sum from 
the right-hand member of (iv) ; then we have j 



o'^gx'^rf^-Vc \^ {;; If 

"* 170. The expression ahc -I- ^fgh — aP — hg^ — cfe' is 
usually denoted by the symbol A, and is called the 
discriminant of 

ax^ + 2hocy + It^ + 2gx + 2fy + c. 

A = is the condition that the conic miay be two 
straight lines. 

For, if A is zero, c' is zero ; and in that case equation 
(iii) Art. 168 will represent two straight lines. 

This is. the condition we found in Art* 37. (eo). 
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" 171. Tofjnd the position and magnitvde of the axes of 
the conic whose equation is aa? + 2hxy + Jy* = 1. 

If a conic be cut by any concentric circle, the diameters 
through the points of intersection will be equally inclined 
to the axes of the conic, and will be coincident if the 
radius of the circle be equal to either of the semi-axes of 
the conic. 

Now the lines through the origin and through the 
points of intersection of the conic and the circle whose 
equation is a:* ^-y* — r", are given by the equation 

a-i)a^+2^y+(6-^)y-0 (i). 

These lines will be coincident^ if 



(«-p)(i-p)-'^*=o ("). 



and they will then coincide with one or other of the axes 
of the conic. 

Hence the lengths of the semi-axes of the conic are the 
roots of the equation (ii), that is of the equation 

-4-(a + 6)^ + a6-A» = (iii). 

Multiply (i) by («— ;^); then, if -5 is either of the 
roots of the equation (ii), we get 

whence ia — ^^j ^ + hy^O (iv). ^ a .,> : 

Hence if we substitute in (iv) either root of the equation \ 
(iii) we get the equation of the corresponding axis. 

In the above we have supposed the axes to be rect- 
angular. If however they are inclined at an angle (o the 
investigation must be slightly modified, for the equation of 
the circle of radius r will be a?' + 2xy cos cb + y' =? ^. 



« 



^ 
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.^ 172. To jind the axis and latus rectum ofd parabola. 

If the equation 

ax^ + 2han/ + bf + 2ffx+2fy + c=^0 

represent a parabola, the terms of the second degree 
form a perfect square. [This follows from the fact that the 
equation of any parabola can be expressed in the form 
y^ — 4iax = 0, and therefore with any axes the equation 
will be of the form ^ 

{),x + m^ + nf - 4a {I'x + m'y -f n) = 0.] ' 

Hence the equation is equivalent to 

(aa? + /3y)* + 25ra?-f.2/y + c = (i), 

where a» = a, and /S'=6- 

From (i) we see that the square of the perpendicular 
on the line aa? + /8y = varies as the perpendicular on the 
line 2gx + 2/y + c = 0. These lines are not at right angles, 
but we msty write the equation (i) in the form 

(ax + /3y +\y =^2x (\a-g) + 2y {\8 ^f) +\^-c, 
and the two straight lines, whose equations are 
ax + ^y + X^-O, and2^(Xa-5r)+2y(\/3-/)+X'-c = 0, 
will be at right angleis to one another, if 

a (Xa - g) +/3 (X^ -/) = «> *^ " "^ ■ ' 

orif X--^-^-^ 

Now take 

\aa? + /3y+\=0and2(a\-^)a? + 2(/9X-/)y+X^-c = 

for new axes of x and y respectively, and we get 

y^=^4*px, 

and this we know is the equation of a parabola referred to 
its axis and the tangent at the vertex. 

To find the latus-rectum, we write the equation in 
the form 

/o^+^+xy^ 4„ f2 (aX -g) a;+2()8X~/ )y+X» - c\ 



JIT^ } "^X V{4{aX-5r)''+4(/3X-/n 
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hence 4p='^{HaK-g)^p^K-m 

Hence (i) is a parabola whose axis is the line 

aaj + /8y + X = 0, 
and whose latus-rectum is 

2 V{(aX > gy + {I3X -/)'} ^ 2 (af^ ^g ) 

since X = '^ . % . 

173. We will now find the nature and position of the 
conies given by the following equations. 

(1) 7ic3-17a7+6y'+23a:-2y-20=0. 

(2) x*-6a:2/+y«+8aj-20y + 15=0. 

(3) 36a;* + 2ixy + 29y« - l2x + 126y +81=0. 

(4) (6a?-X2y)«-ai;-29y-l=s^0. 

(1) The equations for finding the centre are [Ait. 168, (i), (ii)] 

14a/-172/'+23=0) 
-17«' + 12y'-2=0)' 
These give a/=2, yf=^. Therefore centre is the point (2, 3). 

The equation referred to parallel axes through the centre will be [Art. 
169] 

7iB^-17a:y + 6y«+^. 2-1. 3-20 ±=0. 

or 7«' - 17ary + 6y' = 0. 

The equation tlierefore represents two straight lines which intersect 
in the point (2, 3). They out the axis of ar, where 7a;' + 23a;- 20=0, that 

(2) a;2-5j;y+y» + 8a;-20y + 16=0. 
The equations for finding the centre are 

2j;'-6y' + 8=0,and -5a;' + 2y'-20=0; 
.-. a;' = -4,y'=a 

The equation referred to parallel axes through the centre will be 

a;3 - 6ary +y' + 4 ( - 4) + 16=0, 
or «*-6a;y + y'=l. 
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or 



The semi-axes of the oonio are the roots of the equation 
^-(a + 6)i+a5-^«=0 [Art. 171, pii)]; 
1 2 , 25 ^ 

21r*+8r«-4=0; 



. -.»_ 



2 



,-. r-= = , or-g. 



The curve is therefore an hyperbola whose real semi-axis is = JTi, 
and whose imaginary semi-axis is ^ ,J- 6. 




The direction of the real axis is given [Art, 171, (iv)] by the equation 

or aj+y=0. 

(3) 36x» + 2ixy + 29ya - 72a; + 126y + 81 = 0, 
The equations for finding the centre are 

36x'+12/-36=0, andl2x'+2V+63=0; 
.-. a!' = 2, y'=-3. 
The equation referred to parallel axes through the centre, will be 
36a:2^.24a5y+2V-72 + 63(-3) + 81=0, 



or 



2 



29 



5 +15^2/ -^180 2^=^- 
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The semi-axes of the conic are the roots of the equation 



And 



^ 66 13 

900 226" 36* 



.-. 86-13r>+r*=0. 
Hence the squares of the semi-axes are 9 and 4. 




/ 



/ -> 



The equation of the major axis is [Art. 171, (iy)] 

or 4a?+3y=0. - ' ^ 

(4) (5aj-12y)«- 2a: -29^-1=0. '^' '' ' 

- " y 
The equation may he written 

(6a;-12y+X)a=2a;(l+6X)+y(29-24X)+X«+l. 
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The lines 6j? - 12y + X=0 

and 2(l + 6X)a+(29-24X)y+X«+l=0 

are at right angles, if 

10+60X-348 + 288X=0; 
thatis,ifX=l. 

The eqaation is therefore equivalent to 



/ 5ai--12jf + l V_ 1 l2a;-f5y + 2 

V 13 J ""IS* 13 ^^^* 



therefore 5a; - 12^+1=0 is the equation of the axis of the parabola, and 
12a;+ 5^+2=0 is the equation of the tangent at the vertex. 

Every point on the curve must clearly be on the positive side of the 
line 12x+ 52^ + 2=0, since the left side of equation (i) is always positive. 

174. To find the equation of the asymptotes of a conic. 

We have seen [Art 146] that the equations of a conic 
and of the asymptotes only differ by a constant. 

Let the equation of a conic be 

flwc'+ 2hxy-}'b/ + 2gx + 2fy + c=:0 (i). 

Then the equations of the asymptotes will be 

a^ + 2hxi/ + bf + 2ffx + 2Jy + c + \^0 (ii), 

provided we give to \ that value which will make (ii) 
represent a pair of straight lines. 

The condition that (ii) may represent a pair of straight 
Unes is [Art. 170] 

a6(c + X) + 2/^A-a/"-J/-(c4-X)A» = 0; ) ^ 

.-. \(a6-A») + ^ = 0- > -- --^-y^ 
Hence the equation of the asymptotes of (i) is 

a^ + 2hxy + 6y' + 2gx + 2/y + c — ■ » _i2 *= 0. 

The equations of two conjugate hyperbolas differ from 
the equation of their asymptotes by constants which are 
equal and opposite to one another [Art. 152] ; therefore 
the equation of the hyperbola conjugate to (i) is 

2A 

aa? + 2hxy + 6/ + 25ra? + 2^ + c - -tzTv^ "^ ^' 



X 
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Cor. The lines represented by the equation 
are parallel to the asymptotes of the conic, («). 

Ex. Find the asymptotes of the oonio 

The afifymptotes ^will beiB*-ajy-2y' + 8y-2+X*:0, if this equation 
represents straight lines. Solving as a q^adratio in x, we have 

Hence [Art. 37], the condition for straight lines is 9 (2 - X) = 9, or X = 1. 
The asymptotes are therefore x^-xy- 2y^ + 3y — 1 5= 0, 

175. To find the condition that the conic represented 
hy the general equation of the second degree may be a rect- 
angular hyperbola. 

If the equpition of the conic be 

aaS" + 2hxy + by^ + 2gx + 2/y + c = 0, 

the equation 

a«» + 2Aa?y + 5/ = (i) 

represents straight lines parallel to the asymptotes. 

Hence, if the conic is a rectangular hyperbola, the 
lines given by (i) must be at right angles. 

The required condition is therefore [Art. 44] 

a + 6 — 2AcosQ) = (ii). 

If the axes of co-ordinates be at right angles to 
one another the condition is 

a + 5 = (iii). 

The required condition may also be found as follows. 
If the axes of co-ordinates be changed in any manner 
whatever, we have 

a-)-6 — 2AcosG) a' + 6' — 2fe'cosQ/ p. ^^^ 
— 5 =s T— o — -. I Art, oZu 

Sm 0) BUT O) ■ 

But, if the conic be a rectangular hyperbola and 
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the asymptotes be taken for axes, the equation .will be 
xy + constant = ; 

/. a' = 6' = coso>' = 0. 
Hence a + 6 — 2A cos w = 0. («). 



Examples on Chapteb IX. 

1. Find the centres of the following curves: 

(i) '3»"-.5a;y+62/«+lla;-17y+13 = 0. -•>» 



C =i - I 



- 5" 






(ii) . xy + Sooj - Say = 0. 'i «- , - "^<»- c-- ^ q t>> 
(iii) -Sar* - 7a;y - ey + 3a;- 92/ + 5 = 0. - ?,- , -?,- 

Find also the equations of the curves referred to parallel 
axes through their centres. 

2. What do the following equations represent % 

^ (i) •ajy-2a; + y-2 = 0. (ii) y* - 2ay + 4flKC = 0. 

(iii) y* + aa; + ay + a* = 0. (iv) (aj + y)* = a (a? - y). 
(v) . 4(a; + 2y)* + (y - 2a;)»= 5a». (vi) • y* - a;* - 2aaj = 0. 

3. Draw the following curves: 

(1) • Qcy-vax- 2ay = 0. ^ (2) a:* + 2a;y +y' - 2a; - 1 = 0. 

V (3) •2a;" + 5a;y+2y»+3y-2 = a 5:>'i 

' (4) a;* + 4a;y + y"-ll = 0. 

(5) (2a; + 3y)» + 2a; + 2y + 2 = 0. 

'6) .a;"-4a;y-2y»+10a;4.4y«0. --'.^ d =^ ^ i 

[7) ■41a;'+24ay + 9y-130aa;-60ay+116a' = 0. cx.^-- -'« 

4. Shew that if two chords of a conic bisect each other, 
their point of intersection must be the centre of the curve. 

5. Shew that the product of the serai-axes of the conic 
whose equation is 

(a;-2y + l)*+(4a;+2y-3)»-10 = 0,is 1. 

6. Shew that the product of the semi-^uces of the ellipse 

whose equation is 

2 
a;"- a;y + 2y*- 2a; -6y+ 7 = is -y=; 

and that the equation of its axes is 

a;'-y-2a;y + 8y-8-a 



!! 
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3 />- -h^ )L u ^ ^ - <^')c ■ Uj^( ■ '* r O 



7. Find for what value of X the equation 

2i»" + Xxy-y* - 3j; + 6y - 9 = 
will represent a pair of straight lines. 

8. Find the equation of the conic whose asymptotes are 
the lines 2aj + 3y — 5 = and 5a; + 82/ - 8 = 0, and which passes 
through the point (1, — 1). 

9. Find the equation of the asymptotes of the conic 

So" - 2ajy - 5/ + 7a? - 9^^ = j 

and find the equation of the conic which has the same asymp- 
totes and which passes through the point (2, 2). 

10. Find the asymptotes of the hyperbola 

ei" - 7a:y - 3y - 2a; - 8y - 6 = ; 
find also the equation of the conjugate hyperbola. 

11. Shew that, if 

oaf + 2^a:y + 63/* = 1, and a'a? + 2Kxy + 6'^ = 1 
represent the same conic, and the axes are rectangular, then 

(a ^ by + 47** = (a' - by + U". 

12. Shew that for all positions of the axes so long as they 
remain rectangular, and the origin is unchanged, the value of 
^' +y* in the equation aoc^ + 2hxi/ + 6y" + 2^a; + 2/y + c = is 
constant. 

13. From any point on a given straight line tangents are 
drawn to each of two circles: shew that the locus of the point 
of intersection of the chords of contact is a hjrperbola whose 
asymptotes are perpendicular to the given line and to the line 
joining the centres of the two circles. 

14. A variable circle always passes through a fixed point 
and cuts a conic in the points P, Q, R, S) shew that 

OP, OQ. OR. OS 

(radius of circle)* 
is constant 

15. If aoi? + 2kxy + 6y* « 1, and Aaif + 2Exy + B'lf = 1 be 
the equations of two conies, then will aA-^bB^ 2hH be un- 
altered by any change of rectangular axes. 
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MISCELLANEOUS PROPOSITIONS, 

176. We have proved [Art. 167] that the curve 
represemted by au equation of the second degree is always 
a conic. 

We shall throughout the present chapter assume that 
the equation of the conic is 

unless it is otherwise expressed. 

The left-hand side of this equation will be sometimes 
denoted by <f> {x, y). 

177. To find the equation of the straight line passing 
through two points on a conic, and to find the equation of the 
tangent at any point. 

Let (w, y") and {a/\ y") be two points on the conic. 
The equation 

when simplified is of the first degree, and therefore 
represents some straight line. 
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If we Y^ix^x and y^y' in (i) the left side vanishes 
identiccJly, and the right side vanishes since (x', yf) is on 
the conic. Hence the point {x\ /) is on the line (i). So 
also the point (x\ y") is on the line (i). 

Hence the equation of the straight line through the 
two points {x\ y') and {x\ y ) is (i), and this reduces to 

ax {x+x") + hy {x' + a!') + Aj; (j/^/) -f hy {y' + y') + 2gx 

To obtain the tangent at (x\ y') we put cl* ^x\ and 
y" = y in (ii), and we get 

laoMi! + 2A {xy' + oiy) + 26y/ 4- ^gx + %fy + c =* cur" 

+ 2A^y + iy'*. 

Add ^goi + 2^' + c to both sides : then, since {x\ y') is 
on the conic, the right side will vanish; and we get for the 
equation of the tangent 

axx + i (y '^ + x'y) + h^y ^g(x^ x') -hf (y'\-y')-{'C^O, 

It should be noticed that the equation of the tangent 
^t {x\ y) is obtained from the equation of the curve 
by writing x'x for a?, ^x 4- x^y for 2d;y, yy for j^,x + x' for 
2a?, and y-hj/ for 2y. (o)). 

178. To find the condition thai a given straight line 
may he a tangent to a conia. 

Let the equation of the straight line be 

te + my4" ^=»0 (i). 

The equation of the straight lines joining the origin to 
the points where the line (i) cuts the conic <f>(x, y) = 0, 
are given [Art* 38] by the equation 

a^ + 2A^+6y^-.2(^a:+/y)^^±^ 



+ o(?^)'-0 (u). 



If the line (i) be a tangent it will cut the conic in 
coincident points, and therefore the lines (ii) must be 
coincidents The condition for this is 

S. C. S, 13 
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(an* — 2gln H- cP) (M - 2/mn + cm*) 

=5 (An" '^fln '^-gmn + cZm)*, 

or r (6c -/*) 4- w' (ca - ^p*) + n" (aft - A*) + 2mn (^rft -/a) 
+ 27iZ (A/- ^6) + 2Zw« (/^ - Ac) = (iii). 

The equation (iii) may be written in the form 

^P + Bm^ + Cn* + 2iPmw + 2 G^Z + 2fl"Zm = 0. . .(iv), 

inhere the coefficients A, B, (7, &c. are the minors of 
a, b, Cj &c. in the determinant 

a, A, ^r 

I79i Ta find the equation of the polar of any point with 
respect to a conic. 

It may be shewn, exactly as in Article 76, 100, or 118, 
that the equation of the polar is of the same form as the 
equation of the tangent, 

The equation of the polar of {x\ y[) is therefore 

axx^h {j/a + xy) H- hy'y + g (^+ x) +f{y + y*) + c=i 0, 

or x(aaf + hy'+ g) + y(hx' + by' +f) -^ gaf -{-fy' + d^O, 

The equation of the polar of the origin is found by 
putting a?' = y = in the above ; the result is 

g^+fy + c^o. 

180. If two points P, Q be such that Q is on the polar 
of P with respect to a conic, then will F be on the polar of 
Q with respect to that conic. 

Let the co-ordinates of P be x't y\ audi those of Q 

^", f. 

The equation, of the polar of P is 

axx-^-h iy'x + xy) + by'y +^ {x -1- x') +/(y + y') + c = 0. 

Since (a?", j/') is on the polar of P, we have 

ax'x"+ A {yx-\-x'y")-\-lyY+g {x'^x") +/(y'+ y") + c=0. 

The symmetry of this result shews that it is also 
the condition that the polar of Q should pass through P. 
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If the polars of two points P, Q meet in R, then R is 
the pole of the line PQ. 

For, since R is on the polar of P, the polar of R will 
go through P; similarly the polar of R will go through Q ; 
and therefore it must be the line PQ. 

If any chord of a conic be drawn through a fixed point 
Q, and P be the pole of the chord ; then, since Q is on the 
polar of P, the point P will always lie on a fixed straight 
line, namely on the polar of Q, 

Def. Two points are said to be conjugate with respect 
ta a conic when each lies on tte polar of the other. 

J)ef. Two straight lines are said to be ccmjugate with 
respect to a conic when each passes through the pole of the 
other. Conjugate diameters, as defined in Art. 127, are 
conjugate lines through the centre^ 

181. If amy chord of a conio be drawn through a 
point it will be cut harmonically by the curve and 
the polar of 0. 

Let OPQR be any chord which cuts a conic in P, B 
and the polar of with respect to the conic in Q. 

Take for origin, and the line OPQR for axis of x ; 
and let the equation of the conic be 

ax'+2hooy + bf + 2gx-{-2fy + c= 0. 

Where y = cuts the conic we have 

ao?' + 2gx + b = ; 

■ ' +^-¥ 



" OP ' OR 
The equation of the polar of is 

ffx+fy + c = 0; 



^ ^ g r*-\ 



From (i) and (ii) we see that 

1 1 

+ 
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182. To find the locus of the middle points ofa system 
of parallel chords ofa conic. 

Let {x', y) and {x\ y") be two points on the conic. 
The equation 

...(i) 
is the equation of the straight line joining the two points. 

In (i) the coeflScient of ^ is a (a/+ a?") + A(y' + y") + ^g, 
and the coefficient of y is A(^ + a5'') + 6(y +y) + 2/; 
hence if the line is parallel to the line y == mx, we have 

a(x'+x'') + h{j/ + f)+2g 

^ h{x+x") + bQ/ + y'')+2f W. 

Now, if (x, y) be the middle point of the chord joining 
(x\y') and (a? , y"), then 2x=^x'+x'\ and 2y^y' ^y"\ 
therefore, from (ii), we have 

ax + hy+g 

'^•" hx + by+f' 

or 4? (a + «ni) +y (i + w6) +y + w/*» 0...(iii), 

which is the required equation. 

If the line (iii) be written in the form y »s mx + k, then 
we have 

, _ a 4- mA 

h + TW-ft ' 

or a + A (m + w') + Jmm' = (iv). 

This is the condition that the lines y = mx and y = wi'ic 
may be parallel to conjugate diameters of the conic given 
by the general equation of the second degree. (g)). 

183. To find the condition that the two lines given hy 
the equation Aa? + 2Hxy + -By' = may he conjugate dia- 
meters of the conic ckc* + 2Aajy + 6y' = 1, 

If the lines given by the equation Aa?-\-2ffxy+By*^0 
be the same as y — wa? = 0, and y — m'a? = ; then 

m + m == — 2 -n J aiid mm' = ^ • 

Jo JO 
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But y — t7MP=s and y— m'aj=0 are conjugate diameters 
if a + A (m +. m') + hmm = 0. 

Therefore the required condition is 

or a5 + 6J. = 2hH. («). 

[The above result follows at once from Articles 155 
and 58.] 

Ex. 1. To find the equation of the equi-coiyugate diameters of the conic 

ax* + ^hxy + hy* = 1. 
The straight Imes throtigh the centre of a oonio and any oaneeniric 
circle give equal diameters. Through the intersections of the oonio and 
the circle whose equation iB\{a?+y* + 2xy cos u) = 1, the lines 
(a - X) «*+ 2 (/i - X cos w) a^+ (l» - X) y3=0 pass. 
These are conjugate if 

5(a-X) + a(&-X)=2A(^-Xco8«). 
Suhstituting the yalue of X so found, we have the reqmred equation 

ax^ + 2hxy + hy' .^^,7 ^ (a;»+y«4-2gycos w)=0. 

^ ^ a+b -2h GOB u^ ^ ^ ' 

Ex. 2. To shew that any two concentric conies Jiave in general one 
and only one pair of common conjugate diaineters. 

Let the equations of the two eonics be 

aa^ + 2hxy + by*=l, and aV + 2Va5y + 6y=l. 
The diameters A{i^+2Hxy+By*=:0 are conjugate with rei^ect to 

both conies if 

Ab-'2Hh'¥Ba=0^ 

and ul6'-2JyV+Ba'=0; 

A _ -2JEr B 

The equation of the common conjugate diameters is therefore 
(ha' - ah') X* - {ah' - a'b)xy + (bK - Vh) y« = 0. 

Since any two. concentric conies have one pair of conjugate diameters 
in common, it follows that the equations of any two concentric conies 
can be reduced to the forms 
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184. To find the length of a straight line drawn from 
a given point in a given direction to meet a conic. 

Let {xy j/) be the given point, and let a line be drawn 
through it making an angle with the axis of w. The 
point which is at a distance r along the line from {x\ y) is 
(a?' + rcos5, y' + rsin^), the axes being supposed to be 
rectangular ; and, if this point be on the conic given by the 
general equation, we have 

a{x'+ r cos 0f-\-2h (x + r cos ff) (y'+ r sin 6) + 6(y'+rsin^* 

+ 2g (x + r cos 0) + 2fQ/ + rsin 0) + c = 0, 

or r* (a cos* ^ + ?A sin .^ cos ^ + 6 sin* ^) 

+ 2r cos0{ax-¥hi/ +g) + 2r sin {hx'-^ ^y' +/) + <f> [x\ y') =0. 

The roots of this quadratic equation are the two values 
of r required. 

185. If the point (x\ y') be the middle point of the 
chord intercepted by the conic on the line, the two values 
of r, given by the quadratic equation in the preceding 
Article, will be equal in magnitude and opposite in sign ; 
hence the coeflScient of r must vanish ; thus 

(ax' + hy + g) cos + Qix' + 6y' +/) sin ^ = 0. 

If the chords are always drawn in a fixed direction, so 
that is constant, the above equation gives us the relation 
satisfied by the co-ordinates x\ j/ of the middle point of 
any chord. 

The locus of the middle points of chords of the coiiic 
which make an angle with the axis of x is therefore a 
straight line. [See Art. 182.] 

186. The rectangle of the segments of the chord 
which passes through the point {x\ y') and makes an angle 
with the axis of x, is the product of the two values of r 
given by the quadratic equation in Art. 184; and is eqiTal to 

</> (^\ y) 

a cos*^ + 2A sin tf cos tf + h sin*tf ' 

Cor. 1. If through the same point {x\ y') another 
chord be drawn making an angle ff with the axis of x, the 
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rectangle of the segments of this cbord will be 

^ • ^ (^'» y ) 

a cos" ff + 2A sin ff cqs d' + h sin' tf ' ' 

Hence we see that the ratio of the rectangles of the seg- 
ments of two chords of a conic drawn in given directions 
through the same point is constant for all points, including 
the centre of the conic, so that the ratio is equal to the 
ratio of the squares of the parallel diameters of the conic. 

C(yr, 2. The ratio of the two tangents drawn to a conic 
from any point is equal to the ratio of the parallel diame- 
ters of the conic. 

Cor, 3. If through the point {x\ y") a chord be drawn 
also making an angle 6 with the axis of x, the rectangle 
of the segments of this chord will be 



acos'tf + 2Asintfcosd + isin*tf* 

Hence the ratio of the rectangles of the segments of 
any two parallel chords drawn through two fixed points 
{xy y') and {x'\ y") is constant and equal to the ratio of 
^ {x\ y') to </> {x'\ f). 

Cor. 4. If a circle cut a conic in four points P, Q, iZ, Sy 
the line PQ joining any two of the points and the line RS 
joining the other two make equal angles with an axis of 
the conic. 

For, if PQ and R8 meet in T, the rectangles TP . TQ 
and TR . T8 are equal since the four points are on a circle. 
Therefore by Cor. 1, the parallel diameters of the conic are 
equal ; and hence they must be equally inclined to an axis 
of the conic. 

Ex. 1. If a, p, 7, 8 he the eccentric angles of the four points of inter- 
section of a circle and an ellipse, then will a + /3+7 + 8=27wr. 

t 

The eqaations of the lines joining a, p and 7, 8 are 

|cos4(a + j8)+|sinJ(a+i3)=cosJ(a-i8)> 
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and ?oo8j(7+«)+|BinJ(7+«)=cofl}(v-3). 

These two chords are equally inclined to the axis hj Cor. 4 : therefore 
tanJ(a+/J)=:->tanJ(7+«), or J(tt+/J)=nx-J(7+«); therefore 

Ex. 2. A foeat chord of a eonie variet ms the $quare of the paraXUl 
diameter, [See Art. 161.} 

Ex. S, If a triangle eireunucribe a eonic the three lines from the 
angular points of the triangle to the points of contact of the opposite sides 
VfiU meet in a point. 

Let the angnlar points "be A, Bj C and the points of contact of the 
opposite sides of the triangle be A\ B\ C; also let r^, r^ r, be the semi- 
diameters of the conic parallel to the sides of the triangle. Then 

BA' : J5(r=:ri :• r,; CB^ : CA'-r^ : r,; and -iC : AB'^^r^ : r,. 
Hence - BA'^.CB'.AC^=B€r,AB\CA\ 

which shews that the three lines meet In a point. 

Ex. 4. If a conic ctU the three sides of a triangle ABC in the points 
A* and A'\ B' andB'\ (T and C" respeotivehf, then will • 

BA' , BA" V Cn'\ CB" ,'AC'. ACT^^BC , BCT . CA' . C^" . AB' . AB". 

{Carnofs Theorem.) 

[BA' , BA" : BCr^BC'^r^ : r^y and so lor the others ; r^ r^ r, being 
the semi-diametera oi the conic parallel to the sides of the triangle.] 

Ex. h. If a conic touch all the sides of a polygon ABCD the 

points of contact of the sides ABy BC heiTigP, Q, JR, S ; then wiU 

AP.BQ. CB.DS be equal toPB.QC . JSD 

187. If S be written for shortness instead of the left- 
hand side of the equation 

cue* + 2fcry + fcy* + 25r^+ 2y^ + c = 0, 

and 8' be written instead of the left-hand side of the 
equation 

aV+ 2Kxy + 6y + 2gx + 2/y + c = 0, 

then S — XS' = is the equation of a conic which 
passes through the points common to the two conies 
5 = 0, /8'=0. 

For, the equation S — \S' = is of the second degree, 
and therefore represents some conic. Also if any point be 
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on both the given conies, its co-ordinates will satisfy both 
the equations 8^0 and i8'=s0, and therefore also the 
equation S-'\8' = 0. 

By giving a suitable value to X, the conic 8—XS'^O 
can be made to satisfy any one other condition. 

If the conic fif = really be two straight lines whose 
equations are Ix -f- fny + n = and Vx + my -f ti' = 0, which 
for shortness we will call w = 0, and v = 0, then /Sf — \ ut; = 
will, for all values of \, be the equation of a conic passing 
through the points where £• = is cut by the lines w = and 
t; = 0. 

If now the line v = be supposed to move up to 
and ultimately coincide with the line w = 0, the equation 
iS — X w' = will, for all values of X, represent a conic 
which cuts the conic £• = in two pairs of coincident points, 
where iS = is met by the line w = 0. That is to say 
/8f— Xi^' = is a conic touching ;S=0 at the two points 
where S=0 is cut by u = 0. (q>). 

Ex. 1. All conies through the points of intersection of two rectangular 
hyperbolas are rectangular hyperbolas. 

It 8=0, jSf'=0 be the equations of two rectangular hyperbolas, all 
oonios through their points of interisection are included in the equation 
S-\8'=:0, Now the sum of the coefladents of «• and y^ mS-\S'=0 
will be zero, since that sun^ is zero m S and also in 8\ the axes being at 
right angles. This proves the proposition. [Art. 175.] 

The following are particular cases of the above. 

(i) If two rectangular hyperbolas intersect in four points, the line 
joining any two of the points is perpendicular to the line joining 
the other two. (For the pair of lines is a conic through the points 
of intersection.) (ii) If a rectangular hyperbola pass through the 
angular points of a triangle it will also pass through the orthocentre. 
(For, if ^, JB, Ohe the angular points, and the perpendicular from A on 
BC cut the conic in D ; then the pair of lines AD, BC is a rectangular hy- 
perbola, since these lines are at right angles ; therefore the pair BD, AC 
is also a rectangular hyperbola, that is to say the lines are at right 
angles. ) 

Ex. 2. If two comes have their axes parallel a circle will pass 
through their points of intersection. 
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Take lizes parallel to the axes of the oonicB, their equations will 
then be aai? + b^+ 2^x+ 2/y + e s=0, 

and a'a?*+6y + 2^'a5+2/y + c'=6. 

The conio ox' + 6y« + 2^x + 2/y + c + X (a'jc* + 6'y ' + 2/j: + 2/'y + = will go 
through their intersections. But this will be a circle, if we choose X so 
that a+\a'=b+\b'f and this is clearly always possible. 

Ex, 3. If TP, TQ and TP", TQ' he tangents to an ellipse, a conic 
will pass through the six points T, P,Q, T, P', Q^. 

Let the conic be ax^+hy^=l, and let T be (a;", y') and T' be 
(«", y"). The equations of PQ and P'Q' will be axx'+hyy" -1=0 and 
axa^'-^byy" -1=0, The conic 

X(a«« + 5y«- 1) - {axa^+by^r-l) (axaT +5yy"-- 1)=0 
will always pass through the four points P, Q, P', Q'. It will also pass 
througlv T if X be such that 

X(aaj'a + 6y'»-l)-(aAi'«+6y'»~l)(a«'aJ^+Vy"-l)=0, 
or if •X=flajV' + 6y'y*'-l. 

The symmetry of this result ehews that the conic will likewise pass 
through T', 

Ex. 4. If two chords of a conid he drawn through tv>o points on 
a diameter equidistant from the centre, any conic through the extremities 
of those chords will he cut hy tliat diameter in points equidistant from the 
centre. 

Take the diameter and its conjugate for azes^ then the equation of 
the conic will be ax^ + hy^=l. Let the equations of the chords be 
y-m{x-c)=0 and y-m' {x + c)r=0^ Then the equation of any conic 
through their extremities is given by 

aaP + by^-l-\{y-m{x-c)}{yTm'{x+c))=0. 

The axis of x cuts this in points given by ox"- 1-Xmm' («*-€*)= 0, 
and these two values of x are clearly equal and opposite whatever X, m 
and m' may be. 

As a particular case, if PSQ and P'S'Q^ be two focal c];Lbrds of a conic, 
the lines PP' and QQ* cut the axis in poinj;s equidistant from the centre. 

188. To find, the equation of the pair of tangents 
drawn from any point to a conic. 

Let the equation of the conic be 

aa^ + 2}iQcy + 6y* + 2^a? + 2/y + c = (i). 

If (x\ y') be the point from which the tangents axe 
•drawn, the equation of the chord of contact will be 
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axoi + A {xyf ■{• yx") -\^hyy +g Qe+aT) +/(y-»- y') + c = 0. 

The equation 

aaf^ + 2hxy + by^ + 2gx + 2fy + c 
= \ {axx' + h (xy* + yx') + hyy' +g (x + a?') +f(if + y') + c]* 

(ii) 

represents a conic touching the original conic at the two 
points where it is met by the chord of contact. The two 
tangents are a conic which touches at these two points and 
which also passes through the poiijit {x\ i/) itself. The 
equation (ii) will therefore be the equation required if \ 
be so chosen that (x\ y') jis on (ii) ; that is, if 

005'* + 2hxy + by"^ + 2gx' + 2fy + c 
= X {ax"^ + 2kxy -f 6y» + 2gx + 2fy + c}". 

Therefore 
1 = \ {ax"* + 2hxy + by^ + 2gx' + 2// + c} = X^ (x\ i/). 

Substituting this value of X in (ii) we have 
(aa? + 2hxy + bf + 2gx^2fyr\- c) (f) (x\ y*) 
^ {axx' + k {xy' + yad) + hyy' + g {x -{- x') +f(y + y) + c}", 

which is the required equation. (g>). 

The above equation may be fonnd in the following manner. 

Let TQ, TQ' be the two tangents from (x', y'), let P {x, y) be any 
point on TQ, and let T^, PM be the perpendiculars from T and P on the 
chord of contact QQ'. 

^^^ W^-'TN^ • ••«• 

But [Art. 186. Cor. 3] ^. = ^Jy 

and [Art. 81] 

therefore from (i) we have 

189. To find the equation of the director-circle of a 
conic. 

The equation of the tangents drawn from {x\ y') to the 
conic given by the general equation is 



204 THE FOCI. 

= {aaxc' + h {sm/ + yx) + byy' +g(x + x)+f(j/-{-t^ + c]\ 

The two tangents will be at right angles to one 
another if the sum of the coefficients of a^ and ^ in the 
above equation is zero. This requires that 

(a + ft) (oo?'' + 2Aa?y + by* + 2gx+2fy' + c) 

The point (a/, y') ia therefore on the circle whose 
equation is 

(ab-h'){s? + y') + ix{ffb-fh) + 2y(fa--hg)'hc{a-^b) 

or Cx' + Cy'-'2Gx-'2Fy+A+B=^0 (i), 

where A^ B, C, F, G, H mean the same as in Art. 17S. 

If A* — oft = 0, the equation reduces to 

2x(bff--fh) + 2y{fa--hg) + cia+b)-'f*-f = 0, 

or 2Gx + 2Fy-^A-B^0. (ii). 

The conic in this case is a parabola, and (ii) is the 
equation of its directrix, 

Ex. 1. Trace the curve lla^ + 24xy + 4y3 - 2»+ 16y + 11 =sO, and shew 
that the equation of the director-cu:cle is a5'+y'+2aj- 2y=l. 

Ex. 2. Shew that the equation of the directrix of the parabola 
a^+2ajy+3^-4a;+8y-6=0 is 3«-3y+8=0. 

190. To shew that a central conic has four and only 
fourfod, two of which are real and two imaginary. 

Let the equation of the conic be 

aa? + bf -1=0 (i). 

Let (x', y') be a focus, and let x cos a + y sin a — j) = 
be the equation of the corresponding directrix ; then if e 
be the eccentricity of the conic, the equation will be 

{x — xy + (y — y'f — e' {x cos a + y sin cc — p)* = 0...(ii). 
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Since (i) and (ii) represent the fiame curve, and the 
coefficient of ^ is zero in (i), the coefficient of ny must be 

zero in (ii) ; hence a is or -^ . 

Hence a directrix is parallel to one or other of the 
axes. 

Let a = 0, then since the coefficients of x and y are 
zero in (i), we have y' = and x' *= e^p. 

Also, by comparing the other coefficients in(i) and (ii), 
we have 

a 6^ -1 

•'• "^yi^""?) ^'^^' 

apx r^l (iv), 

1 1 

and a;'"« t (v). 

ah ^ ^ 

From (v) we see that there are two foci on the axis of 

X whose distances from the centre are ±a/( r). 

From (iv) we see that a diiectrix is the polar of the 
corresponding focus. 

If a = — , we can shew in a similar manner that there 

are two foci on the axis of y whose distances from the 

centre are ± a /(r ) . Of the two pairs of foci one is 

clearly real and the other imaginary, whatever the values 
of a and h (supposed real) may be. 

The eccentricity of a conic referred to a focus on the 
axis of re is from (iii) equal ^ k^ i^^hp *^® eccentricity 
referred to a focus on the axis of y will similarly b^ 
1 — j . If the curve be an ellipse a and h have the 



^/{ 
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same sign, and one of these eccentricities is realandHhe 
other imaginary. If however the curve be an hyperboki 
a and b have different signs and both eccentricities are 
real. 

In any conic, if e^ and e^ be the two eccentricities, we 
have 

e^ e* a — bb — a 

191. To find the eccentricity of a conic given by the 
general equation of the second degree. 

By changing the axes we can reduce the conic to the 
form 

aaj» + ^y + 7 = 0.., (i). 

If e be one of the eccentricities of the conic, 

a = /3(l-6') (u). 

But [Art. 52], we know that 

a + /3 = a + 6 (iii), 

and afi = ab''h^ (iv). 

Eliminating a and /3 from the equations (ii), (iii) and 
(iv), we have 

(2-Vy»^(a + 6r 

^+ abLk^ (e'^l)=^0 (V). 

If the curve is an ellipse, ab — h^ is positive, and one 
value of e* is positive and the other negative. The real 
value of e is the eccentricity of the ellipse with reference 
to one of the real foci, and the imaginary value is the 
eccentricity with reference to one of the imaginary foci. 

If the curve is an hyperbola both values of e* are 
positive, and therefore both eccentricities are real, as we 
found in Art. 190; we must therefore distinguish between 
the two eccentricities. 

The signs of a and /8 in (i) are different when the curve 
is an hyperbola ; and, if the sign of a be different fropi 
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that of 7, the real foci will lie on the axis of x. Hence 
to find the eccentricity with reference to a real focus; 
obtain the values of a and /8 from (iii) and (iv), then (ii) 
will give the eccentricity required, if we take for a that 
value whose sign is different from the sign of 7. 

JSx, Find the eooentricity of the ooxdiQ whose equation is 

«3-4ry_2y»+10j;+4y=0. 

The equation refeAed to the centre is o:^ - ^y - iy^ - 1 ;=:0. This will 
become a«*+/3y»-l=0, where a+/3=-l and aj3=-6. Hence o=2. 
/3=--3. The eccentricity with reference to a real focus is given by 
2=»-3(l-e^); therefor «=Vt. 

1 92. To find the foci of a conio* 

Let (of, 1/) be one of the foci of the conic 

aa? + 2hxi/ + bf + 2gx + 2fy + c=^ (i). 

^ The corresponding directrix of the conic is the polar of 
W> i/)j therefore its eqtiation is 

x{aaf '\-hy +g) + y {haf + by' +f) +gx' -^fy' + c=^0. 

The eqtiation of the conic may therefore be written in 
the form 

(x^xy^{tf'--yy'^X{xiax' + hy'+g)+y(hx' + by+f) 

+ffx'^Jy' + cY = (ii). 

Since (i) and (ii) represent the same curve, the coeffi- 
cients in (ii) must be equal to the corresponding coefficients 
in (i) Inultiplied by some constant. We. have therefore 

i-\(ax^ + h^ + gy ^ka, 

--\(ax'^hy+g) (hx'^by'+f) ^kh, 

l-\(hx' + by'+fy =^kb, 

-^o/^xlaaf + hy' + g) (^af+f^Z + c) ^kg, 

-y-\{haf + b/+f)(gx'+Jy' + c) ^kf 

and a?'' + 2?" - X {g^'+^' + cY =kc. 

From the fibrst three of the above equations we have 

(ax' + hj/+gy ^{ksf + bT/ +/') 

_ (ax' + hy'+g)(bx'-^by'+f) ..... 
1 \ ...^ui;. 
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Multiply the fourth and fifth equations by id, ^ leqiec- 
tively and add them to the sixth ; then, oomparing with 
the second, after rejecting the factor gii +fy' -f c, we get 

a' (a/ + Ay +5r) + y' Que' + 6/ +/) +gx +/y' + e 

jad + hxf +ff) (hx' + V +/) 

h~ ~' 

or ^ {d, yO = (^' + ¥ + y+V+/)...fi,). 

The four foci are therefore from (iii) and (iv) the four 
points of intersection of the two conies 

a-b h 

193. The equation of a conic referred to a focus as 
origin is «* + y* = «' {x oosa +y sina — p)*. 

Either of the lines x ± J— 1 y = meets the conic in 
coincident points. 

Hence the tangents from the focus to the conic are the 
imaginary lines x±y J- 1 = 0, or as one equation 

x' + f^O.. 

Since the equation of the tangents from a focus is in- 
dependent of the position of the directrix, it follows that 
if conies have one focus common they have two imaginary 
tangents common, and that confocal conies have four 
common tangents. 

Now if the origin and axes of co-ordinates be changed 
in any manner, the equation of the tangents from a focus 
will be changed from 

a.» + y« = 0to^ + y* + 2yaj + 2/y + c = 0. 

Hence the eqvxition of the tcmgerds to a conic from a 
focus satisfies the conditions for a circle. 

We may therefore find the foci of a conic in the 
following manner. 
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The equation of the tangents from {x, y) to the conic 

^(a?, y) = Ois 

{oaf + 2hxy + by^ + 2gx + 2/y + c) if> (x\ y ') 

= {a^'a; + A (a? y + y'^) + iy y +i7 (a? + a?') +/(y + yO + ^r* 
If [x , y) be a focus of the conic, this equation satisfies 
the conditions for a circle, viz. that the coefficients of a? 
and y' are equal, and that the coefficient of xy is zero. 

Hence we have 

«<A {^\ yO - («^' + V +^)" = H {^\ y') - {hx' + by' +/)», 

and h4>{x\y') = {ax+hy'-¥g)(hx*^h^^f). 

The foci are therefore the points given by 

{ax + hy+gy - Qix + 6y +/)' 

a — 6 

^ (aa? + Ay + y) (fea? + hy +/ ) ^ ^^^^ ^^ 

The equations giving the f6ci may be written 

\dx) \dy) _ dx dy _ . . 
a^b h " ^* 

194. To find the eqvxition of the axes of a conic. 

The axes of a conic bisect the angles between the 
asymptotes, and the asymptotes are parallel to the lines 
given by the equation a^+ 2hyx + by*=0 [Art. 174]. Hence 
[Art. 39] the axes are the straight Imes through the centre 
of the conic parallel to the lines given by the equation 

a; — y __ xy 

a — b'^h* 

We may also find the equation of the axes as follows. 

If a point P be on an axis of the conic, the line joining 
P to the centre of the conic is perpendicular to the polar 
of P. 

Let x\ y' be the co-ordinates of P, then the equation 
of the polar of P is 

x{ax''hhy-\'g)+y{hx'-^ by'+f) '{-gaf+fy+ c = 0...(i). 

S. C. s. 14 
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The equation of any line through the centre of the 

conic is ax + hy+ff + \{hx + by+f)=:0.. (ii). 

Since (ii) is perpendicular to (i), we have 
(a+XA) {ax+hj/+ff) + (A+\J) {hx+bi/+f)=0, . .(iii). 
Since (ii) passes through {x\ y'), we have 

ax+hy'+ff-i-X [hx' + by +f) = (iv). 

Eliminate X from (iii) and (iv), and we see that (x\ y') 
must be on the conic 

(ax + hy + gf- {hx + by +/)' _ {ax -^ hy + g) (hx -\- by +/) 

a-b ' ^ h 

which is the equation required. 

The equation of the axes may also be deduced frona 
Article 192 or 193; for one of the conies on which we have 
found that the foci lie passes through the centre, and 
therefore must be the axes. 

Ex. 1. Shew that all conies through the four foci of a conic are 
rectangular hyperbolas. 

Ex. 2. Prove that the foci of the conic whose equation is 

lie on the curves 

a-b h h^-ab" 
Ex. 3. Shew that the real foci of the conic 

{B3-6fl5y+y«-2aj-2y + 5=0are (1, 1) and (^ 2, -,2). 
Ex. 4. The co-ordinates of the real foci of 2aj* - Sxf/ - 4y' - 4y + 1 =0 

Ex. 5. The focus of the parabola »* + 2a5y +y^-4a;+8y-6=0is the 
point (-^, -|). 

Ex. 6. Shew that the product of the perpendiculars from the two 
imaginary foci of an ellipse on any tangent to the curve ia equal to the 
square of the semi-major axis. 

Ex. 7. Shew that the foot of the perpendicular from an imi^inary 
focus of an ellipse on the tangent at any point lies on the circle 
described on the minor axis as diameter* 



TANGENT AND NOBlflU^L A3 AXES. .211 

Bx. 8. If a circle hwe doable oontaot with an ellipse, shew that the 
tangent to the circle from any point on the ellipse yaries as the distance 
of that point from the chord of contact. 

195. To find the equation of a conic when the cuces 
of co-ordinates are the tangent and normal at any point 

The most general form of the equation of a conic is 

aa^ + 2hxy + 6y* + ^g^ + 2/^ + c = 0. 

Since the origin is on the curve, the co-ordinates (0, 0) 
will satisfy the equation, and therefore c = 0. 

The line y = meets the curve where ax^ -f 2gx = 0. 
If y == is the tangent at the origin, both the vtjues of x 
given by the equation 0^^+25^07 = must be zero; there- 
fore ^r = 0. 

Hence the most general form of the equation of a conic, 
when referred to a tangent and the corresponding normal 
as axes of x and y respectively, is 

aa;' + 2Aary + Jy* + 2/y = 0. 

Ex. 1, All chorda of a conic which subtend a right angle at a fixed 
point O on the conic, cut the normal at O in a fixed point. 

Take the tangent and normal at O for axes; then the equation 

of the conic will he 

ax^ + 2hxy + hy^+2fy = 0. 

Let the equation of PQ, one of Ijhe chords, he Ix+my -1=0. The 
equation of the lines OP, OQ wiU he [Art. 88] 

ax^+2hxy + hy*+2fy(lx + my)=0 (i). 

But OP, OQ are at right angles to one another, therefore the sum of 
the coefficients of a^ and y^ in (i) is zero. Hence we have a + h + 2/m=0 ; 
which shews that m is constant, and m is the reciprocal of the intercept on 
the normal. 

Ex. 2. If any two chords OP, OQ of a conic make equal angles with 
the tangenZ at 0, the line PQ will cut that tangent in a fixed point, 

196. The equation of Jhe normal at any point (x\ y) 
of the conic whose equation is a^ + iy* = 1 is 

^ — a?' __ y — y' 
ax' "^ by* ' 

14h— 2 
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This will pass through the point (h, k) if 

h — x k — y' 
ax' "" hy ' 
i.e. if a:y(a — 6)+ Ihy' — akx' ^=0. 

Therefore the feet of the normals which pass through a 
particular point (A, k) are on the conic 

xy (a — 6) -f hhy — akx = 0. (i). 

The four real or imaginary points of intersection of the 
conic (i) and the original conic are the points the normals 
at which pass through the point (A, k). 

The conic (i) is clearly a rectangular hyperbola whose 
asymptotes are parallel to the axes of co-ordinates, that is 
to the axes of the original conic. It also passes through 
the centre of that conic, and through the point (A, k) itself. 

197. If the normals at the extremities of the two 
chords Za?+ my — 1=0 and Vx + my — 1 = meet in the 
point (A, k)y then, for some value of X, the conic 

cwJ* + 63/"-l-X(& + my-l) (faj + w'y-l) =0...(i), 

which, for all values of X, passes through the four extremities 
of the two chords, will [Art. 196] be the same as 

xy (a —h) + hhy — akx = (ii). 

The coeflScients of x* and y', and the constant term are 
all zero in this last equation, and therefore they must be 
zero in the preceding. 

We have therefore 

a—XU'^O, 6-XmTO' = 0, and 1 + X = 0. 

Hence, if the normals at the ends of the chords 
Ix + my — 1 = and I'x + my — 1=0 meet in a point, we 
have 

W mm' , ,.... 

-r-=-i- W 



a 



198. By the preceding Article we see that normals to 
the ellipse whose axes are 2a, 2 J at the extremities of the 



NOBMALS. 213 

chords whose equations are 

Ix + my — 1 = 0, and Vx + my —1=0, 

will meet in a point, if 

a7r = 6Vw' = -l (i). 

If the eccentric angles of these four points be a, )8 and 
y, B, the equations of the chords will be 

- cos —5 h %- sm —5 — = cos -— 

a 2 z z 

, X y + S . y , y+B 7 — S 

and -cos^-5 — hrsm ^-5— =cos^— . 

a z z z 

We have therefore, by comparing with (i), 

COS-^^ cos ^-g— + COS — g— COS -^-^ = 0, 

, . a + . 7+S . a — /8 7-S ^ 

and sm— 3 — sm ^ ■ +cos — ^ — cos ' = 0. 

By subtraction, we have 

cos 2 = 0, 

whence a+/3rf-7 + 8= (2n + l) tt (ii). 

Also the first equation gives 

cos g-^^ h cos ^— 2"-^^ + cos '—^ — 

+ cos ~^—2~ — = ^> 
and, using the condition (ii), this becomes 

sin (a +^) + sin(/8 + 7) + sin(7 + a) -0...(iii). 

Ex. 1. If ABC be a maximum triangle inscribed in an ellipse, the 
normals at A,B, C toiU meet in a point. 

The eooentric angles will be a, a-(--^ t &zid a+-^ [Art. 138]. The 
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oondition that the nonoals meet in a point is [Art. 198 (iii)] 

Bin2«+Bin r2a+y^ +sin ^2a+y ^ =0, 
which is clearly true. 

Ex. 2. The normals to a central conic at the four points P, Q, R^ S 
meet in ajTotnt, and the circle through P, Q, R cuts the conic again in S^i 
shew that SS' is a diameter of the conic* 

8S* will be a diameter of the conic if R8 and R8' are parallftl to 
conjugate diameters [Art. 134]. 

Now if P«be Z«+«iy-l=:0,225 will be|a; + ^y + l=0 [Art 197]; 
also RS' will be parallel to 2d;~my=0, since P, Q, J2, S* are on a cixde; 

hence S*^ is a diameter, for [Art. 182] lx-my=0, and •jx+ -y=0 are 

conjugate diameters of ax^+hy^=l. 

[The proposition may also be obtained from Art. 198 (iJ), and 
Art. 186, Ex. (1).] 

Ex. 8. If Vie normals to an ellipse at At B^ C^ D meet in A pointy the 
axis of a parabola through A, B, C, D is paftMel to one or other of the 
equi'Conjugates, 

Jf htk he the point where the normals meet, ^, J!?, C, JD are the four 

points of intersection of the conies 

a* y» ^ , /I 1\ ^ jbr ^ 
-, + y^ = landxy(^-,-^-5) + ^.-,=.0. 

All conies through the intersections are included in the equation 

If this be a parabola the terms oif the second degree must be a perfect 

X V 
square, and therefore must be l^e square ot-dLj-. The equation of every 

such parabola is therefore of the form f-db^j -i-Ax+By+C^O. Their 

X it 
axes are therefore [Art. 172] parallel to one or other of the lines -±1=0. 

a o 

Ex. 4. The perpendicular from any point P on its polar with respect to 

a conic passes through a fixed point O; prove (a) tluit the locus of P is a 

rectangular hyperbola, (/9) that the circle circumscribing the triangle which 

the polar of P cuts off from the axes always parses through a fixed point O', 

(7) that a parabola whose focus is 0* will touch the axes and all such 

polarSf {8) that the directrix of this parabola is CO, where C is the centre 

of the conic f and («) that O and 0' are interchangeable. 
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Let the equation of the conic he -, + ^ = li and let (ft, A;) he the co-or- 
dinates of the fixed point 0. 

If the co-ordinates of any point P be {x\ y'), the equation of the line 
through P perpendicular to its polar with respect to the conic will be 

a» 6* 

or * ^.?^=a»-6*. 

If this line pass through the point (ft, ft), we have 

_,_=a«-ft^ (,). 

From (i) we see that {s^t /) is on a rectangtilar hyperbola (a). 

The equation of the circle circumscribing the triangle cut off from the 
axes by the polar of {x^t y') will be 

The circle will pass through the point (Xft, - \k) if 

x(;.H*.)=-^-^*. 

Hence,. if (a^, y') satisfies the relation (i), we have 

^"ft2 + ft** 
Hence the circles all pass through the point O' whose co-ordinates are 

W+k^^^jink' ^^'* 

The point 0' is on the circle circumscribing the triangle formed by the 
axes and any one of the polars; hence the parabola whose focus is 0' and 

which touches the axes will touch every one of the polars (7). 

The parabola touches the axes of the original conic, therefore the centre 
C is a point on the directrix of the parabola. Also the lines CO and 
C(y .make equal angles with the axis of x, which is a tangent to the 

parabola; therefore O' being the focus, CO is the directrix (d). 

Since CO'^C0=a^-h\ and CO, CO^ make equal angles with the 
axis of X, and are on the same side of the axis of y, the points and (?' 
are interchangeable <c), 

199. Definition. Two curves are said to be similar 
and similarly situated when radii vectores drawn to the 
first firom a certain point are in a constant ratio to 
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parallel radii vectores drawn to the second jfrom another 
point (7. 

Two curves are similar when radii drawn from two 
fixed points and 0' making a constant angle with one 
another are proportional. 

The two fixed points and 0' may be called centres of 
similarity. 

200. If one pair of centres of similarity exist for two 
curves, then there will he an infinite number of such pairs. 

Let 0, 0' be the given centres of similarity, and let 
OP, OF' be any pair ofparallel radii. Take G any point 
whatever, and draw OU parallel to OG and in the ratio 
QfP : OP. Then, from the similar triangles GOP, and 
CffP' we see that GP is parallel to GP^ and in a 
constant ratio to it ; which proves that (7, G are centres of 
similarity. 

201. If two central conies he similar the centres of the 
two curves will he centres of similarity. 

Let and (7 be two centres of similarity. Draw 
any chord POQ of the one, and the corresponding chord 
P'O'^ of the other. ThenbysuppositionPO. OQ:FO\ OQ 
is constant for every pair of corresponding chords. But 
since is a fixed point PQ . OQ is always in a constant 
ratio to the square of the diameter of the first conic which 
is parallel to it. The same applies to the other conic. 
Therefore corresponding diameters of the two conies are 
in a constant ratio to one another; this shews that the 
centres of the curves are centres of similarity. 

202. To find the conditions that two conies wxiy he 
similar and similarly situated. 

By the preceding Article, their respective centres 
are centres of similarity. 

Let the equations of the conies referred to those 
centres and parallel axes be 

a^'\'2hxy'{-hy*+c =0, 
and aV + 2A'a;y + 6y + c' = 0; 
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or, in polar co-ordinates, 

r" (acos* ^ + 2A sin cos O + b sin" ^ + c = 0, 
and r"* {a'cos*tf + 2A' sin ^cos ^H- 6' sin*^} + c' = 0. 
If therefore r* : r" be constant, we must have 

a cos'tf + 2A sin ^ cos ^ + 6 sin'^ 
a' cosV + 2A' sin ^ cos ^ + 6' sin" 
the same for all values of 0, 

n h h 

This requires that ~ = i/ = u • Hence the asymptotes 

of the two conies are parallel. [This result maybe obtained 
in the following manner : since r : r is constant, when one 
of the two becomes infinite, the other will also be infinite, 
which shews that the asymptotes are parallel.] 

Conversely, if these conditions be satisfied, and if each 
fraction be equal to X, then 

therefore the ratio of corresponding radii is constant, and 
therefore the curves are similar. 

If c and Xc' have not the same sign the constant ratio 
is irndginary, and is zero or infinite if o or c' be zero. 

The conditions of similarity are satisfied by the three 
curves whose equations are 

vcy = c, xy = 0, and xy = —c. 

Therefore an hyperbola, the conjugate hyperbola, and 
their asymptotes are three similar and similarly situated 

curves ; the constant ratio being ij —1 for the conjugate 
hyperbola, and zero for the straight lines. 

These curves have not however the same shape. For 
similar curves to have the same shape the constant ratio 
must be real and finite. 

203. To find the condition that two conies may be 
similar although not similarly situated. 

We have seen that the centres of the two curves must 
be centres of similarity. 
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Let the equations of the curves referred to their 
respective centres be 

ax* + 2hxy +bi^ + c —0 (i), 

aV + 2A'^ + 6y + (^ = ; (ii), 

and let the chord which makes an angle 6 with the axis of 
a in the first be proportional, for all values of d, to that which 
makes an angle {0 + a) in the second. If the axes of the 
second conic oe turned through the angle a, we shall Ihen 
have radii of the two conies which make the same angle 
with the respective axes in a constant ratio. 

Let the equation of the second conic become 

j[y+ 2£ra:y + Jsy + c' =a 

Then, by the preceding Article, we must have 

a ""T"" b' 

therefore ^^^- - ^{A^B'-^E^) 

therefore a+b " ^{ab^h') ' 

But [Art.52] A'+B^^a'+V, and ul'jB'-ir^= a'6'-A''; 
therefore the condition of similarity is 

(a+6)^~(a' + 6y 

The above shews that the angles between the asymp- 
totes of similar comes are equal [See Art. 174.] 

This result may also be obtained in the following 
manner : since radii vectores of the two curves which are 
inclined to one another at a certain constant angle are in a 
constant ratio, it follows that the angle between the two 
directions which give infinite values for the one curve 
must be equal to the corresponding angle for the other, 
that is to say the angle between the asymptotes of the one 
conic is equal to the angle between the asymptotes of the 
other. 



EXAMPLES ON CHAPTER X. 219 



Examples on Ohapteb X. 

1. If Q and F be any two points, and G the centre of a 
oonic; shoW that the perpendiculars from Q and G on the polar 
of P with respect to the conic, are to one another in the same 
ratio as the perpendiculars from F and G on the polar of Q. 

2. Two tangents drawn to a conic from any point are in 
the same ratio as the correspondiug normals. 

3. Find the loci of the fixed points of the examples in 
Article 195, iot different positions of on the conic. 

4. FOQ is one of a system of parallel chords of an ellipse, 
and O is the point on it such that PO* + OQ* is constant; shew 
that, for different positions of the chord, the locus of is a 
concentric conic 

5. If be any fixed point and OFF' any chord cutting a 
conic in F, P, and on this line a point J) be taken such that 

+ ^^,o 4 the locus of D will be a conic whose centre 



OB^ "^ OF* OF'* 
isO. 

6. If OFFQQ' is one of a system of parallel straight lines 
cutting one given conic in P, P' and another in Q, §', and is 
such that the ratio of the rectangles OF. OF and OQ, OQ' is 
constant; shew that the locus of is a conic through the inter- 
sections of the original conies. 

7. FOF'y QOQ^ are any two chords of a conic at right 
angles to one another through a fixed point 0; shew that 

PO.OF -^ QO.OQ' ^ constant. 

8. If a point be taken on the axis>major of an ellipse, 

whose abscissa is equal to a .1 -, — vg? proVe that the sum of 

the squares of the reciprocals of the segments of any chord 
p&ssing through that point is constant. 
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9. If FF be any one of a system of parallel chords of 
a rectangular hyperbola, and A^ A' be the extremities of the 
perpendicular ' diameter ; FA and F'A' will ipeet on a fixed 
circle. Shew also that the words rectangular hyperbola, and 
circle, can be interchanged. 

1 0. If FSF be any focal chord of a parabola and PJf, FM* 
be perpendiculars on a fixed straight line, then will 

FM FW 

FS ■*■ F^' 
be constant. 

1 1. Chords of a circle are drawn through a fixed point and 
circles are described on them as diameters; prove that the 
polar of the point with regard to any one of these circles 
toilches a fixed parabola. 

1 2. From a fixed point on a conic chords are drawn making 
equal intercepts, measured from the centre, on a fixed diameter; 
find the locus of the point of intersection of the tangents 
at their other extremities. 

13. If (a/, y) and (as", y") be the co-ordinates of the 
extremities of any focal chord of an ellipse, and £c^ ^ be the 
co-ordinates of the middle point of the chord ; shew that y' y' 
will vary as x. What does this become for a parabola 1 

14. S, H are two .fixed points on the axis of an ellipse 
equidistant from the centre C; FSQy FHQ' are chords through 
them, and the ordinate MQ is produced to i? so that MR may 
be equal to the abscissa of Q' ; shew that the locus of i? is 
a rectangular hyperbola. 

15. Sy H are two fixed points on the axis of an ellipse 
equidistant from the centre, and FSQ^ FHQ' are two chords of 
the ellipse; shew that the tangent at F and the line QQf make 
angles with the axis whose tangents are ii^ a constant ratio. 

16. Two parallel chords of an ellipse, drawn through the 

foci, intersect the curve in points P, F on the same side of the 

major axis^ and the line through P, F intersects the semi-axes 

AC^ £G* 
CAf CB in 27, F respectively : prove that Yrnt + xrrn ^ invariable. 
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17. From an external point two tangents are drawn to an 
ellipse ; shew that if the four points where the tangents cut 
the axes lie on a circle, the point from which the tangents are 
drawn will lie on a fixed rectangular hyperbola. 

18. Prove that the locus of the intersection of tangents to 
an ellipse which make equal angles with the major and minor 
axes respectively, but which are not at right angles, is a rect- 
&ngalar hyperbola whose vertices are the foci of the ellipse. 

19. If a pair of tangents to a conic meet a fixed diameter 
in two points such that the sum of their distances from the 
centre is constant; shew that the locus of the point of intersec- 
tion is a conic. Shew also that the locus of the point of inter- 
section is a conic if the product^ or if the sum of the reciprocals 
be constant. 

20. Through 0, the middle point of a chord AB of an 
ellipse^ is drawn any chord FOQ, The tangents at F and Q 
meet AB in S and T respectively. Prove that AS= BT. 

21. Pairs of tangents are drawn to the conic aa^ + ^y' = 1 
BO as to be always paraUel to conjugate diameters of the conic 
oaf + 2Aa;y + h^ = 1 ; shew that the locus of their intersection is 

aa^ + by' + ^hxy = - + — , 

a p 

22. PTy FT' are two tangents to an ellipse which meet the 
tangent at a fixed point Q \il Ty T ', find the locus of F (i) 
when the sum of the squares of ^2* and QT' is constant, and (ii) 
when the rectangle QT. QT is constant. 

23. is a fixed point on the tangent at the vertex ^ of a 
conic, and jP, wP, are points on that tangent equally distant 
from 0; shew that the locus of the point of intersection of the 
other tangents from F and P' is a straight line. 

24. If from any point of the circle circumsdribing a given 
square tangents be drawn to the circle inscribed in the same 
square, these tangents will meet, the diagonals of the square 
in four points lying on a rectangular hyperbola. 
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25^ Find the locus of the point of intersection of two 
tangents to a conic which intercept a constant length on a fixed 

straight line. 

« 

26. Two tangents to a conic meet a fixed straight line MN 
in P, Q: if JP, Q be such that PQ subtends a Hght angle 
at a fixed point 0, prove that the locus of the point of inter- 
section of the tangents will be another conic. 

27. The extremities of the diameter of a circle are joined 
to any point, and from tliat point two tangents are drawn to tbe 
circle; shew that the intercept on the perpendicular diameter 
between one line and one tangent is equal to that between tbe 
other line and the other tangent. 

28. Triangles are described about ^n ellipse on a given base 
which touches the ellipse at P; if the base angles be equidistant 
from the centre, prove that the locus of their vertices is the 
normal at the other end of the diameter through P. 

29. A parabola slides between rectangular axes; find the 
curve traced out by any point in its axis; and hence shew that 
the focus and vertex will describe curves of which the equations 
are a^y = a» (re* + 3/*), a:«y' (a* + y" + 3a») = a*, 

4a being the latus rectum of the parabola. 

30. If the axes of corordinates be inclined to one another 
at an angle a, and an ellipse slide between them, shew that the 
equation of the locus of the centre is 

sin'a (ic* + y» - p')" - 4 cos'a (a*y* sin'a - y*) = 0, 

where j9* and ^ denote respectively the sum of the squares and 
the product of the semi-axes of the ellipse. 

31. If OPy OQ are two tangents to an ellipse, and 
C-P'; CQ^ the parallel semi-diameters, shew that 

OF.OQ-i- CF. Cq = OS. OH, 

Sy H being the foci. 

32. Through two fixed points P, Q straight lines APB, CQD 
are drawn at right angles to one another, to meet one given 
straight line \n Ay G and another given straight line perpoa- 
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diculat to the former in JB, D ; find the locus of the point of 
intersection of AI)^ BG ; and shew that, if the line joining 
I* and Q subtend a right angle at the point of intersection of 
the given lines, the locus >v^ill be a rectangular hyperbola. 

33. Prove that the locus of the foot of the perpendicular 
from a point on its polar with respect to an ellipse is a rect* 
angular hyperbola, if the point lies on a fixed diameter of the 
ellipse. 

34. The polars of a point F with respect to two concentric 
and co-axial conies intersect in a point Q; shew that if F 
moves on a fixed straight line, Q will describe a rectangular 
hyperbola. 

35. Shew that if the polars of a point with respect to two 
given conies are either parallel or at right angles the locus of 
the point is a conic. 

36. The line joining two points A and B meets the two 
lines OQ, OF in Q and F. A conic is described so that OF and 
OQ are the polars of 4 and B with respect to it Shew that 
the locus of its centre is the line OB where B divides AB so 
that 

AB : BB :: QB : BF. 

37. Find the locus of the foci of all conies which have a 
common directorrcircle and one common point. 

38. Shew that the locus of the foci of conies which have a 
given centre and touch two given straight lines is an hyperbola. 

39. Jn the conic aa^+ Ihacy + 6^ = 2y, the rectangle under 
the focal distances of the origin is 

1 

40. The focus of a conic is given, and the tangent at 
a given point j shew that the locus of the extremities of 
the conjugate diameter is a parabola of which the given focus 
is focus. 

41. A series of conies have their foci on two adjacent sides 
.of a given parallelogram and touch the other two sides; shew 

that their centres lie on a straight line. 
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42. If TF, TQ be tangents drawn from any point T to 
touch a conic in P aifd Qy and if 8 and H be the fod, then 

SPTSQ" HF . HQ' 

43. An ellipse is described concentric with and touching a 
given ellipse and passing through its foci ; shew that the locus 
of the foci of the variable ellipse is a lemniscate. 

44. Having given five points on a circle of radius a] shew 
that the centres of the five rectangular hyperbolas, each of which 
passes through four of the points, will all lie on a circle of 

radius ^ . 

45. If a rectangular hyperbola have its asymptotes parallel 
to the axes of a conic, the centre of mean position of the four 
points of intersection is midway between the centres of tlie 
curves. 

46. Three straight lines are drawn parallel respectively to 
the three sides of a triangle; shew that the six points in 
which they cut the sides lie on a conic. 

47. If the normal at P to an ellipse meet the axes in the 

2 11 

points (r, G'j and be a point on it such that ^jz - -^ + -7^ ; 

then will any chord through subtend a right angle at jP. 

48. Through a fixed point of an ellipse two chords 
OPy OF are drawn; shew that, if the tangent at the other 
extremity 0' of the diameter through cut these lines pro- 
duced in two points (?, Q such that the rectangle O'Q, ffQ is 
constant, the line FF* will cut 00' in a fixed point. 

49. A chord LM is drawn parallel to the tangent at any 
point jP of a conic, and the line FR which bisects the angle 
LFM meets LMia F; prove that the locus of 7? is a hyperbola 
having its asymptotes parallel to the axes of the original conic 

50« A given centric couic is touched at the ends of a 
chord, drawn through a given point in its transverse axis, by 
another conic which passes through the centre of the former : 
prove that the locus of the centre of the latter conic is also a 
centric conic 
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51. QQ' is a cHord of an ellipse parallel to one of the equi- 
conjugate diameters, C being the centre of the ellipse; shew 
that the locus of the centre of the circle QGQ' for different 
positions of QQ' is an hyperbola. 

52. A circle is drawn touching the ellipse -8 + ^ = 1 at 

any point and passing through the centre; shew that the locus 

of the foot of the perpendicular from the centre of the ellipse 

on the chord of intersection of the ellipse and pircle is the 

a*b* 
ellipse aV 4- by = j^r-yy • 

53. Find the value of c in order that the hyperbola 

2xy — c = may touch the ellipse -» + tj — 1 = 0, and shew that 

the point of contact will be at an extremity of one of the 
equi-conjugate diameters of the ellipse. 

Shew also that the polars of any point with respect to the 
two curves will meet on that diameter. 

54. Shew that, if CD, EF be parallel chords of two circles 
which intersect in A and B, a conic section can be drawn 
through the six points A, B, Cy D, E, F; and give a construc- 
tion for the position of the major axis, 

55. If the intersection P of the tangents to a conic at two 
of the points of its intersection with a circle lie on the circle, 
then the intersection P of the tangents at the other two points 
will lie on the same circla In this case find the relations con- 
necting the positions of P and P' for a central conic, and deduce 
the relative positions of P and P' when the conic is a parabola, 

56. If T, T be any two points equidistant and on 
opposite sides of the directrix of a parabola, and TP^ TQ 
be the tangents to the parabola from T^ and T'Q\ TF the 
tangents from T\ then will T, P, ©, T, P', §' all lie on a rect- 
angular hyperbola. 

57. If a straight line cut two circles in ^, A' and B^ B 
and if (7, G* be the common points of the circles, and if be 
any point; shew that the three circles OAA!^ OBS and OCQ* 
will have a <^mmou radical axis, , 

& C. S. 15 
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58. With a fixed point for centre circles are described 
cutting a conic; shew that the locus of the middle points of the 
common chords of a circle and of the conic is a rectangolar 
hyperbola. 

69. "With a fixed point for centre any circle is described 
cutting a conic in four points real or imaginary; shew that 
the locus of the centres of all conies through these four points 
is a rectangular hyperbola, which is independent of the radius 
of the circle. 

60. The normals at the ends of a focal chord of a conic 
intersect in and the tangents in jT; shew that TO produced 
will pass through the other focus. 

61. If from any point four normals be drawn to an ellipse 
meeting an axis in &j, G^^ G^ G^ then will 

1111 4 

+ 



CG^ CG^ CG^ CG^ CG^ + CG^-hOG^ + CG/ 

62. If the normals to an ellipse Sit A, B, G, D meet in 0, 
find the equation of the conic ABGDOy and shew that the 
locus of the centre of this conic for a fixed point is a straight 
line if the ellipse be one of a set of co-axial ellipses. 

63. The four normals to an ellipse at P, Q, E, S meet at 0* 
Straight lines are di'awn from P, Q, R, S such that they make 
the same angles with the axis of the ellipse as CPy GQy CRy OS 
respectively : prove that these four lines meet in a point. 

64. The normals at P, Q, R, S meet in a point and lines 
are drawn through P, §, P, S making with the axis of the 
ellipse the same angles as OP, OQy OR, O/S^ respectively: prove 
that these four lines meet in a point. 

65. The normals at P, Qy R, S meet in a point; and 
P', Q^y P', /S" are the points of the auxiliary circle correspond- 
ing to P, Q, P, S respectively. If lines be drawn through 
•P, Qf ^y ^ parallel to F'C, Q'G, R'G and S'O respectively, shew 
that they will meet in a point. 

66. If from a vertex of a conic perpendiculars be drawa 
to the four normals which meet in any point 0, these lines 
will meet the conic again in four points on a circlok 
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67. Tangents are drawn from any point on the conic 

— « + rs = 4: to the conic -i + ?= = 1 : prove that the normals at 
or or o' ^ ' 

the points of contact meet on the conic aV+ 5'y*= f — - — j . 

68. If ABC be a triangle inscribed in an ellipse such that 
the tangents at the angular points are pai*allel to the opposite 
sides, shew that the normals at A, B, C will meet in some 
point O, Shew also that for different positions of the triangle 
the locus of will be the ellipse 4aV + 46y = (a* — b')'. 

69. If the co-ordinates of the feet of the normals to xf/ = a 
from the point {X,Y) be a;,, y,; x^, y,; x^, y^; x^, y^\ then 

70. , The locus of the point of intersection of the normals 
to a conic at the extremities of a chord which is parallel to a 
given straight line, is a conic. 

71. Any tangent to the hyperbola 4a^ = a6 meets the 
ellipse -j + o = 1 ^ points P, ©; shew that the normals to the 

ellipse at F and Q meet on a fixed diameter of the ellipse. 

72. If four normals be drawn from the point to the 
ellipse Vix? + a'y* = a*6*, and PytP^t Pay P4 ^ t^® perpendiculars 
from the centre on the tangents to the ellipse drawn at the feet 
of these normals, then if 

i. Jl JL Jl-1 

Pi Pa Pz P^ <^ 

where c is a constant, the locus of is a hyperbola. 

73. Find the locus of a point when the sum of the 
squares of the four normals from it to an ellipse is constant 

74. The tangents to an ellipse at the feet of the normals 

which meet in (^^) form a quadrilateral such that if {x',y)y {x'\y*') 

XX "?/ 7/ 
be any pair of opposite vertices — ,- = '^ji~ = — 1, and that the 

equation of the line joining the middle points of the diagonals 
of the quadrilateral is ^ + ^y = 0. 

75. Tangents are drawn to an ellipse at four points which 
are such that the normals at those points co-intersect; and four 
rectangles are constructed each having two adjacent sides along 

15-2 



228 jBXAHPLES OX CHAPTER X. 

the axes of the ellipse, and one of those tangents for a diagonal. 
Prove that the distant extremities of the other diagonals lie 
in one straight line. 

76. From a point F normals are drawn to an ellipse 
meeting it in A, B, C, D, If a conic can be described passing 
through A, Bj Gj I) and a focus of the ellipse and touching the 
corresponding directrix, shew that F lies on one of two fixed 
straight lines. 

77. If the normals set A^ B^ C, D meet in a point 0, then 
wiU SA . SB . JSG. SD^^h" . S0\ where Si&s, focus, 

78. From any point four normals are drawn to a rect- 
singular hyperbola; prove that the sum of the squares on these 
normals is equal to three times the square of the distance of 
the point from the centre of the hyperbola. 

79. A chord is drawn to the ellipse -1 + 0^=1 meeting the 
major axis in a point whose distance from the centre is 






At the extremities of this chord normals are drawn 



to the ellipse; prove that the locus of their point of intersection 
is a circle. 

80. The product of the four normals drawn to a conic from 
any point is equal to the continued product of the two tangents 
drawn from that point and of the distances of the point from 
the asymptotes. 

81. Find the equation of the conic to which the straight 
lines {x + Xy )* - p* = 0, and (x + /my)' — g^ = are tangents at the 
ends of conjugate diameters. 

82. From any point T on the circle a;* + y' = c", taDgents 

TF, TQ are drawn to the ellipse -, + ^ = 1, and the circle TPQ 

cuts the ellipse again in F^Q^, Shew that the line P^ 
always touches the ellipse 

x' i/_ c* 

83. A focal chord of a conic cuts the tangents at the 
ends of the major axis in A^ B\ shew that the circle on ^1^ as 
diameter has double contact with the conic. 
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84» ABCD is any rectangle circumscribing an ellipse whose 
foci are S and H", shew that the circle ABS or ABH is equal 
to the auxiliary circle. 

85. Any circle is described having its centre on the 
tangent at the vertex of a parabola^ and the four common 
tangents of the circle and the parabola are drawn; shew that 
the sum of the tangents of the angles these lines make 
with the axis of the parabola is zero. 

86. Tangents to an ellipse are drawn from any point on 
the auxiliary circle and intersect the directrix in four points : 
prove that two of these lie on a straight line passing through 
the centre, and find where the line through the other two 
points cuts the major axis. 

87. If w = 0, t? = be the equation of two central conies, 
and u^ % the values of w, v at the centres (7, C" of these conies 
respectively, shew that u^v = v^u is the equation of the locus of 
the intersection of the lines CP, G'P', where P, P* are two points, 
one on each curve, such that PF is parallel to CC\ Examine 
the case where the conies are similar and similarly situated. 

88. Two circles have double internal contact with an 
ellipse and a third circle passes throagh the four points of 
contact. If t, f', T be the tangents drawn from any point on 
the ellipse to these three circles, prove that «' = T^» 

89. Pind the general equation of a conic which has 
double contact with the two circles (a5-a)*+y*=c*, (a5— 6)'+y*=(r, 
and prove that the equation of the locus of the extremity of 
the latus rectum of a conic which has double contact with the 
circles (a: =fe a)* + j/" = c* is y* (a" - a*) (ic* - a' + c*) = c V. 

90. Shew that the lines Ix + my = 1 and Vx + m'y = 1 
are conjugate diameters of any conic through the intersections 
of the two conies whose equations are 

(^w' - r*wi)iB* + 2 (Z - V) mm'xy + (w - m') mm^'kf = 2 (/m' - Tm) re, 

and- 

(m*Z'-m"02/' + 2 (m-mO ll'xy-\r{l-r) IX^ =^^ (ml '-n^V)y, 

91. If through a fixed point chords of an ellipse be drawn, 
and on these as diameters circles be described, prove that the 
other chord of intiersection of these circles with the ellipse also 
passes through a fixed point. 
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92. The angular points of a triangle are joinidd to two 
fixed points ; shew that the six points, in which the joining 
lines meet the opposite sides of the triangle, lie on a conic. 

93. If three sides of a quadrilateral inscribed in a conic 
pass through three fixed points in the same straight line, shew- 
that the fourth side will also pass through a fixed point in that 
straight line. 

94-. Two chords, of a conic PQ, FQ intersect in a fixed 
point, and FP passes through another fixed point. Shew that 
QQ also passes through a fixed point, and that PQ[y PQ touch 
a conic having double contact with the given conic. 

95. A line parallel to one of the equi-cou jugate diameters 
of an ellipse cuts the tangents at the ends of the major axis 
in the points P, $, and the other tangents from P, Q to the 
ellipse meet in \ shew that the locus of is a rectangular 
hyperbola. 

96. Z, Jf, i\r, R are fixed points on a rectangular hyper- 
bola and P any other point on it, PA is perpendicular to LU 
and meets NB in a, PC is perpendicular to LN and meets MR 
in c, PB is perpendicular to LB, and meets MN in 6. Prove 
that P^ . Pa==P^. P6 = PC . Pc. 

97. P is any point on a fixed diameter of a parabola 
The normals from P meet the curve in -4, P, C. The tangents 
parallel to PA, PB, PC intersect in A', B\ C. Shew that the 
ratio of the areas of the triangles ABC, A' EC is constant 

98. A point P is taken on the diameter ^iP of a circle 
whose centre is C7. On -4P, BP as diameters circles are 
described : the locus of the centre of a circle which touches 
these three circles is an ellipse having C for one of its foci. 

99. The straight lines from the centre and foci S, S' of a 
conic to any point intersect the corresponding chord of contact 
in F, G, G'; prove that the radical axis of the circles described 
on SGf S^ff as diameters passes through F. 

100. If the sides of a triangle ABC meet two given 
straight lines in «„ a,; 6j, b^; Cp c, respectively; and if round 
the quadrilaterals h'\c^c^, ^i^a'^fiat ^x^J^iK conios he de- 
scribed; the three otner common chords of these conies will 
each pass through an angular point of ABC, and will all meet 
in a point. 



CHAPTER XI. 

SYSTEMS OF CONICS. 

204. The most general equation of a conic, viz. 

aa? +2hxy •Yh'f + 2gx + 2/y + c= 0, 

contains the six constants a, A, i, g^ f, c. But, since we 
may multiply or divide the equation by any constant 
quantity without changing the relation between x and y 
which it indicates, there are really only five constants 
whicli are fixed for any particular conic, viz. the five ratios 
of the six constants a, A, b, g,f, c to one another. 

A conic therefore can be made to satisfy five conditions 
and no more. For example a conic can be made to pass 
through five given points, or to pass through four given 
points and to touch a given straight line. The five con- 
ditions which the conic has to satisfy give rise to five 
equations between the constants, and five independent 
equations are both necessary and sufl&cient to determine 
the five ratios. 

The given equations may however give more than one 
set of values of the ratios, and therefore more than one 
conic may satisfy the given conditions; but the number 
of such conies will be finite if the conditions are really 
independent. 

If there are only four (or less than four) conditions 
given, an infinite number of conies will satisfy them. 

The five conditions which any conic can satisfy must 
be such that each gives rise to one relation among the 
constants; as, for instance, the condition of passing through 
a given point, or that of touching a given straight line. 
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Some conditions give two or more relations between 
the constants, and any such condition must be reckoned 
as two or* more of the five. We proceed to give some 
examples. 

In order that a given point may be the centre two 
relations must be satisfied [Art 168]. 

To have a focus given is equivalent to having two 
tangents given [Art. 193]. 

To have given that a line touches a conic at a given 
point is equivalent to two conditions, for we have two 
consecutive points on the curve given. 

To have the direction of an asymptote given is equiva- 
lent to having one point (at infinity) given: 

To have the position of an asymptote given is equivalent 
to two conditions, for two points (at infinity) are given. 

To have the axes given in position is equivalent to 
three conditions. 

To have the eccentricity given is in general equivalent 

to one condition, but smce we haver; — ■\'=^- — , ,« 

1 — ^ ao'-ii 

[Art. 191], if we are given that e = 0, we must have loth, 

a = b and A = 0. 

205. Through five points, no four of which are in a 
straight line, one conic and only on^e can he drawn. 

If three of the points are in a straight line, the conic 
through the five given points must be a pair of straight 
lines; for no straight line can meet an ellipse, parabola, or 
hyperbola in ihree points. And the only pair of straight 
lines through the five points is the line on which the three 
points lie and the line joining the other two points. 

If however not more than two of the points are on any 
straight line, take the line joining two of the points for 
the axis of a?, and the line joining two others for the 
axis of y. 

Let the co-ordinates of the four points referred to these 
axes be Aj, ; A, , ; 0, h^ ; and 0, k^ respectively. 



OONICS THROUGH FOUR POINTS. 233 

The pairs of straight lines f^ + ^-^l\ ^^ + 1-1^=0 

and xy = are conies which pass through the four points. 
Hence [Art. 187] all the conies given by the equation 

will pass through the four points. 

This conic will go through the fifth point, whose co- 
ordinates are x\ y, if \ be so chosen that 

There is one and only one value of \ which satisfies 
this last equation, and therefore one and only one conic 
will pass through the five points. 

If four points lie on a straight line, more than one 
conic will go through the five given points, for the straight 
line on which the four points lie and any straight line 
through the fifth is such a conic. 

Ex. 1. Find the equation of the conio passing through the five points 

(2, 1) (1, 0), (3, -1), (-1, 0) and (3, -2). 
The pairs of lines (aj-y-l) (a5+4y+l)=0, and y (2a;+y-6)=0, pass 
through the first four points, and therefore also the conio 

(a5-y-l)(a! + 4y+l)-Xy(2x+y-6)=0. 
The point (3, - 2) is on the latter conio if X= - 8 ; therefore the required 
equation is x' + 19xy + 4y ' - 46y -1=0. 

Ex. 2. Find the equation of the conic which passes through the five 
points (0, 0), (2, 3), (0, 3), (2, 5) and (4, 5). 

Atu. 5x*-10ajy + 4y« + 20aB-12y=0. 

206. To find the general equation of a conic through 
four fixed points. 

Take the line joining two of the points for axis of 
ar, and the line joining the other two for axis of ^, and 
let the lines whose equations are ax + 6y — 1 = and 
ax + 6 y — 1 = cut the axes in the four given points. 

Then xy = 0, and {ax + 6y — 1) (a'a? -^Vy — l) =^0 are 
two conies through the four points, and therefore all the 
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conies of the system are included in the equation 

\xy + (cw? + 6y - 1) (a'a? + Vy - 1) = (i), 

or aaa? + (6a' + aJ' + \) ay + hVj^ 

-(a + a')a:-(6 + 6')y + l = (ii). 

207. The equation (ii), Art. 206, will represent a 
parabola, if the terms of the second degree are a perfect 
square; that is, if 

4aaW=^(ba+ai'+\)\ 

This equation has two roots, therefore two parabolas 
will pass through four given points. These parabolas 
are real if the roots of the equation are real, which 
is the case when aa'bb' is positive. It is easy to shew 
that when aabV is negative the quadrilateral .is re-en- 
trant; in that case the parabolas are imaginary, as is geo- 
metrically obvious. 

When the terms of the second degree in (ii). Art. 206, 

form a perfect square, the square must be {Jaax ± Jbb'y)\ 
Hence [Art. 172], the axes of the two parabolas are parallel 

to the lines whose equations are Jaax ± jWy = 0, or as 
one equation aaa? — bVy^=^ 0. 

These two straight lines are parallel to conjugate di- 
ameters of any conic through the four points [Art. 183]. 

Hence all conies through four given points have a pair 
of conjugate diameters parallel to the axes of the two pa- 
rabolas through those points. 

208. To find the locus of the centres of the conies whid 
pass through four fixed points. 

As in Art. 206, the equation of any conic of the 
system is 

'kxy+^ax + hy-l) {a'x + Vy -1) ==0. 

The co-ordinates of the centre of the conic are given 
by the equations 

\y + a (a'a? + 5y — l)-f a'(aa?-h Jy — 1) ==0, 
and \x + h {aa + h'y ^l) + V {ax + by- 1) =0. 



CONICS THROUGH FOUR POINTS. 235 

Multiply these by x and y respectively and subtract ; 
then we have, for all values of X, 

(ax—hy) {a'x + Vy -^1) + (ax — Vy) (ax+ hy—l) = 0, 

or ^ 2aaV-265y-(a + a')a; + (5 + 6')y = 0. 

The locus of the centre is therefore a conic whose 
asj'mptotes are parallel to the lines aaV— 66'i/* = 0, i.e. 
parallel to the axes of the two parabolas through the four 
points. [The two parabolas are conies of the system, and 
their centres are therefore the points at infinity on the 
centre-locus.] 

209. The centre-locus in Art. 208 goes through the 
origin, that is through the point of intersection of the line 
joining two of the points and of the line joining the other 
two; and by symmetry it must go through the intersection 
of the other pairs of lines through the four points. [This 
could have been seen at once, for the pairs of lines are 
conies of the system and their centres are their points of 
intersection, and therefore these points of intersection are 
points on the centre-locus.] 

The centre-locus cuts the axis of x where a? = and 

where a? = J (- + -J . Therefore the locus passes through 

the point midway between (-, o] and f-, 0), that i 

through the middle point of the line joining two of the 
fixed points, and therefore similarly through the middle 
point of the line joining any other two of the four points. 

If then A, B, C, D be any four points, the three points 
of intersection of AB and OjD, of ^C and BD, and o{ AD 
and BO, together with the six middle points of AB, BG, 
CA, AD, BD and CD all lie on a conic, and this conic is 
the locus of the centres of the conies which pass through 
the four points A, B, C, D. 

210. If (wf and hV have the same sign, we see from 
Art. 208 that the centre-locus is an hyperbola, and that if 
aa and hV have different signs the centre-locus is an ellipse. 



IS 
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If ad = hh\ that is if the four points are on a circle, the 
centre-locus is a rectangular hyperbola. If (w! ^-^ hb\ 
and the axes are at right angles, all the conies of the 
system are rectangular hyperbolas, and the centre-locus is 
a circle. In this case the lines joining any two "of the 
points is perpendicular to the line joining the other two, 
so that D is the ortho-centre of the triangle ABG. 

Hence a circle will pass through the feet of perpendi- 
culars of a triangle ABG and through the middle points 
of AB, BO, CA, AD, BD, CD where D is the ortho-centre 
of the triangle ABC, and this circle is the locus of the 
centres of all the conies (which are all rectangular hyper- 
bolas) through A, B, C, 2), This circle is called the nine- 
point circle. 

211. The asymptotes of any conic through the four 
points defined as in Art. 206, are parallel to the lines 

\ay -h (ax + 6y) (a'x + Vy) = 0, 

or ado? + (X + ah' + db) xy + hhY = 0. 

And [Art. 183] these lines are parallel to conjugate dia- 
meters of the centre-locus. Hence the asymptotes of any 
conic through the four points are parallel to conjugate dia- 
meters of the centre-locus; as apartidular case, the asymp- 
totes of the rectangular hyperbola which passes through 
the four points are parallel to the axes of the centre-locus. 

Ex. 1. The polar of a fixed point with respect to a system of comc3 
through four given points will pass through a fixed point. 

TsJse the fixed point for origin, and let 

5 = aac* + 2Aay + 6y» + 2(7a; + 2/y + c = 0, 
and S' = a'(i^+2h!xy + hY + 2grx+2fy + e=0, 

be two of the conies; then any conic of the system is given by 5- X5'=0. 
The polar of the origin is 

^--^.^^ gx+fy'\-e-'\{(fx+fy + e)=0, 

and this, fo^ all values of X, passes through the intersection of 

(fx +fy + c = 0, and s^x +/'y + </= 0. 

Ex. 2. The locu)ii of the poles of a given straight line with respect to 
the conies which pass through four given points is a conic. 

Take the fixed straight line for the axis of x, and let the equation 
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of anj conic of the system be as in Ex. 1. The polar of (a^, y^ is 
x{(u;^ + hy'+g) + y{hx' + b!^+f)+ga^+/y'+c 

-x)x(aV+Ay+^')+y(*'^'+fty+/')+^^+/y'+c'}=o. 

If this is the same line as y=0, the coefficient of x and the constant 
term most be zero. Equate these to zero and eliminate X. 

Ex. S. Shew that the locos of the pole of a given strught line 
with respect to any conic which passes through the angular points of 
a given sqnare is a rectangular hyperbola. 

[Take for axes the lines through the centre of the sqnare parallel 
to the sides ; then the conies are given by x' - a' - X (y' - a') = 0.] 

Ex. 4. The nine-point circles of the four triangles determined by 
four given points meet in a point. 

212. If a = and /3 = are the equations of one pair 
of straight lines through four given points, and 7 = 0, 
8 = the equations of another pair, any conic through 
the four points has an equation of the form 

a^ = kyS. 

Now, if a =^ be the equation of a straight line and 
the co-ordinates of any point be substituted in a, the 
result is proportional to the perpendicular distance of the 
point from the line. Hence the geometrical meaning of 
the above equation is 

where p^, p,, p^, p^ are the perpendiculars on the four lines 
a = 0, )8 = 0, 7 = 0, S = respectively, the perpendiculars 
being drawn from any point on the conic. 

213. If P, Q, a, St be four points on a conic, and 
QP, RS meet in A, QS, PR in B, and PS, QR in G; then 
of the three points A, B, C each is ihe pole with respect to 
the conic of the line joining ihe other two. 

Take A for origin, and the two lines ASR, APQ for 
axes of X and y respectively. 

Let the equations of PS and Qlt be 

ax +6y -1 = (i), 

a'a? + i'y-l = (ii). 
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Then the equations of PR and QS will be 

a'x + hy — 1 = (iii), 

and ax + Jy — 1 = (iv). 

The equation of any conic through the intersection of 
the conies xy^Q and {ax + 6y — 1) {dx + h'y - 1) = 0, 
will be 

Xxy + (cw; + 6y - 1) {a/x + Vy - 1) = 0. 

The polar of the origin of this conic is [Art. 179] 

(a + a') ^ + (ft + 1') y - 2 = 0. 
"Writing this in the forms 

oa? + Jy - 1 + a'ic + 6'y - 1 = 0, 

and a'a? + 6y — 1 4- flw? + 6'y — 1 = 0, 

we see that the polar of the origin goes through the point 
of intersection of the lines (i) and (ii), and also through the 
point of intersection of the lines (iii) and (iv). The polar 
of A with respect to the conic is therefore the line BG, 

It can be shewn in a similar manner that CA is the 
polar of 5, and AB the polar of G, 




A triangle which is such that each of its angular points 
is the pole, with respect to a conic, of the opposite side, is 
called a self-conjugate, or self-polar triangle. 

214. If a conic tovjch the sides of a quadrilateral and 
ABC be the triangle formed by the diagonals of the qiutdri- 
lateral ; then will ABC be a self -polar triangle with respect 
to the conic. 

Let P, Q, jB, 8 be the points of contact. 
Then, in the figure, L is the pole ot PQ, and N is the 
pole of SR; therefore LN is the polar of the point of 
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intersection of PQ and 8R. Similarly KM is the polar 
of the point of intersection of SP and BQ. 

Hence A, the point of in- 
tersection of LN and KM, is 
the pole of the line joining 
the point of intersection of PQ, 
8R and the point of intersec- 
tion of 8P, BQ. 

But [Art. 213] the point of 
intersection of PR and 8Q is 
the pole of this last line. 

Hence A is the point of 
intersection of PM and 8Q. 

So also JS is the point of 
intersection of 8P and -BQ, 
and C is the point of inter- 
section of PQ and 8B. 

Hence from Art. 213 the 
triangle ABC is self-polar. 

215. To find the general equation of a conic which 
touches the axes of co-ordinates. 

If the equation of the line joining the points of contact 
be aa; + &2/ — 1 = 0, the equation of a conic having double 
contact with the conic ^ = 0, where it is met by the line 
oo; + 6y - 1 = 0, is [Art. 187] 

{ax+hy-Vf - 2\xy = 0, 

216. To find the general equation of a conic which 
touches four fixed straight lines. 

Take two of the lines for axes, and let the equations 
of the other two be Ix + my—l = 0, and I'x H- m'y — 1 = 0, 
The equation of any conic touching the axes is 

{ax + by-iy-2\xy = .....(i). 

The lines joining the origin to the points where 
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la; 4- my = 1 cuts (i) are given by the equation 

(ax + 6y — Zd? — myf = 2\ay (ii). 

The line will touch the conic if the lines (ii) are 
coincident, the condition for which is 

whence \ = 2 (a — Z) (^ — »^)- 

Hence the general equation of a conic touching the 
four straight lines 

a? = 0, y = 0, Za? + wty — 1 = 0, and r^ 4- m'y — 1=0, 

is {ax + by — iy = 2\xy] 

the parameters a, b, X being connected by the two 
equations 

X = 2(a-Z)(6-m) = 2(a-Z')(6-w'). 

217. To find the locus of the centres of conies which 
tovjchfour given straight lines. 

If two of the lines be taken for axes, and the equations 
of the other two lines be 

Zaj + wy — 1=0, and Z'a? + m'y — 1 = 0, 

the equation of the conic will be 

with the conditions 

\ = 2(a-Z)(6-m) (i), 

\=2(a-Z')(6-m') (ii). 

The centre of the conic is given by the equations 

a(aa? + Jy — 1) — Xy=0, and 6(aa? + Jy — 1)— Xa7 = 0; 

/. ax = by, and a(2aa?— l)=Xy (iii). 

To obtain the required locus we must eliminate a, 6 
and X from the equations (i), (ii), and (iii). 

From (i) and (iii), we have 
a {2ax - 1) = 2y (a - Z) (i - m) = 2 (a - Z) (bg - mg) ; 

therefore, since ax = bg, 

a {2lx + 2mg — 1) = 2Zmy. 

Similarly, from (ii) and (iii) we have 

a (2Z'a; + 2my - 1) « 2Z'my. 
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Eliminating a, we obtain the equation of the locus of 
centres, viz. 

2fa?+ 2my-l _ gfa? + 2m'y -- 1 

Im I'm! 

The required locus is therefore the straight line whose 
equation is 

This straight line can easily be shewn to pass through 
the middle points of the diagonals of the quadrilateral, as 
it clearly should do, for any one of the diagonals is the 
lindting form of a very thin ellipse which touches the four 
lines, and the centre of this ellipse is ultimately the middle 
point of the diagonal Hence the middle points of the 
three diagonals of a quadrilateral are points on the centre- 
locus of the conies touching the sides of the quadrilateral. 

218. All conies touching the axes at the two points 
where they are cut by the line cw? + 6y — 1 = are given 
by the equation 

(ax + 6y — 1)' = 2\xy. 

The conic will be a parabola if \ be such that the 
terms of the second degree form a perfect square : the 
condition for this is 

a'6« = (a6-X)«; 

/. \=0, or \=2a6. 

The value \ = gives a pair of coincident straight 
lines, viz. (ax -{-by — 1)* = 0. 

Hence, for the parabola, \ = 2a6, and the equation 
of the curve is 

{(zx + by'-' ly = iiabxy. 

The above equation can be reduced to the form 

Jax + Jby^l. 

219. To find the equation of the tangent at any point of 
the parabola J ax + Jby = 1. 

We may rationalize the equation of the curve and then 

a c. s. ^ 16 
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make use oif the formula obtained in Art. 177. The re§ult 
may however be obtained in a simpler form as follows. 

The equation of tlie line joining two points {x\ jf) and 
{x\ y") on the curve is 

af'^af^'^'^y ^^^' 

with the conditions 

J^+Jby' = l-^J^ + sfb^. (ii). 

From (ii) we have 

Va Waf - ^x") sih Wy' - Vy") (iii). 

Multiply the corresponding sides of the equations (i) 
and (iii), and we have 

The equation of the tangent at (a?', y') is therefore 

or, since ,Jax' + tjby' = 1, 

V^ + Vy^"^- 

To find the equation of the polar of any point with 
respect to the conic, we must use the rationalized form of 
the equation of the parabola. 

Ex. 1. To find (he condition tliat the line Ix-^my -1=0 may touch 
the parabola J ax + J[by -1=0. 

33ie eqtiation of the tangent at any point (a;', y') is 

^hich is the same as the given equation, if 1= I —^ 9!DAm = j^ -j\. 

or if -=Ja£. and —=Jbi^. 
Hence the required copdition is 

.1 m 



X 
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Ex. 2. To' find the focus of the parabola whose eqttation is 

sfax+Jby=l, 

The cirde which tonches TQ at 2* and which passes through P will 
also pass through the focus [see Art« 165 (4), two of the tangents being 

coincident]. The two points P, Q are f-^t Oj and (0, t)* Therefore 

the focus Is on both the circles whose equations are 

jB^ + 2xy cos w + y' - - =0, 

and a5?+2ayoosw+y*-'^=0. 

Hence the focus is given by 

^"+y'+ 2d?y cos w=- = ~ . 

a 

Ex. 3. To find the directrix of the parahola Jcuc-)r ijhy = 1. 
The directrix is the locus of the intersection of tangents at right 
angles; now the line lx+my=X will be perpendicular to y=0 if- 

m-l 008 ay = 0, and the line will touch if -i + — = 1* Therefore the inter* 

I in 

cept on the axis of x made by a tangent perpendicular to that axis is 

given by -r ( a + ) = 1. 

^ * \ cos w/ 

Hence the point ( = , | is on the directrix. 

' \6+acos(ir / 

8iniilarly the point ( 0, , ^ — | Is on the directrix. 

\ a+6cosw/ 

Hence the required equation is 

as(&+acosw)+y (a+(coS(i;)=oo8(iy. 

220. Since the foci of a conic are on its axes, if two 
conies are confocal they must have the same axes. 

The equation 

^ , y* 1 

will, for different values of X, represent different conies of a 
confocal system. For the distance of a focus from the 
centre is 

V{(o* + X) - (6» + X)} or V{a* - ^% 

16—2 
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221. The equation of a system of confocal conies is 



f _ 



1. 



a*+\ 6* + X 

If \ is positive the curve is an ellipse. 

The principal axes of the curve will increase as X 
increases, and their ratio will tend more and more to 
equality as \ is increased more and more; so that a circle 
of infinite radius is a limiting form of one of the confocals. 

If \ be negative, the principal axes will decrease as 

¥-\-\ 
X increases, and the ratio -, — r- will also decrease as X 




increases, so that the ellipse becomes flatter and flatter, 
until \ is equal to — 6^ when the minor axis vanishes, and 
the major axis is equal to the distance between the foci. 
Hence the line-ellipse joining the foci is a limiting form 
of one of the confocals. 

If 6^ + \ is negative, th« curve is an hyperbola. 
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If 6' + X is a smoM negative quantity the transverse 
axis of the hyperbola is very nearly equal to the distance 
between the foci ; and the complement of the line joining 
the foci is a limiting form of the hyperbola. 

The angle between the asymptotes of the hyperbola 
^vill become greater and greater as — \ becomes greater 
and greater and in the limit both branches of the curve 
coincide with the axis of y. 

If \ is negative and numerically greater than a*, the ' 
curve is imaginary. 

222. Two conies of a conjbcal system pass through any 
given point. One of these conies is an ellipse and the other 
an hyperbola. 

Let the equation of the original. conic be 

— u^ = 1 
a 

The equation of any confocal conic is 



a* + X b^' + X 
This will pass through the given point (x\ y), if 



^" y" ^ 



+ T^^r^=l. 



a^ + \ 6* + X 

In the above put J*+ X = X' ; 

then x'^X' + y'^ (X' + aV) - X' (X'+ cfe") = 0, 

or V» - V (V« + y'' - aV) - aVy'^ = 0. * 

The roots of this quadratic in X' are both real, and are 
of different signs. Therefore there are two conies, and 
ft'* + X is positive for one, and negative for the other, so 
that one conic is an ellipse and the other an hyperbola. 

223. One conic of a confocal system and only one will 
toiwh a given straight line. 

Let the equation of the given straight line be 

lx + my — 1 = 0. 
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The line will touch the conic whose equation is 

a' + X^h^ + X ^' 

if (a' + X)?+(6*+X)m» = l [Art. 115], 

which gives one, and only one, value of X. Hence one 
confocal will touch the given straight line» 

224. Two confocal comes cut one another at right 
angles at all their common points. 

Let the equations of the conies be 

a« + P=^'^'^'^^MOi + P + X = l' . 

and let {x\ y) be a common point ; then the co-ordinates 
x\ y will satisfy both the above equations. 

Hence, by subtraction, we have 

+ »/»..x =0.... (i). 



Now the equations of the tangents to the conies at 

(x', y') are 

a** V * a*-fX i^ + X 
respectively. 

The condition (i) shews that the tangents are at right 
angles to one another. 

225. The difference of the squares of the perpendiculars 
drawn from the centre on any two parallel tangents to two 
given confocal conies is constant. 

Let the equations of the conies be 

-5+ — = !, and -= — - + ,./^ ^ =1' 
a"" U" ' a'+X 6' + X 

Let the two straight lines 

X cos a + y sin a, — p = 0, . x cos a + y sin a — p'= 0, 
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touch the conies respectively; then [Art. 115, Cor.] we 
have jp' = a* cos* a + J' sin" a, 

and f^ = (a" + X) cos* a + (6* + X) sin'a ; 

/.;>'•-/ = X. 

226. If a tangent to one of two confoccd conies be 
jyerpendicular to a tangent to the other, the locus of their 
point of intersection is a circle. 

Let the equations of the confocal conies be 

%+ ff =1> a^^d f ^ + Til '^ > =1- 
a" 6* '. a' + X 6" + X 

The lines whose equations are 

a?cosa + ysina = V(a'eos*a + i*sin'a) (i), 

iTsina— yeosa = V{(^'+^) sin'a+ (J* + X) cos'a}...(ii), . 

touch the conies respectively, and are at right angles 
to one another. 

Square both sides of the equations (i) and (ii) and add, 
then we have for the equation of the required locus 

a;» + j« = a'+6" + X. 

If we suppose the minor axis of the second ellipse 
to become indefinitely small, all tangents to it will pass 
indefinitely near to a focus; so that Art. 125 (17) is a 
particular case of the above. 

Ex. 1. Any two parabolas whioh have a common foons and their axes 
in opposite directions intersect at right angles. 

Ex. 2. Two parabolas have a common focus and their axes in the 
same straight line ; shew that, if TP, TQ be tangents one to each of the 
parabolas, and TP, TQ be at right angles to one another, the locus of T 
is a straight line. 

Ex. 3. TQy TP are tangents one to eacih of two confocal conies whose 
centre is C ; shew that if the tangents are at right angles to one another 
CT will bisect PQ. 

Let the tangents be 

^+-^,=1, and^ + -j^ = l, 
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the equation of CT will be 

-(J-S)-'(^S)-»- 

This will pass through the middle point of PQ^ if 
that is, if 
or, since the conies are oonfocal, if 

That is, if the tangents are at right angles. 

Ex. 4. TPf TQ are tangents one to each of two parabolas which have 
a common focus and their axes in the same straight line ; shew that, if 
a line through T parallel to the axis bisect PQ, the tangents will be at 
right angles. 

Ex. 5. If points on two oonfocal ellipses which have the same eccen- 
tric angles are called corresponding points ; shew that, if PQ be any 
two points on an ellipse, and p^ j be the corresponding poiats on a 
confocal ellipse, then Pq = Qp, 

227. The locus of the pole of a given straight line with 
respect to a series of confocal conies is a straight line. 

Let the equation of the confocals be 

a'T^'^^n" ^^^' 

and let the equation of the given straight line be 

^ + my = 1 (ii). 

The equation of the polar of the point {x\ i/) with 



/ / 



respect to (i) is -^ + J^ = l (iii). 

If (ii) and (iii) represent the same straight line, we 
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Hence the locus of the poles is the straight line whose 
equation is 

L m 

This straight line is perpendicular to the Une (ii). 
One confocal of the system will touch the line (ii), and the 
point of contact will be the pole of the line with respect to 
that confocal. 

Hence the locus of the poles is a straight line perpen- 
dicular to the given straight line and through the point 
where it touches a confocaL 

228. From any point T the two tangents TP, TF' are 
drawn to one conic, and the two tangents TQ, TQ' to a con- 
focaZ conic; shew thai the straight lines QPy P'Q will make 
egual angles with the tangent ai P. 

Let TP and the normal at P cut QQ' in K, L 
respectively. 

Then [Art. 227] the pole of TP, with respect to the 
conic on which Q, Q' lie, is on the line PL. Also, since 
T is the pole of QQf with respect to that conic, the pole 
of TP is on QQ' [Art. 180]. Therefore the pole of TPK 
is at L, the point of intersection of QQ' and PL. 




Therefore [Art. 181] the range K, Q, L, Q, and the 
pencil PKy PQ, PL, PQ^ are harmonic. 
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Hence, since the angle KPL is a right angle, PQ and 
PQf make equal angles with PL or PK [Art. 56]. 

Cor. 1. Let the conic on i/i^hich Q, Qf lie degenerate 
into the line-ellipse joining the foci, then the proposition 
becomes — The lines joining ths foci of a conic to anypomt P 
on the curve make equal angles with the tangent at P. 

Cor. 2. Let the conic on which P, P' lie degenerate 
into the line-ellipse, and we have — Two tangents to a conic 
subtend equal angles at a focus. 

Cor. 3. Let the conic on which P, P' lie pass through 
Tf and we have — The two tangents drawn to a conic from 
any point T make equal angles with the tangent at T 
to eitiier of the confocat conies which pass through T. 

229. If QQ^ be any chord of a given conic which 
touches a fixed confocal conic, then wiU QQ vary as the 
square of the parallel diameter. Also, if CE he drawn 
through the centre parallel to the tangent at Q and 
meeting QQ' in E, then will QE he of constant length. 




Let The the pole of QQf, and let OT cut QQ' in F, and 
the curve in P. Also let CD be the semi-diameter paral- 
lel to QQf. 

Let p\ p be the lengths of the perpendiculars from the 
centre on QQf, and on the parallel tangent to the ellipse 
QPQ ; then [Art. 225] we have 
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Hence \^lX-l-% = %; 
therefore, since p . CD = ah, we have 

.'.QV^^Ciy (i). 

Also 
QE_CT_ CV.CT _ CP* _CD' 
QV VT" CV.CT-- Cr" CP'-CV^^QV 

therefore from (i) we have 

^« CL^ ah .... 

. <2^=-W=v^-. ^"^- 

Ex. TP, TQ are tangents one to each of two fixed confocal conies ; 
shew thatf if the tangents are at right angles to one another, the line PQ 
will always touch a third confocal conic. 

If (7 be the common centre,. then since the tangents are at right angles 
to one another the line CT bisects PQ [Ex. (3) Art. 226]. Therefore 
CT and QP make eqnal angles with the tangent at Q, If therefore CE 
be parallel to the tangent at Q, and meet QP in E^ we have QE= CT, 

Bat CT is constant [Art. 226]. Hence QE is constant, and therefore 
QEP touches a fixed confocal. 

230. When two of the points of intersection of any 
two curves are coincident, that is when the two curves 
touch, they are said to have contact of the first order at the 
point When three points of intersection are coincident 
the curves are said to have contact of the second order, 
and so on. 

A curve which has with a given curve a contact of 
the highest possible order is called an osculating curve. 

A circle can only be made to pass through three given 
points ; hence the circles which osculate a curve have 
contact of the second order with it. 

The circle which has contact of the second order with 
a given curve at a given point is generally called the circle 



252 THE CONTACT OF CONICS, 

of curvature at that point, and the radius of the circle is 
called the radius of curvature at the point. 

Two conies intersect in four points. Hence two 
conies cannot have contact with one another of higher 
order than the third. If they have contact of the second 
order they will have one other common point. 

231. To find the general equation of a conic which has 
contact 0^ the second order with a given conic at a given 
point. 

Let iS = be the equation of the given conic, and let 
T^Ohe the equation of the tangent to iS= at the given 
point {w, i/). 

The equation of any straight line through {x\ y') is 

y — y' — m (a; — a?') = 0. 

Hence the equation 

;ff-\r{(y-/)-m(a;-a;0}=0 (i) 

is the equation of a conic passing through the points where 
the straight lines T = 0, and y — y' — m (a; — a?') = cut 
8=0. 

Hence (i) intersects 8=0 in three coincident points. 

The two constants X and m being arbitrary, the conic 
given by (i) can be made to satisfy two other conditions. 
They can for instance be so chosen that the equation (i) 
shall represent a circle. 

If the line y — y' — m (a; — a;') = coincides with the 
tangent, all four points of intersection are coincident. The 
conic S—XT^ =Q therefore has contact of the third order 
with 8=0\ that is to say, is the equation of an osculating 
conic. 

Ex. 1. Find the equation of the circle whicli osculates the conic 
ax* + 2bxy +cy*+ 2Ap =0 at the origin. 

All the conies included in the equation 

oaj* + 26ary + cy' + 2<foj - Xaj (y — wio;) = 
have contact of the second order. 

The conditions for a circle are 2&~X=:0 and ai'Xm^e. 
Therefore the circle required is Gx?+<^+2dx=0. 
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Ex. 2. Find the equation of the parabola which has contact of the 
third order with the conic ax^+2bxy-\-cif*+2dx=0 at the origin. 

The oonic €ue^ + 2bxy + c^' + 2dx - \x^= cuts the given oonio in four 
coincident points. 

The carve is a parabola if (a - X) c =6*. 
The equation of the required parabola is therefore 

6*a? + 26(aBy + c«y« + 2(ica5 = 0. 

232. Since the line joining any two of the points of 
intersection of a circle and a conic, and the line joining the 
other two points of intersection, make equal angles with 
the axis of the conic, we see that, if the circle of curvature 
at a point P of a conic cut the conic again in 0, the 
tangent at P and the chord P make equal angles with an 
axis of the conic. 

233. If a, /3, 7, S be the eccentric angles of four points 
on an ellipse, a circle will pass through those four points, if 

a+/3 + 7 + 8=2yi7r[Art. 184. Ex, 1]. 

Hence the circle of curvature at the point a will cut 
the ellipse again at the point S where 

3a + S = 2w7r (i). 

From (i) we see that, through any particular point B 
three circles of curvature will pass, viz. the circles of 
curvature at the points J (27r — S), \ {4m — S), and J (Stt — 8). 
These three points are the angular points of a maximum 
triangle inscribed in the ellipse [Art. 138 (1)]. Also, since 
S + ^(27r-S)+i(47r-S)4-i(67r-S) = 47r, the point S 
and the three points the circles of curvature at which pass 
through S are on a circla 

234. To find the equations of the three pairs of straight 
lines which can he drawn through the points of intersection 
of two conies. 

Let the equations of the conies be 

iSf = aa;*+ 2Aa?y + 6/ + 2^x+ 2/y +c= 0, 

and 8' = aV+2A'a?y +6y +2/a7+2/y + c' = 0. 



/ 
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The equation of any conic through their points of in- 
tersection is of the form 

S+XS'^O (i). 

The conic S+\S'^0 will be a pair of straight lines, 



if 



= 0......(ii). 



h + TJif, h'^yJb\f-\-\f 

We have therefore a cubic for the determination of X, 
If any root of this cubic be substituted in (i) we have the 
equation of one of the three pairs of straight lines. 

If X be eliminated between the equations (i) and (ii) 
we have an equation of the sixth degree which represents 
the three pairs of straight lines. 

Since one root of a cubic equation is always real, one 
value of \ is in all cases real. 

It can be shewn that at least one pair of straight lines 
is in all cases real, [See Salmon's Conies, Art. 282.] 

235. The equation (ii) Art. 234} is usually written 

If the axes be changed in any manner, and the equa- 
tions of the two conies become 2 = and S' = 0, the equa- 
tion 8 4 Xfif' = will become 2 + X2' = ; and if X be such 
that jS+X/S'' = represents a pair of straight lines, so 
also will 2 + X2' = 0. Hence the values of X for which 
>S + Xfli' = represents straight lines must be independent 
of any particular axes of co-ordinates ; hence the ratios of 
the four quantities A, 0, 0', A' to one another must be 
independent of the axes of co-ordinates. For this jreason 
they are called the Invariants of the systemu The student 
will find interesting applications of invariants in Salmon's 
Conic Sections and Wolstenholme's Problems: 

236. We shall conclude this Chapter by the solution 
of some Examples. 
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£x^ 1. ' If two eofUes' have each double contact with a third, their 
chords of contact with that conic, and two of the Una through their 
common points, will meet in a p&int and form a harmonic peiicil. 

Let 8=0 be the equation of the third oonio, and let a=0, ^=0 be the 

equations of the two chords of oontaot. .Then [Art. 187] the equations of 

the conies are 

5-XV=0 :....(i), 

and . iS-/i«/3»=0 (ii). 

Kow the two straight lines 

XV-mV=0 (iii) 

go through the common points of (i) and (ii). The lines (iii) also go 

through the point of iutersection of «=0 and /3=0 ; and [Art. 56] the 

four lines a=0, Xa-fi/3=0, j9=0, and Xa+Ai/S=0 form a harmonic pencil. 

Ex. 2. A circle of given radius cuts an ellipse in four points ; shew 
that the continued product of the diameters of the ellipse parallel to the 
common chords is constant. 

Let the equation of the ellipse be -^ + ^ = 1, and the equation of the 

a 

circle be {x-ay+{y'-p)^-h*=0. Then the equation of any pair of 

oozmnon chords is 

{a:-«)»+(y-/»'-*«-x(5 + ^-l)=0 (0. . 

where X is one of the roots of the equation 



l-^„ 0, -. 



a" 



0. X-J, -/J 



= (ii). 



-«, -/J. X+o«+/3'-i» 
The eqnation of the diameters of the ellipse paiallel to the lines (i) is 

«.+j,._x(J+y')=o (iu). 

The two semi-diameters given by (iii) clearly make equal angles with 
the axis, and the square of the length of one of them is^qual to X. 

Hence the continued product of the six semi-diameters is equal to the 
product of the three values of X given by (ii), which is easily seen to be 

Ex. 3. If a conic have any one of four given points for centre, and the 
triangle formed by the other three for a self polar triangle, its asymptotes 
mU be parallel to the axes of the two parabolas which pass through the 
fourpoints^ 
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Let ihd four points be giyen by the interaeetionB of the Btraight lines 

ay = and (te + TOy - 1) (^« + m'y - 1) = 0. 

The line joining the centre of a conic to any one of the angnlar pcxints 

of a self polar triangle is conjugate to the line joining the other two 

angular points. Hence, for all the four conies, the three pairs of lines 

joining the four given i>oints are parallel to conjugate diameters. 

Let the equation of one of the conies be 

ax*-{-2hxy + hy^+2gx+2fy+e=0 (i). 

The lines {Ix+my- 1) {Vx+m'y - 1)=0 

are parallel to conjugate diameters ; therefore also the lines 

M'{e" + (Zm'+rifi) fl5y+miii'y'=0 

are parallel to conjugate diameters. Hence [Art. 188], we have 

amm! + hlV = h {Im! + Vm). 

The lines a^sO are parallel to conjugate diameters ; therefore ^=0, 

and we have 

oTOi»'+5W'=0....: (ii). 

The asymptotes of (i) are parallel to the straight lines 
or, from (ii), the asymptotes are parallel to the lines 

which proves the theorem [Art. 207]. 

Ex. 4. The circumscribing circle of any triangle self polar with 
respect to a conic cuts the director-circle orthogonally. 

Let the equation of the conic be ax* + hy*=l; and let {of, y'), (of', y") 
and (a^"i t/") be the angular points of the triangle. 

Since each of the points is on the polar of another, we have 

aa;V"+6y"y'"- 1=0 (i), 

aa?'V+6y'Y-l=0 (ii), 

and ax'x^'+by'y" -1=0 (iii). 

The equation of the circle circumscribing the triangle is 

=0 (iv). 



a^+y', 


«, 


Vf 


1 


a/3+y'«, 


x', 


y'. 


1 


x^'^+y''^ 


«", 


y". 


1 


a^'^+y"'*, 


a^", 


r. 


1 



Now, if the equation of a circle be 

Ax*-\-Ay^+2Gx+2Fy + C=0, 
the square of the tangent to it from the origin is equal to the ratio 
of C to A. 

Hence the square of the tangent to the circle (iv) is equal to the 
ratio of 
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«''+y'', a', y' to- x\ yf, 1 

The first determinant is equal to 
qP^ (x"/" - y'V") + aj"a (a^ Y - y' V) + a/^s (»'/' - /oj^ 

+ y'a {aj'y - y'V") + y"2 (x^'y' - y'V) H-y^'a (a;y' - y'o;") 

Now from the equations (i), (ii), (iii) we haye 

w£ hy' -.1 



.(a). 



y'" - y" 



x" - x"' 



x"Y 



xC'x" * 



ax 



,'/ 



_ __6y^ ^ 



y' - y'" a^"- tx! ~ x'y"' - y'x"' * 



and 



ax 



_- ^'^ - -1 



y" - y/ a^ - aj" a;"y' _ j^ v • 
By means of these equations, (a) becomes 

j(y"'-y'0+^(/-y")+^(y"-!O 



!/' 



3/ 



W 



r 



+1 (x'^-x^Hy (a;'"-x') + Y (a?'-x") 



or 



-g+r) 



X, 



X 



X 



,w 



y'"> 



1 
1 
1 



Hence the tangent to the circumscribing circle from the centre of the 
conic is equal to . / ( - + r ) » that is equal to the radius of the director- 
circle, which proves the proposition. 
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1. Two straight lines of given length are moved along two 
given straight lines m such a manner that a circle will pass 
through their four extremities; shew that the locus of the centre 
of this circle is a rectangular hyperbola. 

2. OPP'y OQQ^ are two chords of a conic, and any line 
through cuts the conic mR^Bf and the lines PQ, P'^ in S, JS'; 
she^ that 

1111 



OR ' OR'^OS'^ OS" 



s. C/. »• 



17 
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3. A sjrstem of conies pass througli the same four points 
and the tangent at a given point of one of the conies cuts any- 
other of the conies in P, P'; shew that -^5 + -Trp ^ constant. 

4. A circle and a rectangular hyperbola intersect in four 
points, and one of their common chords is a diameter of the hy- 
perbola; shew that the other chord is a diameter of the circle. 

5. Of all conies which pass through four given points that 
which has the least eccentricity has its equi-conjugate diameters 
parallel to the axes of the two parabolas through the points. 

6. Of all conies which touch two given straight lines at 
given points the one of least eccentricity will be that in which 
one of the equi-conjugate diameters passes through the intersec- 
tion of the given lines. 

7. The locus of the middle point of the intercept of a 
variable tangent to a conic on two fixed tangents OAy OB is a 
conic which reduces to a stitdght line if the original conic is a 
parabola. 

8. Two tangents OA^ OB are drawn to a conic and are cut 
in P and Q by a variable tangent; prove that the locus of the 
centre of the circle described about the triangle OPQ is an 
hyperbola. 

9. A conic is drawn touching the co-ordinate axes 
OX, OF at A, B and passing through the point D where 
OADB is a parallelogram; shew that if the area of the triangle 
OAB be constant, the locus of the centre of the conic wiU be 
an hyperbola. 

10. Tangents are drawn from a fixed point to a system of 
conies touching two given straight lines at given points. Prove 
that the locus of the point of contact is a conic. 

11. Shew that the locus of the pole of a given straight 
line with respect to a series of comes inscribed in the same 
quadrilateral is a straight line. 

12. An ellipse is described touching the asymptotes of an 
hyperbola and meeting the hyperbola in four points; shew 
that two of the common chords are parallel to the line joining 
the points of contact of the ellipse with the asymptotes, and 
are equidistant from that line. 
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13. In a system of conies which have a given centre 
and their axes in a given direction, the sum of the axes is 
given ; shew that the locus of the pole of a given straight line 
is a parabola touching the axes. 

14. A parabola is drawn so as to touch three given straight 
lines ; shew that the chords joining the points of contact pass 
each through a fished point. 

1 5. Shew that^ if a parabola touch two given straight lines, 
and the line joining the points of contact pass through a fixed 
point, the locus of the focus will be a circle. - 

16. If the axis of the parabola Voo; + Nhy-^ 1 pass throusrh 
a fixed point, the locus oFthe focus will le a'l^tanguL 
hyperbola. 

17. From a fixed point 0, a ])air of secants are drawn 
meeting a given conic in four points lying on a circle; shew 
that the locus of the centre of this circle is the perpendicular 
from on the polar of 0. 

18. TFy TQ are tangents to a conic, and R any other point 
on the curve; RQ^ RP meet any straight line through T in the 
points Ky L respectively; shew that QL and PK intersect on 
the curve. 

19. Any point P on a fixed straight line is joined to two 
fixed points ^, ^ of a conic, and the lines PA, PB meet the 
conic again vol Q, R] shew that the locus of the point of inter- 
section of BQ and Ji^ is a conic. 

20. The confocal hyperbola through the point on the 
ellipse -5 + ^ = 1 whose eccentric angle is a has for equation 

as* y* 



cos' a sin" a 



= a'-5'. 



21. Find the locus of the points of contact of tangents to 
a series of confocal conies from a given point in the major axis. 

22. If X, /x be the parameters of the eonfocals which pass 
thix)ugh two points /^ Q on a given ellipse; shew (i) that if 
P, Q be extremities of conjugate diameters then X + ft is con- 
stant, and (ii) that if the tangents at P and Q be at right angles 

then - + - is constant. 
A /* 

17—2 
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23. Shew that the ends of the equal conjugate diameters 
of a series of confocal ellipses are on a conf ocal rectangular 
hyperbola. 

24. Find the angle between the two tangents to an ellipse 
from any point in terms of the parameters of the confocals 
through that point ; and shew that the equation of the two 
tangents referred to the normals to the confocals as axes will be 

- +?- = 0. 

\ K 
26. The straight lines OPFy OQQ" cut an ellipse in 
Py P and Qy Q respectively and touch a confocal ellipse; prove 
that OF .OF . QQ'^OQ . Oq . FF. 

26. The locus of the points of contact of the tangents 
drawn from a given point to a system of confocals is a cubic 
curve, which passes through the given point and through the 
focL 

27. Shew that the locus of the points of contact of parallel 
tangents to a system of confocals is a rectangular hyperbola; 
and the locus of the vertices of these hyperbolas for all possible 
directions of the tangent is the curve whose equation is 

r* = (a» - 6») cos 2ft 

28. If a triangle be inscribed in an ellipse and envelope 
a confocal ellipse, the points of contact will lie on the escribed 
circles of the triangle. 

29. If an ellipse have double contact with each of two 
confocals, the tangents at the points of contact will form 
a rectangle. 

30. If from a fixed point tangents be drawn to one of 
a given system of confocal conies^ and the normals at the points 
of contact meet in Q, shew that the locus of Q is a straight 
line. 

31. A triangle circumscribes an ellipse and two of its 
angular points lie on a confocal ellipse ; prove that the third 
angular point lies on another confocal ellipse. 

32. An ellipse and hyperbola are confocal, and the asymp- 
totes of the hyperbola lie along the equi conjugate diameters of 
the ellipses; prove that the hyperbola will cut at right angles 
all conies which pass through the ends of the axes of tiie ellipse. 
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33. Four normals are drawn to an ellipse from a point F; 
prove that their product is 

where X,, \ are the parameters of the confocals to the given 
ellipse which pass through F and a, 6 the semi-axes of the given 
ellipse. 

34. Shew that the feet of the perpendiculars of a triangle 
are a conjugate triad with respect to any equilateral hyperbola 
which circumscribes the triangle. 

35. TF, TQ are the tangents from a point 5^ to a conic, 
and the bisector of the angle FTQ meets FQ in ; shew that, 
if EOR be any other chord through Oy the angle RTR will be 
bisected by OT. 

36. If two parabolas are drawn each passing through three 
points on a circle and one of them meeting the circle again in 
D, the other meeting it again in E] prove that the angle 
between their axes is one-fourth of the angle subtended by VE 
at the centre of the circle. 

37. If ABC be a maximum triangle inscribed in an ellipse 
and the circle round ABC cut the ellipse again in D; shew 
that the locus of the point of intersection of the axes of the two 
parabolas which pass through -4, By Gy D ia b, conic similar to 
the original conic. 

38. If any point on a circle of radius a be given by the 
coordinates a cos 0, a sin $; shew that the equations of the axes 
of the two parabolas through the four points c^ )3, y, 8 are 



a?cos 



a;sin 



^ 4 l+cos(/S'-8) j 

^ 4\+sin (aS^-S) / 

where 4/S'=a+^ + y + S. 

If the axes of the two parabolas intersect in jP, shew that 
the five points so obtained by selecting four out of five points on 

the circle in all possible ways, lie on a circle of radius j. 
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39. If A^ Bf G, Dhe the eides of a quadrilateral inscribed 
in a conic, the ratio of the product of the perpendiculars from 
anj point F of the circle on the sides A and G to the product 
of the perpendiculars on the sides B and D will be constant. 
Shew also, that if A, B, (7, i>, U, F...he the sides of a polygon 
inscribed in the conic, the number of sides being even, the 
continued product of the perpendiculars from any point on 
the conic on the sides A^ (7, ^,...will be to the continued 
product of the perpendiculars from the same point on the sides 
Bf J), i^^...in a constant ratio. 

40. is the centre of curvature at any point of the 
ellipse -i+ra = lj Qy B are the feet of the other two normalB 

drawn from to the ellipse ; prove that, if the tangents at Q 

a' b' 
and B meet in T, the equation of the locus of 2^ is -^ + -3 = 1. 

41. Shew that a circle cannot cut a parabola in four real 
points if the abscissa of its centre be less than the semi-latus 
rectum. 

A circle is described cutting a parabola in four points, 
and through the vertex of the parabola lines are drawn parall^ 
to the six lines joining the pairs of points of intersection; shew 
that the sum of the abscissss of the points where these lines cut 
the parabola is constant if the abscissa of the centre of the 
circle is constant. 

42. Three straight lines form a self-polar triangle with 
respect to a rectangular hyperbola. The curve being supposed 
to vary while the lines remain fixed, find the locus of the centre. 

43. If a circle be described concentric with an ellipse, 
shew that an infinite number of triangles can be inscribed in 

the ellipse and circumscribed about the circle, if - = - + t > 
^ cab 

where c is the radius of the circle, and a, b the semi-axes of 

the ellipse. 

44. "Find the points on an ellipse suqh that the osculating 
circle at F passes through Q, and the osculating circle at Q 
passes through F, 
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45. Prove that the locus of the centres of rectangular 
hyperbolas which have contact of the third order with a given 
parabola is an equal parabola. 

46. P, Q are two points on an ellipse : prove that if the 
normal at F bisects the angle that the normal at Q subtends 
at F, the normal at Q will bisect the angle the normal at F 
subtends at Q. 

47. Shew that the centre of curvature at any point F of 
an ellipse is the pole of the tangent at F with respect to the 
confocal hyperbola through F. 

48. ABO is a triangle inscribed in an ellipse. A confocal 
ellipse touches the sides in A\ B\ C\ Prove that the confocal 
hyperbola through A meets the inner ellipse in ^'. 

49. Of two rectangular hyperbolas the as3rmptotes of one 
are parallel to the axes of the other and the centre of each lies 
on iiie other. If any circle through the centre of one cut the 
other again in F, Q, E, then FQB will form a conjugate triad 
with respect to the first. 

50. A circle through the centre of a rectangular hyperbola 
cuts the curve in the points Ay By 0, D. Prove that the circle 
circumscribing the triangle formed by the tangents &t Ay B, C 
passes through the centre of the hyperbola and has its centre 
at the point on the hyperbola diametrically opposite to 2>. 



CHAPTER XII. 



ENVELOPES. 



237. In the general equation of a straight line the 
two constants are not in any way connected. If however 
the two constants are connected by any relation, the 
equation will no longer represent any straight line. We 
have seen, for example, that if the constants I and m 
in the equation Ix + my — 1=0 satisfy the equation 
a'^-f 6*m'= 1, where a and h are known, the line will always 

8 S 

touch the ellipse -2 4- '^ = 1 [Art. 115]. In every such 

case, in which the two constants in the equation of a 
straight line are connected by a relation, the line will 
touch some curve. This curve is called the envelope of the 
moving line. 

By means of the relation connecting the two constants 
we may eliminate one of them, and the equation of the 
straight line will then contain only one indeterminate 
constant. If dififerent values be given to this constant we 
shall have a series of different straight lines all of which 
will touch some curve. 

238. To find the envelope of a line whose equation 
contains an indeterminate constant of the second degree. 

Write the equation of the line in the form 

/A'P+2/AQ + iJ = (i). 

where fi is the constant. 
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Through any particular point two of the lines will pass, 
for if the co-ordinates of that point be substituted in (i), 
we shall have a quadratic equation to determine /a. Now 
the two tangents through any point will be coincident, if 
the point be on the curve which is touched by the moving 
line. 

Hence, to find the equation of the envelope, we have 
only to write down the condition that the roots of (i) may 
be equal, viz. . (^ — PR =* 0. 

Ex. 1. To find the envelope of the line 

a 
' m 

The equation may be written m^x-m^ + a=0, and the condition for 
eqnal roots gives y*=iax* 

Ex. 2. Find the envelope of a line which cuts off from the axes 
intercepts whose sum is constant. 

If the equation of the line be - + ^=1, we have A + it = constant =<;. 

n K 

Therefore j + -£-r =ltOrh^-h(x-y + c)+xe=0, Whence the equation 
of the envelope is 4cx =s(x-y+ c)*. 

Ex. 3. Find the envelope of the line axco8$ + by sin ^==c. 

IThe equation is equivalent to 


CM? - c + 2&y t - (ox + c) f* :±: 0, where t = tan 5 , 

Hence, the envelope is 

(ax - c) {ax +c) + 6V =0» 
or o«a;»+&V=c2. 

Ex. 4. The envelope of the polar of a given point with respect to a 
system of oonfoeal conies is a parabola whose directrix is COy where C is 
the centre of the confocals. 

If the confocals be given by the equation 

x^ ya 
a^+\'^b^+\ * 
And be the point (a/, 2^'), the line whose envelope is required is given by 

a*+\^b^+\ * 
orby X»-X(a^x+y'y-a«-d«)+a26»-6Vx-ayy=0. ^ 
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The equation of the envelope is therefore 

4(a«6*-ftV«-oyy)=(«'a;+y'y-a«-ft«)». 

The envelope is therefore a parabola. 

Two oonfooals pass through O, and the polars of O with respect to 
them are the tangents at 0; henoe, since these tangents are at right 
angles to one another, the point is on the directrix of the parabola. By 
oonsidering the limiting forms of the oonfocals as in Art. 221, we see that 
the axes themselves are polars of ; hence (7 is on the directrix of the 
parabola; so that the directrix is the line CO, 

239. To find the envelope of the line Ix + my + 1=0, 
where 

aP + 2,hlm + bm*+ 2gl + 2fm + c = 0. 

If the line pass through a particular point (x\ '(f) we 
have Ix' + my' -^ 1 = 0. Using this to make the given con- 
dition homogeneous in I and m^ we have the equation 
aP + 2h}m + Jwi"- 2 ((gl +fm) {Ix' + my") + c {Ix' + mj/f = 0. 

The two values of the ratio — rive the directions of 

m ^ 

the two lines which pass through the point {x\ y"). 

If {^\ yO he a point on the curve which is touched by 
the moving line, the tangents from it must be coincideBt, 
and therefore the above equation must be a perfect square. 
The condition for this is 

(a-2gx'+ cx'^){h''2fy' •\-cy'^^(h'-g^ -fx' + cx'f}\ 

which reduces to 

x''{bc-f) + 2xy{fg'-ch)+y^{ca-'g^ 

+ 2a/ (fh-gb) + 2/ {gh -fa) + a5 - A' = 0. 

The required envelope is therefore the conic 

Aa^ + 2Hxy + By' + 2Gx-\'2Fy-i'G=0, 

where A, £, C, F, Q, H mean the same as in Art. 178. 

The condition that Zjc+m^f +1=0 may touch 

^a:«+2Hiry+By*+2(?aj+2jFV + C'=0 is aP+2WOT+6»i«+2<7Z+2/iii+c=0. 

Hence by comparing -with the condition fonnd in Art. 178, we see thst 
a, &, c, &Q. must be proportional to the minors of A^ B, C, &c. in the 
determinant 
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AHG 

HBF 

G F C 

JThis is eafiHy verified, for the minor of ^ is BC-F\ or 

(ca^g^) (ab-h*)-{jgh-af)\ that is aA; 
and so for the others. 

Ex. 1. To find the envloj^e 0/ the line Jx-k-my + 1=0 where 

The directions of the lines through (x, y) are given by 

These lines will coincide, if 

(a+cx2)(6+cya)=c2«y. 
Hence the equation of the envelope is 

as* y* 1 ^ 
a c 

Ex. 2. To find the envelope of the line Ix+my+l^zQ with the condition 

I m 
The directions of the two lines through (or, y) are given by 

him - ifm + gl) (Ix + my) = 0. 
They will therefore coincide if 

ifgxy = {fx +gy- A)«, 
This is equivalent to 

n//« + Jgy + n/^= 0. 

240. If the equation of a straight line he 

ir + wy + l — 0, 

then the position of the line is determined if I, m are 
known, and hy changing the values of I and m the 
equation may be made to represent any straight line 
whatever. The quantities I and m which thus define the 
position of a line are called the co-ordinates of the line. 

If the co-ordinates of a straight line are connected by 
any relation the Une will envelope a curve, and the 
equation which expresses the rdlation is called the tanr- 
gential equation of the curve. 

If the tangential equation of the curve is of the nth 
degree, then n tangents can be drawn to the curve from 
any point. 
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Bef, A curve is said to be of the nth clmB when n 
tangents can be drawn to it from a point. 

We have seen [Art. 239] that every tangential equation 
of the second degree represents a conic; also [Art. 178] that 
the tangential equation of any conic is of the second 
degree. 

If the equation of a straight line be hn + ^y 4- w = 0, we 
may call i, m, n the co-ordinates of the line ; and if the 
co-ordinates of the line satisfy any homogeneous equation, 
the line will envelope a curve, of which that equation is 
called the tangential equation. 

241. To find the director-circle of a conic wlwse 
tangential equation is given. 

Let the tangential equation of the conic be 

aP + 2hlm + bm* + 2gl + 2/m + c =^ 0. 

As in Art 239, the equation 

aP + 2hlm + bm^-^2 (gl+fm) {Ix -hmy) +c(lx + myy = 

gives the directions of the two tangents which pass 
through the particular point (a?, y). These tangents will 

be at right angles to one another if — ^ -^ + 1 = 0, that is, 

m^ m^ 

if the sum of the coefficients of P and w' is 2ero. 

If therefore {x, y) be a point on the director-circle of 

the conic, we shall have 

a-2gx-\'Ca^-\-h'-2fy + cj^ = Q (i). 

The ceintre of the conic, which coincides with the centre 

of the director-circle, is the point ( ~ > ) • 

If c = 0, the equation (i) is the equation of a straight 
line. The curve is in this case a parabola, and the 
equation of its directrix is 

25ra? + 2/y-a-6=0 (ii). 

In the above we have supposed the axes to be rect- 
angular ; if, however, the axes of co-ordinates are inclined 
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to one another at an angle a>, the condition that the 
straight lines may be at right angles is 

a — 2gx + ca^+ b — 2ft/ + cy*+ 2 cos © (A — ^ry —fa + ca?^) =0. 
The centre of this circle ^^ '^ - 



KM)- 



Hence, whether the axes are rectangular or oblique the 
centre of the conic, which coincides with the centre of its 

director-circle, '" ' ^ "^ 



-Kf-i)- 



242. To find the foci of a conic whose tangential 
equation is given. 

Let (f, TJ) and (^, i;') be a pair of foci (both being rea^ 
or both imaginary). The product of the perpendiculars 
from these points on the line Ix + my +1 = wUl be 

(Zg+mi; + l)(Zf +miy^+l) 

This product will be equal to some constant \ for all 
values of I and m if, 

+ m (17 + 17') -f 1 = 0. 
Comparing this with the tangential equation we have 

a 2h ^ ~b 2g 2/ c'"^^* 

Hence cf f ' — cr)ij' = a — 6, and cf 17' + ct)^' = 2h. 
Eliminate ^ and rj' by means of the last two equations 
of (i), and we hav/e 

f(cf-25r)-^(c^-2/)=J-a, 

and f(c97~2/) + i7(cf-25r) = -2A. 

Hence the foci are the four points of intersection of the 
two conies, ca^ — cif — 2gx + 2fy + a — 6 = 0, 

cxy-fx-^gy + h^^O, 

243. If fif = and iS' = be the tangential equations of 
two conies, then iS— Xfif' = will be the tangential equation 
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of a conic touching the four common tangents of the firat 
two. 

For, if 5 = be 

aJ^ + 2klm + hm^ + 2gl -^ 2/b + c = 0, 

and 5' = be 

aP + 2A7m + bm* + 2g'l + 2/m + c' = 0. 

Then S-^XS' = represents a conic, and any values of 
I and m which satisfy both fif = and fif = will, what- 
ever \ may be, satisfy 8 — X8' =0. Therefore the conic 
;Si — \8' = will touch the common tangents of 8— and 
flf' = 0. 

Ex. 1. The loctu of the centres of all conia which touch four faced 
straight lines is a straight line, 

Ji 8=0, and 8^=0 he the tangential equations of any two conies which 
touch the four straight lines, S-}jy=0 will he the general equation of 
the conies touching the lines. The centre of this oonio is given by 

"^-C^XV 2^-c^X?- [Art. 241.] 

Eliminating X we obtain the equation of the centre-locus, viz. 

x{cf-c'f)+y(c'g-cg')-fg+fg'=0. 

Ex. 2. The director-circles of all conies which touch four straight 
lines have a common radical axis. 

The director-circle of the conic S-\S'=0 is 
a + b-2gx'-2fy + c{x^ + y^-\{a' + l/-2g'x-2fy+&{x^+y^)}==Q. 

[Art. 241.] 
This circle always passes through the points conunon to the two 
circles 

^ c c' c ' 



The radical axis is therefore the line 



K'-iXi-'^'-" 



b a'-^b' ^ 

- + — V=o* 



One of the conies of the system is a parabola, and its directrix is 
clearly the common radical axis of the director-circles. 
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Examples on Chapter XIL 

1. PUF is tbe ordinate at any point P of a parabola whose 
vertex is Ay and the rectangle ANPM is completed; find the 
envelope of the line MN". 

2. If the difference of the intercepts on the axes made by 
a moving line be constant, shew that the line will envelope 
a parabola, 

3. Find the envelope of a straight line which cuts off 
a constant area from two fixed straight lines. 

4. FJN^y DM are the ordinates of an ellipse at the extremi- 
ties of a pair of conjugate diameters; find the envelope of FD. 
Find also the envelope of the line through the middle points of 
JUTF and of MD. 

5. AB and A'J^ are two given finite straight lines, a line 
PF^ cuts these lines so that the ratio AF : FB is equal to 
A'F' : F'B'; shew that FP envelopes a parabola which touches 
the given straight lines. 

6. OAF, OBQ are two fixed straight lines, A, B are &Ked 
points and F, Q are such that rectangle AF . BQ is constant, 
shew that FQ envelopes a conic. 

7. A series of circles are described eaxjh touching two 
given straight lines; shew that the polars of any given point with 
respect to the circles will envelop a parabola. 

8. Two points are taken on an ellipse such that the sum 
of the ordinates is constant; shew that the envelope of the line 
joining the points is a parabola. 

9. A fixed tangent to a parabola is cut by any other tan- 
gent FT in the point T, and TQ is drawn perpendicular to 
TF; shew that TQ envelopes another parabola. 

10. Through any point P on a given straight line a line 
FQ is drawn parallel to the polar of F with respect to a given 
conic; prove that the envelope of these lines is a parabola. 

11. If a leaf of a book be folded so that one comer moves 
along an opposite side, the line of the crease will envelope a 
parabola. 

12. An ellipse turns about its centre, find the envelope of 
the chords of intersection with the initial position. 
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13. An angle of constant magnitude moves so that one 
side passes through a fixed point and its summit moves along 
a fixed straight line; shew that the other side envelopes a 
parabola. 

14. The middle point of a chord PQ of an ellipse is on a 
given straight line; shew that the chord FQ envelopes a 
parabola. 

15. is any point on a conic and OF^ OQ are chords 
drawn parallel to two fixed straight lines; shew that FQ 
envelopes a conic. 

16. Any pair of conjugate diameters of an ellipse meets 
a fixed circle concentric with the ellipse in P, ^ ; shew that 
FQ will envelope a similar and similarly situated ellipse. 

1 7. If the sum of the squares of the perpendiculars from 
any number of fixed points on a straight line be constant; 
shew that the line will envelope a conic. 

18. The Bides of a triangle, produced if necessary, are cut 
by a straight line in the points X, M, N respectively; shew 
that, i£LM : M^ be constant the line will envelope a parabola. 

19. OAy OB are two fixed straight lines, and a circle 
which passes through and through another given fixed point 
cuts the lines in P, § respectively ; shew that the line FQ en- 
velopes a parabola. 

20. The four normals to an ellipse at P, Q, F, S meet in 
a point; prove that if the chord FQ pass through a fixed point, 
the chord FS will envelope a parabola, 

21. A rectangular hyperbola is cut by a circle of any 
radius whose centre is at a fixed point on one of the axes 
of the hyperbola ; shew that the lines joining the points of 
intersection are either parallel to an axis of the hyperbola or 
are tangents to a fixed parabola. 

22. Shew that the envelope of the polar of a given point 
with respect to a system of ellipses whose axes are given in 
magnitude and direction and whose centres are on a given 
straight line is a parabola. 

23. Of two equal circles one is fixed and the other 
passes through a fixed point ; shew that their radical axis en- 
velopes a conic having the fixed point for focus. 
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24. If pairs of radii vectors be drawn from the centre of 
an ellipse making with the major axis angles whose sum is a 
right angle, the locus of the poles of the chords joining their 
extremities is a concentric hyperbola, and the envelope of the 
chords is a rectangular hyperbola. 

25. From any point on one of the equi-conjugate dia- 
meters of a conic lines are drawn to the extremities of an axis 
and these lines cut the curve again in the points P, Q ; shew 
that the envelope of FQ is a rectangular hyperbola. 

26. PNP^ is the double ordinate of q.n ellipse which is 
equi-distant from the centre C and a vertex ; shew that if 
parabolas be drawn through P, P', C, the chords joining the 
other intersections of the parabola and ellipse will touch 
a second ellipse equal in all respects to the given one» 

27. Two given parallel sla^ight lines are cut in the points 
P, e by a line which passes through a fixed point ; find the 
envelope of the circle on PQ as diameter, 

28. The envelope of the circles described on a system of 
pa.rallel chords of a conic as diameters is another conic. 

29. A chord of a parabola is such that the circle described 
on the chord as diameter will touch the curve ; shew that the 
chord envelopes another parabola. 

30. Shew that the envelope of the directrices of all 
parabolas which have a common vertex A, and which pass 
through a fixed point P, is a parabola the length of whose latus 
rectum is -4P, 

31. Prove that, if the bisectors of the internal and exter- 
nal angles between two tangents to a conic be parallel to 
two given diameters of th^ conic, the chord of contact will 
envelope an hyperbola whose asymptotes are the conjugates of 
those diameters. 

32. The polar of a point P with respect to a given 
conic S meets two fixed straight lines AB, AG in. Q, Q' \ shew 
that, if AP bisect QQ\ the locus of P will be a conic \ shew 
also that the envelope of Q(^ will be another conic, 

S.C.S. 18 
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33. If two points he taken on a conic so that the har- 
monic mean of their distances from one focus is constant, 
shew that the chord joining them will always touch a confocal 
conici 

34. The envelope of the chord of a parabola which sub- 
tends a right angle at the focus is the ellipse 

(a: - 3a)" + 2y = 8a', y»-4aaj=0 
being the equation of the parabola. 

35^ A chord of a conic which subtends a constant angle at 
a given point on, the curve envelopes a conic having double con- 
tact with the given conic. 

36. Through a fixed point a pair of chords of a circle are 
drawn at right angles; prove that each side of the quad- 
rilateral formed by joining their extremities envelope a conic 
of which the fixed point and the centre of the circle are foci 

37. The perpendicular from a point JS on its polar with 
respect to a parabola meets the axis of the parabola in (7; 
shew that chords of the parabola which subtend a right angle 
at S all touch a conic whose centre is C. 

38. Shew that chords of a conic which subtend a right 
angle at a fixed point envelope another conic. 

Shew also that the point is a focus of the envelope and 
that the directrix corresponding to is the polar of with 
respect to the original conic. 

Shew that the envelopes corresponding to a system of <;on- 
centric similar and similarly situated conies are confocal. 

39. If chords of an ellipse subtend a right angle at the 
fixed point 0, and 0' be the other focus of the envelope of the 
chords; shew that 0* is on the rectangular hyperbola which 
passes through the feet of the four normals which can be 
drawn to the ellipse through 0. 

40. If a line cut two given circles so that the portions of 
the line intercepted by the circles are in a constant ratio, shew 
that it will envelope a conic, which will be a parabola if the 
ratio be one of equality. 

41. Chords of a rectangular hyperbola at right angles to 
each other^ subtend right angles at a fixed point 0; shew that 
they intersect in the polar of 0. . ^ 
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42. Shew that i£ AP, AQ be two chords of the parabola 
y* — 4aa; = through the vertex A, which make an angle 

J with one another ; the line PQ will always touch the ellipse 

128a* 16a" ~ 

43. Pairs of points are taken on a conic, such that the 
lines joining them to a given point are equally inclined to a 
given straight line; prove that the chord joining any such pair 
of points envelopes a conic whose director-circle passes through 
the fixed point. 

44. Chords of a conic aS' which subtend a right angle at a 
fixed point envelope a conic S', Shew that, if iS pass through 
four fixed points, /S" will touch four fixed straight lines. 

45. A conic passes through the four fixed points A, B, C, 
D and the tangents to it at B and C are met by CAy BA 
produced in P, Q. Shew that PQ envelopes a conic which 
touches BA, CA, 

46. If a chord cut a circle in two points -4, B which are 
such that the rectangle OA , OB is constant, being a fixed 
point ; shew that the envelope of the chord is a conic of which 
is a focus. Shew also that if OA^ + OB* be constant, the 
chord will envelope a parabola. 

47. On a diameter of a circle two points A, A' are taken 
equally distant from the centre, and the lines joining any point 
P of the circle to these points cut the circle again in Q, R; 
shew that QR envelopes a conic of which the given circle is the 
auxiliary circle. 

48. A triangle is inscribed in an ellipse and two of its 
sides pass through fixed points ; shew that the envelope of the 
third side is a conic having double contact with the former. 

49. A triangle is inscribed in an ellipse and two of 
its sides touch a coaxial ellipse j shew that the envelope of the 
third side is a third ellipse. 

50. Shew that the locus of the centre of a conic which is 
inscribed in a given triangle, and which has the sum of the 
squares of its axes constant, is a circle. 

18—2 



CHAPTER XIII. 
Trilinear C!o-obdinaxes. 

244. Let any three straight lines be taken which do 
not meet in a point, and let ABC be the triangle formed 
by them. Let the perpendicular distances of any point P 
from the sides BO, CA, ABhe a, fi, y respectively; then 
a, /8, 7 are called the trilinear co-ordinates of the point P 
referred to the triangle ABC. We shall consider a, )8, 7 
to be positive when drawn in the same direction as the 
perpendiculars on the sides from the opposite angular 
points of the triangle of reference. 

. Two of these perpendicular distances are suflGicient to 
determine the position of any point, there must therefore 
be some relation connecting the three. 
The relation is 

aa + 6y8 + C7=2A, 

where A is the area of the triangle ABC, This is 
evidently true for any point P within the triangle, since 
the triangles BPC, GPA and APB are together equal to 
the triangle ABC ; and, regard being had to the signs of 
the perpendiculars, it can be easily seen to be universally 
true, by drawing figures for the diflferent cases. 

245. By means of the relation aa + 6)9 + 07 = 2A any 
equation can be made homogeneous in a, /8, 7 ; and when 
we have done this we may use instead of the actual co- 
ordinates of a point, any quantities proportional to them : 
for if any values a, P, 7 satisfy a homogeneous equation, 
then hxy jfc^, hy will also satisfy that equation. 



TKILINEAB CO-ORDINATES. 277 

246. If any origin be taken within the triangle, the 
equations of the sides of the triangle referred to any 
rectangular axes through this point can be written in the 
form 

— a? cos ^j — y sin ^j + Pj = 0, 

— a: cos ^, — y sin 0^ + p^=0, 
-a?cos^3-ysin^, + P3 = 0, 

where cos (0^ ^0^)^ — cos A, cos (^3 — ^ J = — cos B, 

and cos (0^ — ^j) = — cos C, 

[We write the equations with the constant terms posi- 
tive because the perpendiculars on the sides from a point 
within the triangle are all positive.] 

We therefore have [Art. 31] 

a =Pj -- a? cos dj — y sin^j, 

fi^p^ — ^ cos ^, — y sin ^,, 

and 7=^93 — a?cos^3 — ysin^g. 

By means of the above we can change any equation in 
trilinear co-ordinates into the corresponding equation in 
common (or Cartesian) co-ordinates. 

247. Every equation of the first degree represents a 
straight line. 

Let the equation be 

h. 4- 7W/8 + W7 = 0. 

If we substitute the values found in the preceding 
Article for a, ^, 7, the equation in Cartesian co-ordinates 
so found will clearly be of the first degree. Therefore the 
locus is a straight line. 

248. Every straight line can he represented by an 
equation of the first degree. 

It will be sufficient to shew that we can always find 
values of Z, m, n such that the equation la + mfi + 717 = 0, 
which we know represents a straight line, is satisfied by 
the co-ordinates of any two points. 

If the co-ordinates of the points be a', fi\ 7' and 
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a\ ff\ 7" we must have 

li! +ml3' +ny =0, 

and values of I, m, n can always be found to satisfy these 
two equations. 

249. To find, the equation of a straight line which 
passes through two given points. 

Let a\ jS', y; (i\ ^\ y" be the co-ordinates of the two 
points. 

The equation of any straight line is 

1% + m/S + n7 = 0. 
The points (a', y9', 7'), (a", p\ 7"), are on the line if 

Za'+mySr + n7'=0, 

Za"+m/3"+n7"=0. 

Eliminating Z, m, n from these three equations we 
have 



a , /3 , 7 



= 0. 



250. to find the condition that three given points may 
be on a straight line. 

Let the co-ordinates of the given points be a, /3', 7' ', 
« » P , 7 ; and a , ^ , 7 . 

If these are on the straight line whose equation is 

Za + m^S + ^7 = 0, 

we must have W + mff + w{ = 0, 

W +m/3" +717" =0, 

and Za"' + m/3"' + ny" = 0. 

Eliminating Z, m, n we obtain the required condition, 
viz. 



a". /3", 7 
a'", r'. 7' 



tr 



/// 



= 0. 
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251. To find the point of intersection of two given straight 
lines. 

Let the equations of the given straight lines be 

Ix + m^ 4- w'y = 0, 

and Vol + mfi + n'7 = 0. 

, At the point which is common to these, we have 

••"■ ,^ , ., ;^ , = ."y , (i). 

ran — mn nl — nl Im — I'm ^ 

The above equations give the ratios of the co-ordinates. 
If the actual values be required, multiply the nume- 
rators and denominators of the fractions in (i) by a, 6, c 
respectively, and add; then each fraction is equal to 

aoL + b0+cy 2A 

. 1 QP 

a {mn — mn) + 6 (w? — nl) + (Im' — I'm) ' 



I, 


m, 


n 


r. 


m, 


n' 


a, 


b. 


e 



The lines will not meet in a point at a finite distance 
from the triangle of reference, that is to say the lines will 
be parallel, if 

= 0. 



I, 


m, 


n 


r, 


m'. 


ii 


a, 


h, 


c 



252. To find the condition that three straight lines may 
m£et in a point 

Let the equations of the straight lines be 

l^a + m^P + Wj7 = 0, 
Z,a + mjj8 + 71,7 = 0, 
Zja + TTig/S + rigY == 0. 
The lines will meet in a point if the above equations 
are all satisfied by the same values of a, /8, 7. The elimi- 
nation of a, /8, 7 gives for the required condition 






= 0. 



L. 
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253. If Ax +By + (7= be the equation of a straight 
line in Cartesian co-ordinates, the intercepts which the 

line makes on the axes are — j > — ■» respectively. If 

therefore A and B be very small the line will be at a very 
great distance from the origin. The equation of the line 
will in the limit, assume the form 

0*a7 + 0.y + (7=0. ^ 

The equation of an infinitely distant straight line, 
generally called the line at infinity, is therefore 

0.a? + 0.y + (7=0. 

When the line at infinity is to be combined with other 
expressions involving x and y it is written (7= 0. 

The equation of the line at infinity in trilinear co-ordi- 
nates is aa + 6)8 + oy ^ 0. 

For if hoL, hfi, ky be the co-ordinates of any point, the 
invariable relation gives k{aa+ bfi + cy)^ 2 A, or 

2A 

If therefore k become infinitely great, we have in the limit 
the relation aoL + b0 + cy^O. This is a linear relation 
which is satisfied by finite quantities which are propor- 
tional to the co-ordinates of any infinitely distant point, 
and it is not satisfied by the co-ordinates, or by quantities 
proportional to the co-ordinates, of any point at a finite 
distance from the triangle of reference. 

254. To find the condition that two given lines may be 
parallel. 

Let the equations of the lines be 

la + m^ + ny = 0, 

ra-^-m/S+ny^O. 

If the lines are parallel their point of intersection will 
be at an infinite distance from the origin and therefore its 
co-ordinates will satisfy the relation 
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Eliminating a, ^, 7 from the three equations, we have 
the required condition, viz, 

I f m, n = 0. 

, rriy n 

a, b f c 

255. To Jind the equation of a straight line through a 
given point parallel to a given straight line. 

Let the equation of the given line he 

Za+wi^ + ny = 0. 
The required line meets this where 

oa + 6)3 + cy = 0. 

The equation is therefore of the form 

h. + mp + wy + \ {aoL + 6/3 + cy) = 0. 

^i /y fff A be the co-ordinates of the given point, 
we must also have 

If+mg'\'nh + \{af-{-bg+ ch) = 0, 

, Za 4- m$ -f- ny aot + 6)8 + cy 

If + mg + TiA af+bg + ch* 

A useful case is to find the equation of a straight line 
through an angular point of the triangle of reference 
parallel to a given straight line. 

If A be the angular point, its co-ordinates are /, 0, 0, 
and the equation becomes {ma — lb) fi+ {na — fc) 7 = 0. 

256. To find the condition of perpendicularity of two 
given straight lines. 

Let the equations of the lines be 

toL + m/S + ny = 0, 

ra + m'/8 + ny = 0. 

If these be expressed in Cartesian co-ordinates by 
means of the equations found in Art. 246, they will be 

ic(l cos 0^+ m cos ^^H- wcos ^j) + y(rsin ^j + msin^^+nsin^g) 
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and 

-- fpi— m'/?, — np^ = 0: 

the lines will therefore be perpendicular [Art. 29] if 

(I cos 0^'\-m cos 5, + n cos 6^ (I cos 0^ ,+ r?i' cos 0^ -f n' cos fl,) 
+ {I sin^j + 771 sin(/^+n sin^^)(Z'3in^j+m'sin 0^+n8md^=O; 

that is, if 

K' + mm' 4- nn' + (Im' + Z m) cos (^^ - 0^) 

+ (mn' 4- m w) cos (^, - d,) + (rd' + ti'/) cos (^3- 0^) = 0. 

But cos (0^ — ^^) = — cos -4, cos (0^ — ^^) = — cos i?, 
and cos {0^ — 1^,) == '^ cos C ; 

therefore the required condition is 

ir + mm' + nn — {mn' + m'n) cos -4 — (nZ' 4- nl) cos 5 

-(Zm'Hr/'w2)cosC=0. 

257. To find the perpendicular distance of a given 
point from a given straight line. 

Let the equation of the straight Jine b© 

h + m^'^ny== 0, 

Expressed in Cartesian co-ordinates the equation will be 

x{l cos^j + rn cos 0^+ n cos^^) + y(l sin^j+ m sin^j+ n sin^^ 

-Ip^-mp^-np^^Q. 

The perpendicular di9tanc@ of anj point from this line is 
found by substituting the corordinates of the point in the 
expression on the left of the equation and dividing by the 
square root of the Bun^ of the squares of the coefficients 
of X and y. If this be agaiu expressed in trilinear co- 
ordinates, we phall have, for the length of the perpen- 
dicular from f g, h on the given line, tbo value 

lf+ mg + nh 

\/{(Zcos^j+Wcos^3+ncos^^)*+(/sin^j+f»siii^,-hnsin5J*} ' 

The denominator is the square root of 

P + m* + n' -4- 2lm cos {0^ - 0^) + 2mn cos {0^ - 0^) 

+ 2wZ cos (^3 - ^J, 

or of r + m* + n*— 2Zwcos(7— 2mncos-4 — 2nZcos JB. 
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Hence the length of the perpendicular is equal to 

lf-\- mg 4- nh 
»J{P + w.^ + n"* — Imn cos A — 2nl cos B — 2lm cos (J) ' 

258. To shew that the co-ordinates of any four points 
may be expressed in the form ±f ±g, ±h. 

Let P, Q, -K, 8 be the four points. 

B 




The intersection of the line joining two of the points 
and the line joining the other two is called a diagonal- 
point of the quadrangle. There are therefore three 
diagonal-points, viz. the points A, B, G in the figure. 

Take ABC for the triangle of reference, and let the 
co-ordinates of P be/, g, h, 

B 7 
Then the equation of AP will be - = r . 

The pencil AB, AS, AG, AP is harmonic [Art. 60], 
and the equations of AB, J. C are 7 = 0, ^ = respectively, 

and the equation of AP is - = ~ ; therefore the equation 

of^;8^willbe^ = -^. [Art. 56.] 

g -h "- 

.a 8 
The equation of GP is 7^ = — . 

Therefore where A 8 and GP meet, i.e. at 8, we shall 

have ■ ? = ^ = JL 

f 9 -f'^ 
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So that the co-ordinates of 8 are proportional to /, fft — h. 
Similarly the co-ordinates of iJ are proportional to "jyfft ^• 
Similarly the co-ordinates of Q are proportional to f,—g, h. 

259, To shew that the equations of any fov/r straight 
lines may be expressed in thefortn 1% ± mfi ±ny = 0. 

Let DEF, DKG, EKH, FOH be the four straight 
lines. 

Let ABC be the triangle formed by the diagonals 
FK, EGty and BHoi the quadrilateral, and take ABG for 
the triangle of reference. 




Let the equation of DEFhe 

la + m^ -h ny = 0. 
Then the equation of AD is myS + n^ = 0. 

Since the pencil AD, AB, AH, AG is harmonic 
[Art. 60], and the equations oiAD, AB, AC are m)3+W7=0, 
ry = 0, /8 = respectively ; 

therefore [Art. 56] the equation of AH is mjS — ny = 0. 

Since E is the point given by /8 = 0, Za + 717 = ; and E 
is the point given by a = 0, w/S — 717 = ; the equation 
oi HE is Zx-m/8 + W7 = 0. 
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t 

We <^n shew in a similar manner that the equation 
ofi>JE'is -Z2 + my3 + W7 = 0, 

and that the equation of FH is 

EXAMPLES. 

1. The three bisectors of the angles of the triangle of reference have 
for equations, /3-7=0, 7-a=0, and a-/3=0. 

2. The three straight lines from the angular points of the triangle of 
reference to the middle points of the opposite sides have for equations 
6/3-cy=0, cy-aa=Of and aa- 5/3=0. 

3. If A'B'C be the middle points of the sides of the triangle of 
reference, the equations of BC\ C'A\ A'B' will be 6j3+<ry-aa=0, 
C7 + aa - 6/3 = 0, aa + 6/3 - cy = respectively. 

4. The equation of the line joining the. centres of the inscribed and 
droumscribed circles of a triangle is 

a (cos B - cos C) + /3 (cos C - cos ^ ) + 7 (cos A - cos B) = 0. 

5. Find the co-ordinates of the centres of the four circles which tonoh 
the sides of the triangle of reference. Find also the co-ordinates of the 
six middle points of the lines joining the four centres, and shew that the 
00-ordinates of these six points aU satisfy the equation 

«/9y + 670 + ca/3 = 0. 

6. li AO, BO, CO meet the sides of the triangle ABC mA\ B\ C; 
and if B'C meet BC in P, CA' meet CA in Q, and A'B' meet ABinR; 
shew that P, Qt R are on a straight line. 

Shew also that BQ, CR, AA' meet in a point P'; CR, AP, BB' meet 
in a point ^; and that AP, BQ, CC meet in a point R', 

7. If through the middle points, ^^ B\ G- of the sides of the triangle 
ABC lines A*P, B'Q, C'R be drawn perpendicular to the sides and equal 
to them; shew that AP, BQ, CR will meet in a point. 

8. If p, q, r be the lengths of the perpendiculars from the angular 
points of the triangle of reference on any straight line; shew that the 
equation of the line will be opa +6^/3+ cry sO. 

9. If there be two triangles such that the straight lines joining the 
corresponding angles meet in a point, then will the three intersections of 
corresponding sides lie on a straight line. 

[Let /, g, h be the co-ordinates of the point, referred to ABC one of the 
two triangles. Then the co-ordinates of the angular points of the other 
triangle A'BC can be taken to be/', g, h ; /, g', h and/, g, h' respectively. 

B'C cuts BC where a=0 and — ^, + ^ ^,, =0. Hence the three inter- 

g-g' h-hf 

sections of corresponding sides are on the line 3-^, + -^—, + ,—^=0.1 

*^ /-/' g-gr h-h' 
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260, The general equation of the second degree in 
trilinear co-ordinates, viz. 

ui? + v^^ + W7" + 2w'/S7 + 2i;V3t + 2w'a)3 = 0, 

is the equation of a conic section ; for, if the equation be 
expressed in Cartesian co-ordinates the equation will be of 
the second degree. 

Also, since the equation contains five independent 
constants, these can be so determined that the curve 
represented by the equation will pass through five given 
points, and therefore will coincide with any given conic. 

261. To find the equation of the tangent at any point of 
a conic. 

Let the equation of the conic be 

^ (a, /3, 7) = ua^ + 1;/3' + 'm;7' + 2w')87 + 2t; 7a + 2vfafi = 0, 

and let a', ff, 7' ; a", /8", 7" be the co-ordinates of two 
points on it 

The equation 

„ (at -a') (a - a") + v (^-/3') (yS - ^") + w (7 - 7') (y-f ) 

+ 2m' 03 - i8') (7 - 7") + 2t/ (7 - 70 (a - a") 

+ 2«;'(a-a')(i9-/9") = ^(a,/3,7), 

is really of the first. degree in a, /S, 7, and therefore it 
is the equation of sovm straight line. The equation 
is satisfied by the values a = a', )8 = ^', 7 = 7', and also by 
the values a = a", )3 = )3", 7 = 7". Therefore it is the 
equation of the line joining the two points (a', ^', 7'), 
(a", )8", 7"). Let now (a", ^", 7 ') move up to and ulti- 
mately coincide with (a', ^, 7'), and we have the equation 
of the tangent at (a , yS', 7'), viz., 

waa' + v^^' + ^77^ + u' {^y + 7^8') 

+ v' (7a' + ay) + w' {a/Sr + /3a ) = 0. 

Using the notation of the Differential Calculus we may 
write the equation of the tangent at any point (a', 0, 7) 
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of the conic ^ (a, )8, 7) = in either of the forms 



or 



262. To find the equation of the polar of a given 
point. 

It may be shewn, exactly as in Art. 76, 100, or 138, 
that the equation of the polar of a point with respect to 
a conic is of the same form as the equation we have 
found for the tangent in Art. 261. 

263. To find the condition that a given straight line 
may touch a cwiic. 

Let the equation of the given straight line be 

Za+w/S + 7i7=5 0\. (i). 

The equation of the tangent at (a', y8', 7^) is 

o {ut: + w'^ + vV) + y8 {'u/a! + vh' + u'y) 

+ 7(v'a' + w'/S'+^0=O..,(ii). 

If (i) and (ii) represent the same straight line, we have 

uol' + w'^' + vj _ w'cL + 1^' + ^V v'a! 4- u'^ + wr^' 

I TTh n 

Putting each of these fractions equal to — \, we have 

UOL +w'^'\'v'y'f-Xl =0, 

w'a'+vfi' +uy+\m^O, 

V V + u/3^ + wy -t- Xw =0. 

Also, since (a', )8', 7') is on the line (I, m, n), 

loL + «2^' 4- ny = 0. 
Eliminating a', /8', y, X from these four equations we 
obtain the ;required condition 



u , v/, v', I 

w\ V , u\ m 

v' , Uy w, n 

I , m, 72, 



= 0, 



(iii), 
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or r . {vtv — w'*) + m' {wu — t;") + n' {uv — to") 

+ 2mn {v'w' - wu') + 2nZ (w V - tw') + 2Zm (uV - ww') = 0, 

or 

E7P+rm"+Fw' + 2£rmn4-2FnZ + 2ir/m = 0...(v), 

where U, F, IT, CT, V, W are the minors of u, v, w, 
u', v\ w' in the determinant 



w 



V 



t;' , u\ 



u 
w 



264. To find the co-ordinates of the centre of a conic. 

Since the polar of the centre of a conic is altogether at 
an infinite distance, its equation is 

a2 + 6)8 + C7 = (i). 

But [Art. 262], the equation of the polar of the centre 
will be 

where a^, )8o> 7o» ^^^ ^^^ co-ordinates of the centre. 
Hence the equations for finding the centre are 

d<l> d(f} d<f> 

doo^^^^o 
a b c * 

265. To find the condition that the curve represented 
by the general equation of the second degree may be a 
parabola. 

The co-ordinates of the centre of the curve are given 
by the equations 

a b c ' 

Put each of these equal to - X, and we have 

ua^ + w^'/3^ + v Vo + Xa = 0, 
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Also since the centre of a parabola is at infinity, we 
have 

aa^+ 6/9^ + 07^ = 0. 

The elimination of a^, fio, %y X gives for the required 
condition 



V' , V! y Wy c 



= 0. 



a, b, c, 

We see from the above that the parabola touches the 
line at infinity. [Art. 263.] 

266. To find the condition that the conic represented by 
the general equation of the second degree may be two straight 
lines. 

The required condition may be found as in Art. 37. 
The condition is 

uvw + ^uv'vi — wm" — vxi^ — \D\xP^ = 0, 

or, as a determinant, 






V , 



V , u 



V 



w 



= 0. 



267. To find the asymptotes of a conic. 
The equations of the curve and of its asymptotes only 
differ by a constant. 

Hence if the equation of the curve be 

uo?-\- v^ + w-/ + 2m'/87 + 2v 7a + ^w'a^ = 0, 

the equation of the asymptotes will be 

uof + v^ + wrf^'\- 2u'^y + 2!; 7a + ^wa^ 

+ X(a2 + 6/3+C7)*=0 (i). 

The value of X is to be determined from the condition 
for straight lines, viz. 



u +Xa^, -M/' + Xat, V '\''\jac 
tD-\- Xa6, V + X6* , u'-\- Jsbc 
'if + Xac, %C + X6c, w + Xc* 



= 0. 



Si C. S. 
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The term independent of \ is 




U y W' y V 






W' y V y v! 


• 




V' y U' y W 




The coefficient of X is 




a', ab, ac 


+ 


u , w\ v' 


+ 


u , w' , f/ 




W\ V y vf 




ab y Vy he 




VS y V y V! 




v' y u' y to 




V' y U' y W 


. 


ac, be, c' 


which is equal to 


^~ 


u y w' , V , a 

W\ V y U' y b 






Xf y U' y W y C 


• 








a , b y C y 










The coefficients of X' and of V are both zero. 

Hence there is a simple equation for X, and therefore 
from (i) we have for the equation of the asymptotes 



U y W y 'J y a 


+(aa+b^+cyf 


U y W' y V' 


V/ y V y U' y b 




V/ y V y U' 


V' y V! y V) y C 




V' y U' y W 


a y b y c ,0 




« 



268. To find the condition that the conic may be a 
rectangular hyp&i^bola. 

Change to Cartesian co-ordinates. Then the conic will 
be a rectangular hyperbola if the sum of the coefficients of 
a* and y^ is zero. 

The condition becomes 
w + t; + t(? — 2m'cos-4 — 2i;' cos S — 2t(?' cos (7=0. 

269. To find the equation of the circle circumscribing 
the triangle of reference. 

If from any point P, on the circle circumscribing 
a triangle ABC, the three perpendiculars Pi, PM, FN be 
drawn to the sides of the triangle and meet the sides 
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BGy OA, AB in the points X, M, -W respectively; then it 
is known that these three points L, M, N are in a straight 
line. 

Let the triangle be taken for the triangle of reference 
and let a, fi, 7 be the co-ordinates of P. 

The areas of the triangles MPN, NPL, and LPM 
are ^fiysinA, i^yasinB, and Ja/8sin(7 respectively. 
Since LyM,N are on a straight line, one of these triangles 
is equal to the sum of the other two. Hence, regard being 
had to sign, we have 

jSysin -4 + 7a sin -B + ot^ sin 0=0, 

or a^y + byoL+coi^^O, 

which is the equation required. 

Ex. The perpendiculars from on the sides of a triangle meet the 
sides in D, E^ F. &hew that, if the area of the triangle DEF is constant, 
the locus of is a circle concentric with the circumscribing circle. 

270. Since the terms of the second degree are the 
same in the equations of all circles, if iSf = be the 
equation of any one circle, the equation of any other 
circle can be written in the form 

8+XOL + fM^ + vy = 0, 

or, in the homogeneous form, 

8+ {la + ml3 + ny){aoL+hl3 + cy) = 0. 

271. From the form of the general equation of a 
circle in Art. 270 it is evident that the line at infinity cuts 
all circles in the same two (imaginary) points. 

The two points at infinity through which all circles 
pass are called the drcvlar points at infinity. 

Since, in Cartesian co-ordinates, the lines a?-\-y* = 
are parallel to the asymptotes of any circle, the imaginary 
lines a? + 3/* = go through the circular points at infinity. 
Hence, from Art. 193, the four points of intersection of 
the tangents drawn to a conic from the circular points at 
infinity are the four foci of the curve. 

272. To find the conditions that the curve represented 
hy the general equation of the second degree may he a circle. 

19—2 
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The equation of the circle circumscribing the triangle 
of reference is [Art. 269] 

a^7 + 67a H- ca^ = 0. 

Therefore [Art. 270] the equation of any other circle 
is of the form 

a/87 + by a + cal3 + (la + m/3 + ny) (aa + 6^ + C7) = 0. 

If this is the same curve as that represented by 
ua* + v^ + Wf/ + 2u'0y + 2v'y(i + 2w'a/3 = 0, 

we must have, for some value of \, 

\u =^la,\v = mb, \w = nc, 

2\u' = a + cm + bn,2Xv' =^b + an + c{,and 2\w' = c + 6i +am. 

Hence 
26cm' — c^v — h^w = 2cav' — a^w — c*u = 2abv/ — b^u — cfv, 

for each of these quantities is equal to -r- . 

273. To find the condition that the conic represented by 
the general eqxiation of the second degree may be an ellipse, 
parabola, or hyperbola. 

The equation of the lines from the angular point G to 
the points at infinity on the conic will be found by elimi- 
nating 7 from the equation of the curve and the equation 
a% + bfi+cy = 0. Hence the equation of the lines through 
C parallel to the asymptotes of the conic will be 

wcV + vc'/S' + w(a2 + bj3y - 2u'cfi (aa + 6/3) 

- 2vc2 (aoL + bl3) + 2w(?aP = 0. 

The conic is an ellipse, parabola, or hjrperbola, accord- 
ing as these lines are imaginary, coincident, or real ; and 
the lines are imaginary, coincident, or real according as 

(wab — t^oc — vbc + wV)' — (wc* + wa^ — 2v ac) 

(vc* + wV — 2ubc) 

is negative, zei'O, or positive ; that is, according as 
Cra*+F6^+ Fc» + 2Z7'6c + 2Fca + 2>r'a6 

is positive, zero, or negative. 

274. The equation of a pair of tangents drawn to the 
conic from any point can be found by the method of 
Art. 188. 
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The equation of the director circle of the conic can be 
found by the method of Art. 189. 

The equation giving the foci can be found by the 
method of Art. 193. 

The equations for the foci will be found to be 

4(6««; + c'i;-26c«')^(«,/3.7)-(6g-c^y 
= 4 (c'it + a««, - 2cat;') ^ (a. /9, 7) - j^c g - a ^y ' 

The elimination of <f> (a, yS, 7) will give the equation of 
the axes of the conic. 

275. To find the equation of a conic drcumscnbinff the 
triangle of reference. 

The general equation of a conic is 

u%^ + v/^ + tor/ + 2ufiy + 2vya + 2wafi = 0. 

The co-ordinates of the angular points of the triangle 

are 

2A ^ ^ ^ 2A ^ J A A 2A 
— , 0, 0; 0, -T-, ; and 0, 0, — . 
a ' b c 

If these points are on the curve, we must have w = 0, v = 0, 
and t^; = 0, as is at once seen by substitution. 

Hence the equation of a conic circumscribing the tri- 
angle of reference is 

u'^y + v'72 + w'afi = 0. 

276. The condition that a given straight line may 
touch the conic may be found as in Art. 263, or as follows. 

The equation of the lines joining A to the points 
common to the conic and the straight line (I, m, n), found 
by eliminating a between the equations of the conic and 
of the straight line, is 

lufiy - {vy + w'^) (mfi + ny) = 0, 
or wm)^ + nv^ + (mv' 4- nw — Zm') ^7 = 0, 

The lines are coincident if (?, m, w) is a tangent; the 
condition for this is . . 

4imnv'v/ = {mv' -f nw' — lu)\ 
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which is equivalent to 

Vfo7 + Jmv' ± Jnw = 0. 

277. To find the equation of a conic touching iJie sides 
of the triangle of reference. 

The general equation of a conic is 

wa* ^vl3^ + wr/ + 2ufiy + 2vyx + 2w'a^ = 0. 

Where the conic cuts a = 0, we have 

v^'\-ivr/ + 2ufiy^0. 

Hence, if the conic cut a = in coincident points we 

have 

vw = u'^y or w' = Jvw. 

Similarly, if the conic touch the other sides of the 
triangle, we have 

v' = Jwu, and w' = Juv. 

Putting \*, fi\ I/* instead of w, v, w respectively, we have 
for the equation, 

W + /i"/3" + i/V T 2fivpy + 2v\jyx + 2\/L6ai8 = 0. 

In this equation either one or three of the ambiguous 
signs must be negative ; for otherwise the left side of the 
equation would be a perfect square, in which case the 
conic would be two coincident straight lines. 

The equation can be written in the form 

278. To find the condition that the line la + m^ + ny = 

may touch the conic ^/Xa + JfjLJS + Jvy = 0. 

The condition of tangency can be found as in Art. 276, 
the result is 

L m n 

279. To find the equations of the circles which touch the 
sides of the triangle of reference. 

If i> be the point where the inscribed circle touches 
BC, we know that 

^a=«-c, and i>J5 = « -5. 
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Therefore the equation oi AD will be 

/3 7__ r.\ 

(«-c)8inO"(5-6Xsin£ ^^^• 

Now the equation of any inscribed conic is 

JXa^ J]jL^ -h Jpy = (ii). 

The equation of the line joining A to the point of contact 
of the conic with £C will be given by 

/. /*)8 = vy (lii). 

Hence, if (ii) is the inscribed circle, we have from (i) and 

(iii) 

fl V 

Similarly, by considering the point of contact with CA, 
we have 

Hence the equation of the inscribed circle is 

Ja{$ — a) a + Jb (s — b) fi + Jc {s — c) y — 0. 

The equations of the escribed circles can be found in a 
similar manner. 

Ex. 1. Shew that the conio whose equation is 

tonches the sides of the triangle of reference at their middle points. 

Ex. 2. If a conio be inscribed in a triangle, the lines joining the 
angular points of the triangle to the points of contact with the opposite 
sides wiU meet in a point. 

280. To find the equation of a conic which passes 
through four given points. 

If the diagonal-points of the quadrangle be the angular 
points of the triangle of reference, the co-ordinates of the 
four points are given by ±f ±g, ±h [Art. 258]. 

If the four points are on the conic whose equation is 

wa* + v^ + wr/ + 2u'^y + 2t; 7a + 2w'afi = 0, 
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we have the equations 

«/' + V + wh!" ± 2u'gh ± 2vhf ± 2it/fff = ; 

/. u' = v'=^w' = 0. 

Hence the equation of the conic is wa* + v^ + wy^^O, 
with the condition uf^ + vgr* + wh^ = 0. 

Ex. 1. Find the loctu of the centres of all conica which pass through 
four given points. 

Let the four points be ±/, ±g, ±h. 
The equation of any conio will be 

with the condition 

uf^+vg^ + wh^=0 (i). 

The co-ordinates of the centre of the conio are given by 

iia __ r/S _ try 

Substitate for u, v, w in (i), and we have the equation of the locus, viz. 

?^ + 5^V^'=0. [See Art. 209.1 

Ex. 2. The polars of a given point with respect to a system of 
conies passing through four given points will pass through a fixed point. 

281. To find the equation of a conic touching four 
given straight lines. 

Let the triangle formed by the diagonals of the quadri-. 
lateral be taken for the triangle of reference, then [Art 259] 
the equations of the four lines will be of the form 

loL ± mfi ± ^7 = 0. 

The conic whose equation is 

ua"" + v^" + wy^ + 2u^y + 2vyoL + 2wafi = . . .(i) 

will touch the line (Z, m, n) if 

m^+ rw?+ Wn^+2irmn+2rnl + 2F7m = 0. 

If therefore the conic touch all four of the lines, we 
must have V = F = W = 0, 

that is v'to' — uu' = 0, 

w'u' — vv' = 0, 

uv — luw' = ; 
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or else (i) is a perfect square, and the conic a pair 
of coincident straight lines. 

Hence we must have u' ^v =w — 0, and the condition 
of tangency is Vvw + 7n?wu + nVv = 0. 

Hence every conic touching the four straight lines is 
included in the equation 

with the condition 

- + — + - = 0. 

U V w 
Ex. 1. Find the locus of the centres of the conies which touch four 
given straight lines. 
Any conio is given by 

with the coujdition 

- + — + ^=0. 

U V w 

The co-ordinates of the centre of the conic are given by 

ua _vl3 ^ wy ^ 
a b " c ' 
therefore the equation of the locns of the centres is the straight line 

a be 

This straight line goes through the middle points of the three diagonals 
of the quadrilateral. [See Art. 217.] 

Ex. 2. The locus of the pole of a given line with respect to a system 
of conies inscribed in the same quadrilateral is a straight line. 

Ex. 3. Shew that, if the conio ua^+vp*+wy^=0 be a parabola, it 
will touch the four lines given by aa^bp±cy=^0. 

282. When the equation of a conic is of the form 
uo? + v/3^ + tuy* = 0, each angular point of the triangle of 
reference is the pole of the opposite side. This is at once 
seen if the co-ordinates of an angular point of the triangle 
be substituted in the equation of the polar of (a', fi\ 7'), 
viz. uaa + v^0 + wy'*^ = 0. 

Conversely, if the triangle of reference be self-polar, the 
equation of the conic will be of the form uo? + vy3* + vj^ ^ 0. 

For, the equation of the polar of -4 ( — , 0, j , with respect 
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to the conic given by the general equation, is 

uoL + w'fi + v'y = 0. 
Hence, if BG he the polar of A, we have «;'=t;'=0. 
Similarly, if CA be the polar of B, we have w' — u'== 0* 
Hence t«', v, w are all zero. 

283. If two conies intersect in four real points, and 
we take the diagonal-points of the quadrangle formed by 
the four points for the triangle of reference, the equations 
of the two conies will [Art. 280] be of the form 

wa' -f V)8* + t/ry* = 0, and w V + v /3' + w? V = 0. 

So that, as we have seen in Art. 213, any two conies 
which intersect in four real points have a common self-polar 
triangle. 

When two of the points of intersection of two conies 
are real and the other two imaginary, two angular points 
of the common self-polar triangle are imaginary. When 
all four points of intersection of two conies are imaginary, 
they will have a real self-polar triangle. [See Ferrers' 
Trilinears, or Salmon's Conic Sections, Art. 282.] 

284. If two tangents and their chord of contact be 
the sides of the triangle of reference, the equation of the 
conic will be of the form 

a« = 2/./37 (i), 

for (i) is a conic which has double contact with the conic 
)87 = 0, the chord of contact being a = 0. [See Art. 187.] 

285. To find the equation of the circle with respect to 
which the triangle of reference is sdf -polar. 

The equations of all conies with respect to which the 
triangle of reference is self-polar are of the form 

The equation of any circle can be written in the form 
a^Sy-h 67a + ca)S + (Xx + /t/9 + 1^7) (aa+ 6)8 -f- 07) = 0. 
If these equations represent the same curve, we have 

M = Xa, v = /ji, w^vCy 
a + /xc + i/5 = 0, 5 + ra 4- Xc = 0, and c + Xi + /Aa = 0. 
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Whence X = — cos-4, /^ = — cos5, and i/ = — cos (7. 
The required equation is therefore 

a cos A ,a^ + b cos B. ^ + c cos (7. 7* = 0. 

286. To find the equation of the nine-point circle* 
Let the equation of the circle be 
afiy -f hyx + ci^ — (\a +fi^ + vy) (aa, + bfi + cy) = 0. 
This circle cuts a = where b^ = cy; 

.'. abo — 2 (/ic + vb) be = 0, 

b c 2abc * 
Similarly _ 4- _ =- 



c a 2abc ' 

, X a c* 

and - + r = iTT • 

a zabc 

Hence 2\ = cos A, 2/i = cos B, and 2v = cos (7 ; 
therefore the equation of the circle is 
2a/37 + 2by2 + 2coip 

— (a cos ul -f )8 cos jB + 7 cos C) (aa + 6^8 + C7) = 0, 
or a/87 + ^^ + c^/3 "- <3t*a cos A — /8*6 cos £ — y^c cos (7 = 0. 
The form of this equation shews that the nine-point 
circle, the circumscribed circle, and the self-conjugate 
circle have a common radical axis, the equation of the 
radical axis being 

a cos A +13 cos 5 + 7 cos (7=0. 

Ex. 1. The centre of the self-conjugate circle of a triangle is its 
orthocentre. 

Ex. 2. The locus of the centres of all rectangular hyperbolas de- 
scribed about a given triangle is the nine-point circle. 

287. PascaVs Theorem. If a hexagon be inscribed in 
a conic, the three points of intersection of the three pairs of 
opposite sides will be on a straight line. 

Let the angular points of the hexagon be AyFyB,DyC,E. 
Take ABG for the triangle of reference, and let the points 
I),i:,Fhe (a', /3', 7O. («" /8", y"). and («'", j8"', 7'"). 
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Let the equation of the conic be 



a P 7 



(i). 



The equations of BD and AE will be —, = —,, and 

a 7 

By ff=A=2. 

-^/7 = -77 ; therefore at their intersection, a' ff' 1 ' 

P 7 -7 — 

7 7 

Similarly CD, AF meet in the point (^, 1, ^/) • 



The three points will lie on a straight line if 



// 



a' ^ 
7" 7"' 



1, 



1. 

/3" 



/// 



/3"' 



/// 



a a 



= 0, or if 



f f 'ft Iff 
7 7 7 

1 i. JL 

/9" ^" /3"' 

111 



J > 



u > 



in 



= 



(ii). 



But, since the three points i), J?, i<^are on the conic (i), 
we have 



and 



,/// T^ r^iit \^ tti — ^« 



a yS' 7 

By the elimination of X, /Lt, i/ we see that the condition 
(ii) is satisfied, which proves the proposition. [See ako 
Art. 319, Ex. 3.] 

Since six points can be taken in order in sixty diflerent 
ways, there are sixty hexagons corresponding to six points 
on a conic ; and, since Pascal's Theorem is true for every 
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one of these hexagons, there are sixty Pascal lines corre- 
sponding to six points on a conic. 

288. If a hexagon circumscribe a conic, the points of 
contact of its sides will be the angular points of a hexagon 
inscribed in the conic. Each angular point of the circum- 
scribed hexagon will be the pole of the corresponding side 
of the inscribed hexagon; therefore a diagonsd of. the cir- 
cumscribing hexagon, that is a line joining a pair of 
its opposite angular points, will be the polar of the point 
of intersection of a pair of opposite sides of the inscribed 
hexagon. But the three points of intersection of pairs of 
opposite sides of the inscribed hexagon lie on a straight 
line by Pascal's Theorem ; hence their three polars, that is 
the three diagonals of the circumscribing hexagon, will 
meet in a point. This proves Brianchon's Theorem :—if 
a hexagon be described about a conic, the three diagonals will 
meet in a point. 

289. If we are given five tangents to a conic we can 
find their points of contact by Brianchon's Theorem. For, 
let -4, B, 0, Dy E be the angular points of a pentagon 
formed by the five given tangents; then, if ^be the point 
of contact of AB, A, K, B, C, D, E are the angular points 
of a circumscribing hexagon, two sides of which are co- 
incident. By Brianchon s Theorem, DK passes through 
the point of intersection oi AG and BE\ hence K is 
found. The other points of contact can be found in a 
similar manner. 

Similarly, by means of Pascal's Theorem, we can find 
the tangents to a conic at five given points. For, let A, 
B, C, D, E be the five given points, and let F be the point 
on the conic indefinitely near to A; then, by Pascal's 
Theorem, the three points of intersection of AB and BE; 
oi BO and EF\ and of GD and FA lie on a straight line. 
Hence, if the line joining the point of intersection of AB 
and DE to the point of intersection of BG and EA meet 
GD in H, AH will be the tangent at A, The other 
tangents can be found in a similar manner. 
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AREAL CO-ORDINATES. 

290. The position of any point P is determined if the 
ratios' of the triangles PBG, PC A, PAB to the triangle of 
reference ABC be given. These ratios are denoted by a?, y, z 
respectively, and are called the areal co-ordinates of the 
point P. 

The areal co-ordinates of any point are connected by 
the relation x + y-^z^l^ 

Since x^^rr-^ y—^ir$ and z = ~ , we at once find 
2A' ^ 2A' 2A 

the equation in areal co-ordinates which corresponds to any 

given homogeneous equation in trilinear co-ordinates, by 

OS II z 

substituting in the given equation - , t , - for a, ^, 7 

respectively ; for example the equation of the line at in- 
finity is oD + y + z^O, We will however find the areal 
equation of the circumscribing circle independently. 

291. To find the equation in areal co-ordinates of the 
circle which circwmscrihes the triangle ofrefer&nce. 

If P be any point on the circle circumscribing the tri- 
angle ABC, then by Ptolemy's Theorem (Euclid vi. D.) 
we have 

PA.BG±PB.CA±PO.AB=0 <i). 

But since the angles BPG and BA C are equal, we have 
PB PC 
A Ti A C ^ ^' ^^^ similarly for y and z; hence, paying 

regard to the signs of x, y, z, we have from (1) 

PA.PB.PC , PA,PB.PC PA.PB.PG ^ 

a. -, + 6. + c, =; = 0, 

OCX cay abz 

or — + - 4. - =- 

X y z 

which is the equation required. 
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292. If the conic represented by the general equation 
of the second degree in trilinear co-ordinates, viz. 

tia* + v^ + wy^+ 2u'fiy + 2t;' 7a + 2w'al3 = 0, 

be the same as that represented in areal co-ordinates by 
the equation 

^* + fiy^ + vz* + 2Xfyz + 2fizx + 2vxy = 0; 

, X y z 
then, since — = ^. = -— , we have 
aoL op erf 

u V w u' V v/ 



Xa* fib* v(? \'bc fica vab' 

Hence we can obtain the relation between the coefficients 
in the areal equation which corresponds to any given 
relation between the coefficients in the trilinear equation. 

For example, the condition that uo? + vfi^ + vjrf = 
may be a rectangular hyperbola isu-^-v + w^O; hence the 
condition that Xo?" + fiy* + vz*=0 may be a rectangular 
liyperbola is \a' + fiV + vc* = 0. 

TANGENTIAL CO-ORDINATES. 

293. If ?, m, n be the three constants in the tri- 
linear or areal equation of any straight line, the position 
of the line will be determined when I, m and n are given ; 
and by changing the values of I, m, and n the equation 
may be made to represent any straight line whatever. 

The quantities I, m, and n which thus define the position 
of a straight line are called the co-ordinates of the liTie. 

If the equation of a straight line in areal co-ordinates 
be i» + my + n-s? = 0, 

the lengths of the perpendiculars on the line from the 
angular points of the triangle of reference will be pro- 
portional to i, Tw, n. This follows at once from Art. 257; 
we will however give an independent proof. 

Let the lengths of the perpendiculars from the angular 
points -4, B, of the triangle of reference be p, j, r 
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respectively. Let the line cut BC in the point K^ and let 
the co-ordinates of K be 0, y\ z\ 

Then q : r :\ BK : CK ::-/ : y. 

But, since jS'is on the line, my' + nz = 0; therefore 

q : r :: m : n. 

294. The lengths of the perpendiculars on a straight 
line from the angular points of the triangle of reference 
may be called the co-ordinates of the line. If any two of 
these perpendiculars be drawn in different directions they 
must be considered to have different signs. 

From the preceding Article we see that the equation of 
a line whose co-ordinates are jp, j, r is ^a? + jy + r^: = 0. 

When the lengths of two of the perpendiculars on 
a straight line are given, there are two and only two 
positions of the line ; so that, when two of the co-ordinates 
of the line are given, the third has one of two particular 
values. Hence there must be some identical relation 
connecting the three co-ordinates of a line, and that 
relation must be of the second degree. 

295. To find the identical relation which exists between 
the co-ordinates of any line. 

Let 6 be the angle the line makes with BAy then we 
have J — ^ = c sin ^, and j — r = a sin (^ + J5). The elimi- 
nation of 6 gives the required relation, viz. 

a' {q —pY — 2ac cos B (q —p) (? — r) + c* {q — r)^ = 4A', 
or 
a^(j[>-q)(p-r) + V (q '- r) (q - p) + c' (r - p) (^ — ?) = 4 A*. 

296. If the line px+qy+rjs=^0 pass through a fixed 
point (/, g, A), then 

p/+qg + rh = (i). 

So that the co-ordinates of all the lines which pass 
through the point whose areal co-ordinates are /, g, h 
satisfy the relation (i). 

Hence the equation of a point is of the first degree. 
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297. If the co-ordinates of a straight line are con- 
nected by any relation the line will envelope a curve, and 
the equation which expresses that relation is called the 
tfinffential eqwUion of the curve. 

We have seen that the tangential equation of a conic is 
of the second degree, and that every curve whose equation 
is of the second degree is a conic. If -^ (f, m, w) = be 
tbe tangential equation of the conic whose areal equation 
is ^ (a?, y, z) = 0, and if the coefficients in the equation 
^ s= be w, Vy w, u\ v\ V) ; the corresponding coefficients in 
the equation i^ = will be U, F, TT, U\ V\ W\ the minors 
of u, V, w, Uy v\ V} respectively in the determinant 






w 



V 



V 



w 



; [See Art. 239] 



Since u, v, w, u-, v\ vf are proportional to the minors of 
U, F, TF, U, Y\ W in the determinant 

CT, F', T 

W, F, U' 

F', U\ W 

it follows that if yjr (Z, m, «) = be the tangential equa- 
tion of the conic whose areal equation is (f> (a?, y, z) = 0, 
then if> {I, m, n) = will be the tangential equation of the 
conic whose areal equation is ^jr (x, y,z)=0. 

298. We can find the equation of the point of contact 
of any tangent by an investigation feimilat to that in 
Art. 261. 

The equation is 

d^ d^ rf^ 



or 



^'^ + j'# + /^ = 0. 



dr 



where (p, q, r) is the equation of the conic, and p\ g', ?•' 
apcG the co-ordinates of the tangent. 



s. c s. 



20 
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EXAMPLES. 



If {p\ q\ r') be not a taDgent to the curve, the above 
equation "will be the equation of the pole of {p\ q, r). 

The centre is the pole of the line at infinity whose 
co-ordinates are I, 1, 1 ; hence the equation of the centre 



of the curve is 



d4> ^ d<l> ^ #^Q 
dp dq dr 



299. We shall conclude this chapter by the solution 
of some examples. 

(1) If the sides of two triangles touch a given coniCi their six angular 
points will lie on another conic. 

Take one of the triangles for the triangle of reference. 
Let the equation of the given conic be 

Let the equations of the sides of the second triangle be 
7ja+mjj3 + «j7=0, l2« + *"a/3+fi37=0, 
and Zjtt + OTj/3 + n>^ = 0. 

Then 
I, (Ljo + wia/S + n^y) {l^a + wijjS + n^y) + Jf (^a + wij/S + n^y) {l^a + m^p + n^y) 

+ iV (Zia + mij8+fij7) (Z8tt+m^+n37)=0 
will be the general equation of a conic oircumsoribing the triangle formed 
by these straight lines. 

This conic will pass through the angular points of the triangle of 
r^erence if the coefficients of a*, /3* and y^ are all zero. That is, if 

Lm^m^ + Mm^rny^ + Nmjm^ = 0, 
and Ln^^ + Mn^ni + Nnin^=0, 

Eliminating L^ M, N, we see that the condition to be satisfied is 



'A . 


hh , 


hh 


WV*8» 


mjmi, 


mjin^ 


fignj , 


WgWi , 


ni«. 



= 0, or 



1 


1 


1 


h' 


h ' 


h 


1 


1 


1 


%' 


m^ 


% 


1 


1 


1 


IT » 


«.' 


«3 



=0. 



But, since the three lines touch the given conic, we have 



W 



+ r=o.^ + 



, . .-.,,. +^=0, andJi + ^ + ~=0. 



Eliminating X, /a, p^ we see that the required condition is satisfied. 

[See also Art. 322, Ex. 2.] 
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(2) If one triangle can he inscribed in one conic with its sides UmcHng 
another conic, then an infinite number of triangles can he so described. 

Let ABC he the triangle whose angnlar points are on the conio 2, and 
whose sides tonch the conio 8, 

Let any other tangent to S be drawn cntting IS in the points B', G\ 
and let the other tangents to S through B\ C meet at A\ Then A'B'C 
and ABC are two triangles whose sides touch 8, Therefore by the pre- 
ceding question the six points A, B, C, B, (7', A' are on a conic. But 
five of the points, viz. -4, B, C, B\ C, are on the conic S, and only one 
conic will pass through five points, therefore (f also is on 2. 

(3) Four circles are described so that each of the four triangles, formed 
by each three of four given straight lines, is self -polar with respect to one of 
the circles; prove that these four circles and the circle circumscribing 
tJie triangle formed by the diagonals of the quadrilateral have a common 
radical axis. 

Take the triangle formed by the diagonals for the triangle of reference, 
then the equations of the four straight lines will be la^^m^^ny^fi. 
All conies with respect to which the lines 

Za + m/3+W7:=0, lo-wi./3H-W7=0, and ?a + m^-n7=0 
form a self-polar triangle are included in the equation 

L(Za-HOT^+W7)2 + 3f(Ztt-m/3 + n7)2 + iV(Za+m^- 717)8=0 (i). 

If this conic be a circle its equation can be put in the form 

apy+bya + cap + Q<a-\-iJip-\-vy){aa-\-b§-\-cy)=0 (ii), 

and \a + fip-{-vy=0\a the radical axis of (ii) and of the circumscribing 
circle. Comparing coefficients of a^, pP and 7^ in (i) and (ii) we obtain, for 
the equation of the radical axis 

a b ^ c 
This is clearly the same for all four circles. 

(4) A line cuts two given conies in P, P', and Q, Q\ so that the range 
P, Q, P', Q' is harmonic; find the envelope of the line, 

Befer the conies to their conmion self-conjugate triangle and let their 

equations be 

ua^+v^ + wr^=0, ufa* + v'^+wy=0. 

Let the equation of the line be 

Za + m/3+»7=0. 

Then the lines AP, AP" are given by the equation 

u (m-/3 + ny)* + Pvp^ + Ihoy^ = 0, 

or p^ {um^ + vP) + 2umnpy + (un^ + wl*) 7* = 0. 

20—2 
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And similarlj AQ, AQ' are given by 

fi^{u'm*+v'P) + 2u'mnpy+{u'n^+w'P) V»=0. 
If therefore A {PQP'Q^) is harmonic, we must have [Art. 58] 

(ttm* + vV) (u'n* + vj'P) + {un^ + wP) (u'm^ + t/i*) = 2utt'iiiV ; 
which reduces to 

(vw'-if wv') P + (wu' + uw') wi' + (uw' + tm') v? = 0. 
This condition shews that the line always touches the conic 



a 



I 






rw'+ttw' iru'+uw' ur'+vu' 
It is easy to shew that the envelope touches the eight tangents to the 
given conies at their four points of intersection, 

(5) The director-circles of all conies which are inscribed in the tame 
quadrilateral have a common radical axis. 

Let the triangle formed by the diagonals of the quadrilateral be taken 
for the triangle of reference. 

Then the equations of the four lines will be Zadbm/3± 717=0. [Art. 
259.] 

The equation of any one of the conies will be tta'+r/3'+fr7'=0. 
[Art. 281.] 

The equation of the two tangents from the point {a'py') is 

The condition that these lines may be perpendicular is [Art. 268] 
li (r/S^ + wy**) + P (t»7'* + tta'*) + ti? (tta** + vjS^) + 2 w /3'y cos -4 

+ 2funtr/o! cos B + 2«va'/8' cos C= 0. 

Hence the equation of the director-circle of the conic v/o? + vp^ + W7*s0 
will be 
/3>+ 7* + 2/37 cos -4 7^ + a« + 27a cos 5 a>+^+2a/3cos(7 ^ ... 

U V W ^ 

Buty since the conic touches the four lines {a:tmj3±»7=0, we have 

- + — + -=0 (li. 

U V w ^ ' 

Comparing (i) and (ii) we see that all the director-circles pass through 
the points given by 

p^ + y^ + 2pyC0BA __ 7' + tt'+27aC08Jg _ a* + /3* + 2a^ cos C 
l^ ^ m^ ~ n^ ' 

[See also Art. 243, Ex. (2), and Art. 307.] 

(6) To find the tangential equation of the circle with respect to which 
the triangle of reference is self -polar. 

The trilinear equation of the curde is 

o'a cos -4 + /3«6 COB B + 7'c cos C=0. 



I 
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The line la+mfi + 117=0 will touch the oircle, if 



a 00s A hcoaB cgobC 
Ji Pt q, rhe the perpendiculars on the line from the angular points of 
the triangle 

= 1=1 [Art. 267]. 



! 



_^ m n 

a b e 
Hence from the condition of tangency 

|)' tan 4 + 2> tan B +»^ tan C7=0, 

which is the required tangential equation. 



Examples on Chapteb XIII. 

1. Shew that the minor axis of an ellipse inscribed in a 
given triangle cannot exceed the diameter of the inscribed 
circle. 

2. Find the area of a triangle in terms of the tnlinear or 
areal co-ordinates of its angular points. 

3. If four conies have a common self-conjugate triangle, 
the four points of intersection of any two and the four points 
of intersection of the other two lie on a conia 

4. Shew that the eight points of contact of two conies 
with their common tangents lie on a conic. 

5. Shew that the eight tangents to two conies at their 
common points touch a conic. 

6. Any three pairs of points which divide the three 
diagonals of a quadrilateral harmonically are on a conic. 

7. Find the equation of the nine-point circle by considering 
it as the circle circumscribing the triangle formed by the lines 

aa — 6)8 — cy = 0, 5)8 — cy — aa = 0, and cy — aa — 6)8 « 0. 

8. Shew that the equation of the circle concentric with 
a^y + bya + cajS = and of radius r is 

aPy + bya ^cafi 7 — (aa + bp + cy)' = 0y 

where E is the radius of the circle circumscribing the triangle 
of reference. 
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9. The equation of the circumscribing conic, whose 
diameters parallel to the sides of the triangle of reference axe 



a c 



r/o r^'p r.'y 

10. ABC is a triangle inscribed in a conic, and the tangents 
to the conic &t A^ £, C are B'C'y CA\ A'E respectively ; shew 
that AA\ BB^y and CC meet in a point. Shew also that, if D 
be the point of intersection of BG^ BC ; E the point of inter- 
section of GAy G'A!y and F the point of intersection of AB^ 
A!B') B, E, F will be a straight line. 

11. Lines are drawn from the angular points A, B^ G ol a. 
triangle through a point F to meet the opposite sides in 
A\ B, C. BG' meets BG in K, G'A' meets GA in Z, and A'B 
meets AB va M. Shew that Ky Z, M are on a straight line. 
Shew also (i) that if F moves on a fixed straight line then 
KLM will touch a conic inscribed in the triangle ABG\ (ii) 
that if F moves on a fixed conic circumscribing the triangle 
ABGy then KLM will pass through a fixed point ; (iii) that if 
F moves on a fixed conic touching two sides of the triangle 
where they are met by the third, KLM will envelope a conic. 

12. lines drawn through the angular points A, By G of ^ 
triangle and through a point meet the opposite sides in 
A'y By C"; and those drawn through a point 0' meet the 
opposite sides in A"y B', G". If P be the point of intersection 
of ^C" and B'G'\ Q be the point of intersection of G'A', G"A'\ 
and R be the point of intersection of A' By A'^B' ; shew that 
AFy BQy GR will meet in some point Z, Shew also that, if 
Oy C be any two points on a fixed conic through Ay By Gy the 
point Z will be fixed. 

13. The locus of the pole of a given straight line with 
respect to a system of conies through four given points is a 
conic which passes through the diagonal-points of the quad- 
rangle formed by the given points. 

14. The envelope of the polar of a given point with respect 
to a system of conies touching four given straight lines is a 
conic which touches the diagonals of the quadrilateral formed 
by the given linea 
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15. Shew that the locus of the points of contact of 
tangents, drawn parallel to a fixed line, to the conies in- 
scribed in a given quadrilateral, is a cubic; and notice any- 
remarkable points, connected with the quadrilateral, through 
which the cubic passes. 

16. An ellipse is inscribed within a triangle and has its 
centre at the centre of the circumscribing circle. Shew that 
its major and minor axes are R-hd and B — d respectively, i? 
being the radius of the circumscribing circle and d the distance 
between the centre and the orthocentre. 

17. Prove that a conic circumscribing a triangle ABC 
will be an ellipse if the centre lie within the triangle DJSF or 
within the angles vertically opposite to the angles of the 
triangle BEF, where i), By F are the middle points of the 
sides of the triangle ABO, 

18. Shew that the locus of the foci of parabolas to which 
, the triangle of reference is self -polar is the nine-point circle. 

19. Shew that the locus of the foci of all conies touching 
the four lines la, =*» m^ =b ny = is the cubic 

■p2 pi pi pi 

^1 ^ ^3 ^ ^8 _L 1_±^ ^Q^ 



la + mj^ + 7iy la — mfi — ny —la-hmfi—ny —la—mP+ny 

where P^'=^P + m^ + n' — 2mn cos-4 — 2n^ coaB-2lm cosC, 
and P/, Pg*, F' have similar values. 

20. If a conic be inscribed in a given triangle, and its 
major axis pass through the fixed point {/, g, A), the locus of 
its focus is the cubic 

/a OS" - /) + <7j8 (/ - a') + Ay (a* - yS") = 0. 

21. If the centre of a conic inscribed in a triangle move 
along a fixed straight Hue, the foci will lie on a cubic circum- 
scribing the triangle. 

22. The locus of the centres of the rectangular hyperbolas 
with respect to which the triangle of reference is self -conjugate 
is the circumscribing circle. 

23. The locus of the centres of all rectangular hyperbolas 
inscribed in the triangle of reference is the self-conjugate 
circle. 
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24. Shew thai the nine-point circle of a triangle touches 
the inscribed circle and each of the escribed circles. 

25. The tangents to the nine-point circle at the points 
where it touches the inscribed and escribed circles form a 
quadrilateral, each diagonal of which passes through an angular 
point of the triangle, and the lines joining corresponding 
angular points of the original triangle and of the triangle 
formed by the diagonals are all parallel to the radical axis of 
the nine-point circle and the circumscribing circle. 

26. The polars of the points A, £, C with respect to a 
conic are BV\ G'A\ A'F respectively; shew that AA\ BF, CC 
meet in a point. 

27. If an equilateral hyperbola pass through the middle 
points of the sides of a triangle ABC and cuts the sides BG, CA, 
AB again in a, )8, y respectively, then -4a, Bfi, Cy meet in a 
point on the circumscribed circle of the triangle ABC, 

28. Shew that the locus of the intersection of the polars of 
all points in a given straight Kne with respect to two given 
conies is a conic circumscribing their common self-conjugate 
ti-iangle. 

29. Two conies have double contact ; shew that the locus 
of the poles with respect to one conic of the tangents to the 
other is a conic which has double contact with both at their 
common points. 

30. Two triangles are inscribed in a conic ; shew that their 
six sides touch another conic. 

31. Two triangles are self-polar with respect to a conic; 
shew that their six angular points are on a second conic, and 
that their six sides touch a third conic. 

32. If one triangle can be described ' self-polar to a given 
conic and with its angular points on another given conic, an 
infinite number of triangles can be so described. 

33. A system of similar conies have a common self-conju- 
gate triangle ; shew that their centres are on a curve of the 4th 
degree which passes through the circular points at infinity and 
of which the angular points of the triangle are double points. , 
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34. If A, B, 0, A!, S, C be six pointe such that AA\ BF, 
CC meet in a point, then will the six straight lines AB, AC ^ 
B(f, BA\ CA: and CF touch a conic. 

35. A conic is inscribed in a triangle and is such that 
the normals at the points of contact meet in a point; prove 
that the point of concurrence describes a cubic curve whose 
asymptotes are perpendicular to the sides of the triangle. 

36. If jOj, j9g, jt?3, p^ be the lengths of the perpendiculars 
drawn from the vertices -4, J5, C, D oi a, quadrilateral circum- 
scribed about a conic on any other tangent to the conic, shew 
that the ratio ofp^p^ ^PaP* "^^ ^® constant. 

37. The polars with respect to any conic of the angular 
points Ay B, G of a, triangle meet the opposite sides in A\ B\ 
C ; shew that the circles on AA', BB', CC as diameters have 
a common radical axis. 

38. A parabola touches one side of a triangle in its middle 
point, and the other two sides produced ; prove that the per- 
pendiculars drawn from the angular points of the triangle 
upon any tangent to the parabola are in harmonical pro- 
gression. 

39. Shew that the tangential equation of the circum- 
scribing circle is a Jp + h Jq + c Jr = 0. Hence shew that the 
tangential equation of the nine-point circle is 

aj{q + r) + b J{r +p) + c ^{p + q), 

40. The locus of the centre of a conic inscribed in a given 
triangle, and having the sum of the squares of its axis constant, 
is a circle. 

41. The director circles of all conies inscribed in the same 
triangle are cut orthogonally by the circle to which the triangle 
of reference is self-polar. 

42. The circles described on the diagonals of a complete 
quadrilateral are cut orthogonally by the circle round the 
triangle formed by the diagonals. 

43. If three conies circumscribe the same quadrilateral, 
shew that a common tangent to any two is cut harmonically 
by the third. 
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4i. If three conies are inscribed in the same quadrilateral 
the tangents to two of them at a common point and the tan- 
gents to the third from that point form a harmonic pencil. 

45. The locus of a point the pairs of tangents from which 
to two given conies form a harmonic pencil is a conic on which 
lie the eight points in which the given conies touch their com- 
mon tangents. 

46. The locus of a point from which the tangents drawn 
to two equal circles form a harmonic pencil is a conic, which is 
an ellipse if the circles cut at an angle less than a right angle, 
and two parallel sti'aight lines if they cut at right angles. 

47. A triangle is circumscribed about one conic and two 
of its angular points are on a second conic; find the locus of the 
third angular point. 

48. A triangle is inscribed in one conic and two of its 
sides touch a second conic ; find the envelope of the third side. 

49. The angular points of a triangle are on the sides of a 
given triangle, and two of its sides pass through fixed points ; 
shew that the third side will envelope a conic. 

50. From the angular points of the fundamental triangle 
pairs of tangents are drawn to {uvwufv'vf^yzy = 0, and each 
pair determine with the opposite sides a pair of points. Find 
the equation to the conic on which these six points lie, and 
shew that the conic 

Jx iy'w' - uu') + Jy {w'u' - vv^) + Jz (u'v - ww') == 

and the above two conies have a common inscribed quadri- 
lateral. 



CHAPTER XIV. 
Keciprocal Polars. Projections. 

300. If we have any figure consisting of any number 
of points and straight lines in a plane, and we take the 
polars of those points and the poles of the lines, with 
respect to a fixed conic (7, we obtain another figure which 
is called the polar reciprocal of the former with respect to 
the auxiliary conic C. 

When a point in one figure and a line in the reciprocal 
figure are pole and polar with respect to the auxiliary 
conic G, we shall say that they correspond to one another. 
If in one figure we have a curve S the lines which corre- 
spond to the different points of S will all touch some curve 
8\ Let the lines corresponding to the two points P, Q of S 
meet in T; then T is the pole of the line PQ with respect 
to G, that is the line FQ corresponds to the point T, Now, 
if the point Q move up to and ultimately coincide with P, 
the two corresponding tangents to S' will also ultimately 
coincide with one another, and their point of intersection 
T will ultimately be on the curve 8\ So that a tangent to 
the curve 8 corresponds to a point on the curve S\ just as 
a tangent to 8' corresponds to a point on 8. Hence we 
see that 8 is generated from 8' exactly as 8' is from 8. 

301. If any line L cut the curve 8 in any number of 
points P, Q, ii...we shall have tangents to J^ corresponding 
to the points P, Q, P..., and these tangents will all pass 
through a point, viz. through the pole of L with respect to 
the auxiliary conic. Hence as many tangents to 8' can be 
drawn through a point as there are points on 8 lying on a 
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straight line. That is to say the class [Art. 240] of 8' is 
equal to the degree of 8, Reciprocally the degree of S' is 
equal to the class of 8. 

In particular, if fif be a conic it is of the second degree, 
and of the second class. Hence the reciprocal curve is of 
the second class, and of the second degree, and is therefore 
also a conic. 

302. To find the polar reciprocal of one conic with 
respect to another. 

Let the equation of the auxiliary conic be 

aic» + /3t/» + l = (i); 

and let the equation of the conic whose reciprocal is 
required be 

aic' + 6y' + c + 2/y + 2gx'h2hay^0 ...Qi), 

The line Ix + my + n = will touch (ii) if 
AP + Bm*+Cn* + 2Fmn + 2Gnl + 2Hlm^0 (iii). 

And, if the pole of te + my + n = with respect to (i) be 
{x\ y'), its equation is the same as ax'x + fiyy + 1 = 0. 

Therefore — ; = —-, = -. 

ax py 1 

Substitute, in (iii), and we have 
^aV* + £)8y" + C + 2Fpy' -\-2Gaaf -\- 2Ha^x'y' = 0. 

Hence the locus of the poles with respect to (i) of 
tangents to (ii) is the conic whose equation is 

^aV + 5/Sy + (7 + 2Fpy + 2Gax + 2Ha^xy = 0. 

303. The method of Reciprocal Polars enables us to 
obtain from any given theorem concerning the positions of 
points and lines, another theorem in which straight lines 
take the place of points and points of straight lines. Before 
proceeding to give examples of such reciprocal theorems we 
will give some simple cases of correspondence. 

Points in one figure correspond to straight lines in the 
reciprocal figure. 

The line joining two points in one figure corresponds 
to the point of intersection of the corresponding lines in 
the other. 
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The tangent to any curve in one figure corresponds to a 
point on the corresponding curve in the reciprocal figure. 

The point of contact of a tangent corresponds to the 
tangent at the corresponding point. 

If two curves touch, that is have two coincident points 
common, the reciprocal curves will have two coincident 
tangents common, and will therefore also touch. 

The chord joining two points corresponds to the point of 
intersection of the corresponding tangents. 

The chord of contact of two tangents corresponds to the 
point of intersection of tangents at the corresponding 
points. 

Since the pole of any line through the centre of the 
auxiliary conic is at infinity, we see that the points at 
infinity on the reciprocal curve correspond to the tangents 
to the original curve from the centre of the auxiliary conic. 
Hence the reciprocal of a conic is an hyperbola, parabola, 
or ellipse, according as the tangents to it from the centre 
of the auxiliary conic are real, coincident, or imaginary ; 
that is according as the centre of the auxiliary conic is 
outside, upon, or within the curve. 

The following are examples of reciprocal theorems. 

If the angular points of two If the sides of two triangles 

triangles are on a conic, their six tonch a conic, their six angular 

sides wHl touch another conic. points are on another conic. 

The three intersections of oppo- The three lines joining opposite 

site sides of a hexagon inscribed in angular points of a hexagon de- 

a conic lie on a straight line. scribed about a conic meet in a 

{PascaVs Theorem). point. {Brianehon's Theorem), 

If the three sides of a triangle If the three angular points of a 

touch a conic, and two of its angu- triangle lie on a conic, anfl two of 

lar points lie on a second conic, the its sides touch a second conic, the 

locus of the third angular point is envelope of the third side is a 

a conic. conic. 

If the sides of a triangle touch If the angular points of a tri- 

a conic, the three lines joining an angle lie on a conic, the three points 

angular point to the point of con- of intersection of a side and the 

tact of the opposite side meet in a tangent at the opposite angular 
point. . point lie on a line. 
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The polars of a given point with 
respect to a sy etem of conies through 
four given points all pass through a 
fixed point. 

The locus of the pole of a given 
line with respect to a system of 
conies through four fixed points is a 
conic. 



The poles of a given straight 
line with respect to a system of 
conies touching four given straight 
lines all lie on a fixed straight line. 

The envelope of the polar of a 
given point with respect to a system 
of conies touching four fixed lines 
is a conic. 



304. We now proceed to consider the results which 
can be obtained by reciprocating with respect to a circle. 

We know that the line joining the centre of a circle to 
any point P is pei-pendicular to the polar of P with respect 
to the circle. Hence, if P, Q be any two points, the angle 
between the polars of these points with respect to a circle 
is equal to the angle that PQ subtends at the centre of 
the circle. Reciprocally the angle between any two 
straight lines is equal to the angle which the line joining 
their poles with respect to a circle subtends at the centre 
of the circle. 

We know also that the distances, from the centre of 
a circle, of any point and of its polar with respect to that 
circle, are inversely proportional to one another. 

If we reciprocate with respect to a circle it is clear Uiat 
a change in the radius of the auxiliary circle will make no 
change in the shape of the reciprocal curve, but only in 
its size. Hence, if we are not concerned with the absolute 
magnitudes of the lines in the reciprocal figure, we only 
require to know the centre of the auxiliary circle. We 
may therefore speak of reciprocating with respect to a 
point 0, instead of with respect to a circle having for 
centre. 

305. If any conic be reciprocated with respect to a 
point 0, the points on the reciprocal curve which corre- 
spond to the tangents through to the original curve 
must be at an infinite distance. 

The directions of the lines to the points at infinity on 
the reciprocal curve are perpendicular to the tangents 
from to the original curve ; and hence the angle between 
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the asymptotes of the reciprocal curve is supplementary 
to the angle between the tangents from to the original 
curve. 

In particular, if the tangents from to the original 
curve be at right angles, the reciprocal conic will be a 
rectangular hyperbola. 

The cuces of the reciprocal conic bisect the angles 
between its asymptotes. The axes are therefore parallel 
to the bisectors of the angles between the tangents from 
to the original conic. 

Corresponding to the points at infinity on the original 
conic we have the tangents to the reciprocal conic which 
pass through the origin. Hence the tangents from the 
origin to the reciprocal conic are perpendicular to the 
directions of the lines to the points at infinity on the 
original conic, so that the angle between the asymptotes of 
the original conic is supplementary to the angle between 
the tangents from the origin to the reciprocal conic. 

In particular, if a rectangular hyperbola be recipro- 
cated with respect to any point 0, the tangents from to 
the reciprocal conic will be at right angles to one another; 
in other words is a point on the director-circle of the 
reciprocal conic. 

306. The reciprocal of the origin is the line at infinity, 
and therefore the reciprocal of the polar of the origin is 
the pole of the line at infinity. That is to say, the polar 
of the origin reciprocates into the centre of the reciprocal 
conic. 

307. An an example of reciprocation take the known 
theorem — " If two of the conies which pass through four 
given points are rectangular hyperbolas, they will all be 
rectangular hyperbolas.'' If this be reciprocated with 
respect to any point we obtain the following, " If the 
director-circles of two of the conies which touch four given 
straight lines pass through a point 0, the director-circles 
of all the comes will pass through 0." Or, what is the 
same thing, " The director-circles of all conies which touch 
four given straight lines have a common radical axis," 
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308. To find ike polar reciprocal of one circle wiik 
respect to another. 




Let- G be the centre and a be the radius of the circle 
to be reciprocated, the centre and k the radius of the 
auxiliary circle, and let c be the distance between the 
centres of the two circles. 

Let PJV be any tangent to the circle Gy and let P' be 
its pole with respect to the auxiliary circle. Let OP 
meet the tangent in the point If, and draw GM perpen- 
dicular to OJv. 

Then OF,ON^F) 

.., -^-^^ON^OM + MN^cGO^COM^a, 
Hence the equation of the locus of P' is 

— = 1 +- cos^. 
r a 

This is the equation of a conic having for focusy 
— for semi-latus rectum, and - for eccentricity; The direc- 
trix of the conic is the line whose equation is 

k' . k' 

— = c cos a, or a? = — . 
r c , 

Hence the directrix of the reciprocal curve is the polar 
of the centre of the original circle. 
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It is clear from the value found above for the eccen- 
tricity, that the reciprocal curve is an ellipse if the point 
be within the circle C, an hyperbola if be outside that 
circle, and a parabola if be upon the circumference of 
the circle. 

£z, 1, Tangents to a conic subtend equal angles at a focus, 
Beciprocate with respect to the focas: — then oorresponding to the 
two tangents to the conici there are two points on a circle ; the point of 
intersection of the tangents to the conic corresponds to the line joining 
the two points on the circle ; and the points of contact of the tangents 
to the conic correspond to the tangents at the points on the circle. Also 
the angle subtended at the focus of the conic by any two points id equal 
to the angle between the lines corresponding to those two points. Hence 
the reciprocal theorem is — ^The line joining two points on a circle makes 
equal angles with the tangents at those points. 

Ex. 2. The envelope of the chord of a conic which subtends a right 
angle at a fixed point O is a conic having for a focus, and the polar of O, 
with respect to the original conic^ f<fr the corresponding directrix. 

Beciprocate with respect to 0, and the pfoposition becomes— The 
locus of the point of intersection of tangents to a conic which are at right 
angles to one another is a concentric circle. 

Ex. 8. If two conies have a common focus, two of their common chords 
will pass through the intersection of their directrices, 

Beciprocate with respect to the common focus, and the proposition 
becomes — Two of the points of intersection of the common tangents to 
two circles are on the line joining the centres of the circles. 

Ex. 4. The orthocentre of a triangle circumscribing a parabola is on 
the directrix, 

Beciprocating with respect to the orthocentre we obtain — A conic 
circumscribing a triangle and passing through the orthocentre is a rect- 
angular hyperbola. 

Many of the examples on Chapter VIII. are easily proved by reciproca- 
tion : for example, the reciprocal of 23 with respect to the common focus 
is — circles are described with equal radii, and with their centres on a 
second circle ; prove that they all touch two fixed circles, whose radii are 
the sum and difference respectively of the radii of the moving circle and 
of the second circle, and which are concentric with the second circle. 

S.C.S. 21 
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309. If we have a system of circles with the same 
radical axis we can reciprocate them into a system of 
confocal conies. 

If we reciprocate with respect to any point we 
obtain a system of conies having for one focus, and 
[Art. 306] the centre of any conic is the reciprocal of the 
polar of with respect to the corresponding circle. Now 
either of the two 'limiting points' of the system is such 
that its polar with respect to any circle of the system is 
a fixed straight line, namely a line through the other 
limiting point parallel to the radical axis. If therefore the 
system of circles be reciprocated with respect to a limiting 
point the reciprocals will have the same centre; and if 
they have a common centre and one common focus they 
will be confocaL Since the radical axis is parallel to and 
midway between a limiting point and its polar, the re- 
ciprocal of the radical axis (with respect to the limiting 
point) is on the line through the focus and centre of the 
reciprocal conies, and is twice as far from the focus as the 
centre ; so that when we reciprocate a system of coaxial 
circles with respect to a limiting point, the radical axis 
reciprocates into the other focus of the system of confocal 
conies. 

The following theorems are reciprocal : 

The tangents at a common The points of contact of a corn- 
point of two confocal conies are at mon tangent to two circles subtend 
right angles. a right angle at one of the limit- 
ing points. 

The locns of the point of inter- The envelope of the line joining 

section of two lines, each of which two points, each of which is on one 

touches one of two confocal conies, of two circles, and which subtend 

and which are at right angles to a right angle at a limiting point, 

one another, is a circle. is a conic one of whose foci is at 

the limiting point. 

If from any point two pairs of If any straight line cut two 

tangents P, P* and Q, Q' be drawn circles in the points P, P' and 

to two confocal conies; the angle Q, Q'; the angles subtended at a 

between P and Q is equal to that limiting point by PQ and F'Q! are 

between P' and Q', equal. 
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From any point four tangents Any line outs twooiroles in P, 

P, P' and Q, Q' are drawn to two P' and Q, Q' respectively ; and the 

confocal conies, and the point of tangent at P cuts the tangents at 

contact of P is joined to the points Q, Q" in q, g'; shew that Pg, Pq' 

of contact of Q, Q' ; shew that these subtend equal (or supplementary) 

lines make equal angles with the angles at a limiting point. 
tangent P. [Art. 229.] 

Projection. 

310. If any point P be joined to a fixed point F, and 
VP be cut by any fixed plane in P', the point P' is called 
the projection of P on that plane. The point V is called 
the vertex or the centre of projection, and the cutting plane 
is called the plane of projection. 

311. The projection of any straight line is a straight 
line. 

For the straight lines joining V to all the points of 
any straight line are in a plane, and this is cut by the 
plane of projection in a straight line. 

312. Any plane curve is projected into a curve of the 
same degree. 

For, if any straight line meet the original curve in 
any number of points A, B, C, i)..., the projection of the 
line will meet the projection of the curve where VA, Ffi, 
VC, VD... meet the plane of projection. There will 
therefore be the same number of points on a straight 
line in the one curve as in the other. This proves the 
proposition. 

In particular, the projection of a conic is a conic. 

This proposition includes the geometrical theorem that 
every plane section of a right circular cone is a conic. 

313. A tangent to a curve projects into a tangent to 
the projected curve. 

For, if a straight line meet a curve in two points A, B, 
the projection of that line will meet the projected curve 
in two points a, b where VA, VB meet the plane of pro- 
jection. Now if A and B coincide, so also will a and 6. 

21—2 
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314. The relation of pole and polar wiik respect to a 
conic are unaltered hy projection. 

This follows from the two preceding Articles. 

It is also clear that two conjugate points, or two con^ 
jugate lines, with respect to a conic, project into conjugate * 
points, or lines, with respect to the projected conic. 

315. Draw through the vertex a plane parallel to the 
plane of projection, and let it cut the original plane in the 
line K L\ Then, since the plane VK'L and the plane of 
projection are parallel, their line of intersection, which is 
the projection of K'l! , is at an infinite distance. 

Hence to project any particular straight line K'H to 
an infinite distance, take, any point Y for vertex and 
a plane parallel to die plane VK'L' for the plane of pro- 
jection. 

Straight lines which meet in any point on the line 
K'L' will be projected into parallel straight lines, for their 
point of intersection will be projected to infinity, 

316. A system of parallel lines on the original plane 
will be projected into lines which meet in a point. 

For, let VP be the line through the vertex parallel 
to the system, P being on the plane of projection; then, 
since VP is in the plane through V and any one of the 
parallel lines, the projection of every one of the parallel 
lines will pass through P. 

For different systems of parallel lines the point P will 
change; but, since VP is always parallel to the original 
plane, the point P is always on the line of intersection of 
the plane of projection and a plane through the vertex 
parallel to the original plane. 

Hence any system of parallel lines on the original 
plane is projected into a system of lines passing through 
a point, and all such points, for different systems of 
parallel lines, are on a straight line. 

317. Let KL be the line of intersection of the original 
plane and the plane of projection. Draw through the 
vertex a plane parallel to the plane of projection,. and let 
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it cut the original plane in the line K*L\ Let the two 
straight lines AOA\ BOB meet the lines KL, K'L' in 
the points A, B and A\ B respectively; and let VO meet 
the plane of projection in (X. Then ACf and BO' are the 
projections of AOA' and BOB, 

Since the planes VA'B, ACfB are parallel, and parallel 
planes are cut by the same plane in parallel lines, the lines 
VA\ VB are parallel respectively to AOf .BO* The angle 
A VB is therefore equal to the angle AO'B, that is, A' VB 
is equal to the angle into which AOB is projected. 




Similarly, if the straight lines CD, ED, meet K*L' in 
C, D' respectively, the angle G VU will be equal to the 
angle into which ODE is projected. 

From the above we obtain the fundamental proposition 
in the theory of projections, viz., 

Any straight line can be projected to infinity, and at the 
same time any two angles into given angles. 

For, let the straight lines bounding the two angles meet 
the line which is to be projected to infinity in the points 
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A, B and G\ U ; draw any plane through A'FGD\ and in 
that plane draw segments of circles through A\ B' and (7, 
2/ respectively containing angles equal to the two given 
angles. Either of the points of intersection of these 
segments of circles may be taken for the centre of pro- 
jection, and the plane of projection must be taken parallel 
to the plane we nave drawn through ABG'U. 

If the segments do not meet, the centre of projection is 
imaginary. 

Ex. 1, To shew that any quadrilateral can he projected into a square. 
Let ABCD be the quadrilateral ; and let P, Q [see figure to Art. 60] 
be the points of intersection of a pair of opposite sides, and let the diago- 
nals BDj AC meet the line PQ in the points 8, R, Then/ if we project 
PQ to infinity and at the same time the angles PDQ and ROS into right 
angles, the projection must be a square. For, since PQ is projected to 
infinity, the pairs of opposite sides of the projection will be parallel, that 
is to say, the projection is a parallelogram ; also one of the angles of the 
parallelogram is a right angle, and the angle between the diagonals is 
a right angle ; hence the projection is a square. 

Ex. 2. To shew that the triangle formed by the dia>gonaU of a quad- 
rilateral is self-polar with respect to any conic which touches the sides of 
the quadrilateraU 

Project the quadrilateral into a square ; then, the circle circumscribing 
the square is the director ^circle of the conic, therefore the intersection of 
the diagonals of the square is the centre of the conic. 

Now the polar of the centre is the line at infinity ; hence the polar of 
the point of intersection of two of the diagonals is the third diagonal 

Ex. 3. If a conic he inscribed in a quadrilateral the line joining two 
of the points of contact wiU pass through one of the angular points of the 
triangle formed by the diagonals of the quadrilateral. 

Ex. 4. If ABC he a triangle circumscribing a parabola^ and the 
parallelograms ABA'C^ BCB'A^ and CACB be completed; then the chords 
of contact will pass respectively through A\ B\ C*. 

This is a particular case of Ex. 3, one side of the quadrilateral being 
the line at infinity. 

Ex. 6. If the three lities joining the angular points of two triangles 
meet in a pointy the three points of intersection of coiresponding sides will 
lie on a straight line. 
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Project two of the points of intersection of corresponding sides to 
infinity, then two pairs of corresponding sides will be parallel, and it is 
easy to shew that the third pair will also be parallel. 

Ex. 6. Any two conies can he projected into concentnc conies, [See 
Art. 283.] 

318. Any conic can be projected into a circle having 
the projection of any given point for centre. 




Let be the point whose projection is to be the 
centre of the projected curve. 

Let P be any point on the polar of 0, and let OQ be 
the polar of P; then OP and OQ are conjugate lines. 

Take OP', OQ' another pair of conjugate lines. 

Then project the polar of to infinity, and the angles 
POQy P'OQ' into right angles. We shall then have a 
conic whose centre is the projection of 0, and since two 
pairs of conjugate diameters are at right angles, the conic 
is a circle. 

319. A system of conies inscribed in a quadrilateral 
can be projected into confocal conies. 

Let two of the sides of the quadrilateral intersect 
in the point A, and the other two in the point B, Draw 
any conic through the points A, B, and project this conic 
into a circle, the line AB being projected to infinity; then, 
A, B are projected into the circular points at infinity, and 
since the tangents from the circular points at infinity to 
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all the conies of the system are the same, the conies must 
be confocal. 

Ex. 1. Conies through four given points ean he projected into coaxial 
circles. 

For, project the line joining two of the points to infinity, and one of 
the oonics into a circle ; then all the conies will be projected into circles, 
for they all go through the circular points at infinity. 

Ex. 2. Conies which have double contact with one another can be 
projected into concentric circles, 

Ex. 8. The three points of intersection of opposite sides of a hexagon 
inscribed in a conic lie on a straight line, [Pascal's Theorem.] 

Project the conic into a circle, and the line joining the iwints of inter- 
section of two pairs of opposite sides to infinity ; then we have to prove 
that if two pairs of opposite sides of a hexagon inscribed in a circle are 
parallel, the third pair are also parallel. 

Ex. 4. Shew that all conies through four fixed points can be pro- 
jected into rectangular hyperbolas. 

There are three pairs of lines through the four points, and if two of 
the angles between these pairs of Unes be projected into right angles, all 
the conies will be projected into rectangular hyperbolas. [Art. 1^7, Ex. 1.] 

Ex. 5. Any three chords of a conic can be projected into equal chord* 
of a circle. 

Let AA\ BB*, CC be the chords ; let AB\ A'B meet in JT, and AC, 
A'C in L. Project the conic into a circle, KL being projected to infinity. 

Ex. 6. If two triangles are self polar with respect to a conic, their six 
angular points are on a conic, and their six sides touch a conic. 

Let the triangles be ABC, A'B'C. Project BC to infinity, and the 
conic into a circle ; then A is projected into the centre of the circle, and 
AB, AC are at right angles, since ABC is self polar; also, since A'B'C is 
self polar with respect to the drole, A is the orthocentre of the triangle 
A'B'C. 

Now a rectangular hyperbola through A', B\ C will pass through A, 
and a rectangular hyperbola through B will go through C. Hence, since 
a rectangular hyperbola can be drawn through any four points, the six 
points A, B, C, A', B', C are on a conic. 

Also a parabola can be drawn to touch the four straight lines B'C, 
G'A', A'B', AB. And A is on the directrix of the parabola [Art. 107 (3)] ; 
therefore AC is Sk tangent. Hence a conic touches the six sides of the 
two triangles. 



r 
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320. Properties of a figure which are true for any pro- 
jection of that figure are called projective properties. In 
general such properties do not involve magnitudes. There 
are however some projective properties in which the mag- 
nitudes of lines and angles are involved : the most impor- 
tant of these is the following : — 

The cross ratios of pencils and ranges are unaltered 
hy projection. 

Let A, B, Cj D be four points in a straight line, and 
A\ By C, ly be their projections. Then, if V be the 
centre of projection, VAA\ VBB, VCC, VDD' are straight 
lines; and we have [Art. 55] 

[ABGD] = V[ABCD] = [A'BCU]. 

If we have any pencil of four straight lines meeting in 
Of and these be cut by any transversal in A, B, C,D; then 

O {ABCD} = {ABOD} = V{ABCD] = [A BOB] 

= a [A'BCB]. 

From the above together with Article 62 it follows that 
if any number of points be in involution, their projections 
will be in involution. 

Ex. 1. Any chord of a conic through a given point is divided 
liarmonically by the curve and the polar of 0. 

Project the polar of to infinily, then O is the centre of the projec- 
tion, the chord therefore is bisected in 0, and {POQao } is harmonic when 
PO=OQ. 

Ex. 2. Conies through four fixed points are cut by any straight line 
in pairs of points in involution. [Desargae's Theorem]. 

Project two of the points into the circnlar points at infinity, then the 
conies are projected into co-axial circles, and the proposition is obvioas. 

321. The cross ratio of the pencU formed by four 
intersecting straight lines is equal to that of the range 
formed by their poles with respect to any conic. 

Since the cross ratios of pencils and ranges are 
unaltered by projection, we may project the conic into a 
circle. Now in a circle any straight line is perpendicular 
to the line joining the centre of the circle to its pole with 
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respect to the circle. Hence the cross ratio, of the pencil 
formed by four intersecting straight lines is equal to that 
of the pencil subtended at the centre of the circle by their 
poles, and therefore equal to the cross ratio of the range 
formed by their poles. 

322. The cross ratio of the pencil formed by joining 
any point on a conic to four fixed points is constant, and 
is equal to that of the range in which the tangents at those 
points are cut by any tangent. 

Since the cross ratios of pencils and ranges are un- 
altered by projection, we need only prove the proposition 
for a circle* 




Let AyB, C, Dhe four fixed points on a circle ; let F 
be any other point on the circle, and let the tangent at P 
meet the tangents at -4, 5, (7, Z> in the points A\ B', (7, B\ 

Then, if be the centre of the circle, OA! is perpen- 
dicular to PA, OB' to PB, OC to PC, and OD' to PB. 

Hence 

{A ECU] = \ABOiy] = P [ABCB]. 

But the angles APB, BPC, CPB are constant, since 
A, B, C, B are fixed points. 

Therefore {A'B GBf\ = P {ABGB\ = const. 

If Q be any point which is not on the circle, Q \ABGB\ 
cannot be equal to P {ABCB\ ; this is seen at once if we 
take P such that APQ is a straight line, and consider the 
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raDges made on BG by the two pencils. Hence we have 
the following converse proposition. 

If a point P Toove so that the cross ratio of the pencil 
formed hy joining it to four fixed points A, B, C, D, is con- 
stant; P wiU describe a conic passing through A, B, C, D. 

£x. 1. The four extremities of two conjugate chorda of a conic subtend 
a harmonic pencil at any point on the curve, 

Ijet the chords heAC,BD; let E be the pole of BD, and let i^ be the 
point of intersection of AC, BD. The four points subtend, at all points 
OIL the curve, pencils of equal cross ratio. Take a point indefinitely near 
to X>; then the pencil is D[ABCE), But the range A^ B, C, £ is 
harmonic, which proves the proposition. 

£x. 2. If two triangles circumscribe a conic, their six angular points 
cere on another conic, 

lict ABC, A'ffC be the two triangles. Let BC cut AB, AC in JS', jy, 
and let BC cut A'ff, A'C in E, D. Then the ranges made on the four 
tangents AB, AC, A'B\ A!C by the two tangents BC, SC are equal. 

Hence {BCEI>\ = {E'J>*B'0\ ; 

.-. A' {BCED\=A{E'D'B'C\, 
or A'{BCB*C]=A{BCB'Ci, 
which proves the proposition. 

The proposition may also be proved by projecting B, C into the 
(nrcular points at infinity ; the conic is thus projected into a parabola, of 
which A is the focus; and it is known that the circle circumscribing 
it'B'C will pass through A, 

323. Def. Banges and pencils are said to be homo- 
graphic when every four constituents of the one, and the 
^corresponding four constituents of the other, have equal 
cross ratios. 

Another definition of homographic ranges or pencils is 
the following : — two ranges or pencils are said to be homo- 
graphic which are so connected that to each point or line 
of the one system corresponds one, and only one, point of 
the other. 

To show that this definition of homographic ranges is 
equivalent to the former, let the distances, measured from 
fixed points, of any two corresponding points of the two 
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systems he x, y; then we must have an equation of the 
form 

ay + 6 

The proposition follows from the fietct that the cross 
ratio of every four points of the one system, namely 

is not altered if we substitute - ' . , for x, , and similar 
expressions for x^, x^ and x^. 

Ex. 1. The points of intersection of corresponding lines of two homo- 
graphic pencils describe a conic. 

Let P, Qj R, 8 he four of the points of interseotion, and 0, 0' the 
vertices of the pencils. 

Then 0{PQRS\=:(y{PQR8]; therefore [Art. 822] 0, O', P, Q, R,8 
are on a conic. But five points are sufficient to determine a conic; hence 
the conic through O, O' and any three of the intersections will pass through 
every other intersection. 

Ex. 2. The lines joining corresponding points of two homograpUc 
ranges envelope a conic. 

Let a, &, c, d be any four of the points of one system, and a\ h', c, i 
be the corresponding points of the other system. Then au\ hb\ c&, di 
are cut by the fixed lines in ranges of equal cross ratio. Hence a conic 
will tonch the fixdd lines, and also a^', bb\ cc', dX, But five tangents are 
sufficient to determine a conic; hence the conic which touches the fixed 
lines, and three of the lines joining corresponding points of the ranges, wiU 
touch all the others. 

Ex. 8. Two angles PAQ^ PBQ of constant magnitude move a^bout 
fixed points A, £, and the point P describes a straight line; shew that Q 
describes a conic through A, B, [Newton.] 

Corresponding to one position of AQ^ there is one, and only one, 
position of RQ. Hence, from Ex. 1, the locus of Q is a conic. 

Ex. 4. The three sides of a triangle pass through fixed points ^ and the 
extremities of its base lie on two fixed straight lines ; shew that its vertex 
describes a conic. [Maclaurin.] 
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Jjet At B, Cbe the three fixed points, and let Oa, Oa' be the two fixed 
straight lines. Suppose triangles drawn as in the figure. 




Then the ranges [ahcd...] and {a'b'c'd'...} are homographic. 
fore the pencils B {abed.,, } and C {a'h'c'd',.. ) are homographic. 



There- 



£x. 5. J fall the sides of a polygon pass through faced points, and all 
the angular points but one move on fixed straight lines; the remaining 
angular point toill describe a conic, 

£x. 6. A, A* are fixed points on a conic, and from A and A* pairs of 
tangents are drawn to any confocal conic, which meet the original conic in 
C, Z) and C\ D'; sTiew that the locus of the point of intersection of CD 
and Cjy it a conic. 

The tangents from ^ to a confocal are equally inclined to the tangent 
at A [Art. 228, Cor. S], therefore the chord CD cuts the tangent at A ia 
some fixed point [Art. 195, Ex. 2]. So also CI/ passes through a 
fixed point CX. Now if we draw any line OCD through 0, one confocal, 
and only one, will touch the lines AC, AD; and the tangents from A' to 
this confocal will determine C and i/, so that corresponding to any 
position of OCD there is one, and only one, position of (/CD'. The 
locus of the intersection is therefore a conic from Ex. 1. 

Ex. 7. If a6a\ BOB', COC, DODf... be chords of a conic, and P any 
point on the curve, then will the pencils P{ABCD...] andP{A'B'Ciy...\ 
be homographic. 

Project the conic into a circle having for centre. 
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Ex. 8. If there are two iystenu of points on a conic which tubtend 
homographic pencils at any point on the «urve, the lines joining corre*' 
spending points of the two systems will envelope a conic having double 
contact with the original conic. 

Let At Bt C, D... , and A', B\ C\ D'... be the two systems of points. 
Project AA\ BB\ CC into equal chords of a drde [Art. 819, Ex. 5]; let 
P, P' be any pair of corresponding points, and any point on the circle; 
then we have 0{ABCB}=0{ A'B'C'P' } . Hence PP' is equal to AA\ and 
therefore the envelope of PP* is a concentric circle. 

Ex. 9. If a polygon he inscribed in a coniCy and all its sides but one 
pass through fixed points t the envelope of that side will be a conic. 

This follows from Ex. 7 and Ex. 8. 

324. Any two lines at right angles to one another, and 
the lines through their intersection and the circular points at 
infinity, form a harmonic pencil. 

Let the two lines at right angles to one another be 
a^ = 0, then the lines to the circular points at infinity will 
be given by ic' + y* = 0. By Ai*t. 58 these two pairs of 
lines are harmonically conjugate. 

We may also shew th^t two lines which are inclined at 
any constant angle, and the lines to the circular points at 
infinity, form a pencil of constant cross ratio. 

Ex. The locus of the point of intersection of two tan- 
gents to a conic which divide a given line AB harmonically 
is a conic through A, B, and the envelope of the chord of 
contact is a conic which touches the tangents to the origind 
conic from A., B. 

Project A, B into the circular points at infinity and 
the proposition becomes ; the locus of the point of inter- 
section of two tangents to a conic which are at right angles 
to one another is a circle; and the envelope of the chord of 
contact is a confocal conic. 

325. The following are additional examples of the 
methods of reciprocation and projection. 
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Ex. 1. If the sides of a triangle touch a conic, and if two of the angular 
points move on fixed confocal conies j the third angular point will describe a 
confocal conic. 

Lei ABCy MBC be two indefinitely near positions of the triangle, 
and let AA\ BB\ CC produced form the triangle PQR. The six points 
AyB, C, A\ B\ C are on a conic [Art. 322, Ex. 2], and this conic will 
ultimately touch the sides of PQR in the points AyB.C, Hence P^, QB, 
BC will meet in a point [Art. 186, Ex. 8]; and it is easily seen that the- 
pencils A{QCPB}, B{RAQC}, C{PBBA} are harmonic. Now, if A move 
on a conic confocal to that which AB, AC touch, the tangent at A, that 
is the line QR, will make equal angles with AB, AC, Hence, since 
A{QCPB} is harmonic, PA is perpendicular to QR, Similarly, if B 
move on a confocal, QB is perpen<Ucular to RP. Hence RC* must be 
perpendicular to PQ, and therefore CA, CB make equal angles with PQ ; 
whence 'it follows that C moves on a confocal conic. 

[The proposition can easily be extended. For, let ABCD be a quadri- 
lateral circumscribing a conic, and let A, By C move on confocals. Let 
DAf CB meet in E, and AB, DC in F. Then, by considering the triangles 
ABEy BCF, we see that E and F move on confocals. Hence, by con- 
sidering the triangle CEB, we see that D will move on a confocal.] 

If we reciprocate with respect to a focus we obtain the following 
theorem: 

If the angular points of a triangle are on a circle of a co-axial system^ 
and two of the sides touch circles of the systeniy the third side will touch 
another circle of the system, [Poncelet's theorem.] 

Ex. 2. The six lines joining the angular points of a triangle to the 
points where the opposite sides are cut hy a conic, will touch another 
conic. 

The reciprocal theorem is : — 

The six points of intersection of the sides of a triangle with the tangents 
to a conic drawn from the opposite angular points, will lie on another 
conic. 

Project two of the points into the circular points at infinity, then the 
opposite angular point of the triangle will be projected into a focus, and 
we have the obvious theorem :— ^ 

• Two lines through a focus of a conic are cut, by pairs of tangents 
parallel to them in four points on a circle. 



336 EXAMPLES. 

Ex, 3. The following theorems are dedncible from one another. 

(i) TtDO lifUM at right angles to one another are tangents one to each 
of two confocal conies; shew that the locus of their intersection is a cireUf 
and that the envelope of the line joining their points of contact is another 
confocal. 

(ii) Two points, one on each of two co-axial circles, svbtend a right 
angle at a limiting point; shew that the envelope of the line Joining than 
is a conic with one focus at the limiting point, and that the locus of the in- 
tersection of the tangents at the points is a co-axuU circle. 

(iii) Two lines which are tangents one to each of two conies, cut a 
diagonal of their circumscribing quadriUUerdl harmonically; shew that 
the locus of the intersection of the lines is a conic through the extremities 
of that diagonal, and that the envelope of the line joining the points of 
contact is a conic inscribed in the same quadrilateral. 

(iv) AOB, COD are common chords of two conies, and P, Q are points^ 
one on each conic, such that 0{APBQ) is harmonic; shew that the envelope 
of the line PQ is a conic touching AB, CD, and that the tangents at P, Q 
meet on a conic through A, B, C, D, 

(y) If two points be taken, one on each of two circle$, equidistant from 
their radical axis, the envelope of the line joining them is a parahola which 
touches the radical axis, and the loctis of the intersection of the tangents at 
the points w.a circle through their common points. 



'Examples on Chaptei^ XIV. 

1. Shew that an hyperbola is its own reciprocal with 
respect to the conjugate hyperbola. 

2. Shew that a system of conies through four fixed points 
can be reciprocated into concentric conic& 

3. Shew that four conies can be described haying a common 
focus and passing through three given points, and that the 
latus rectum of one of these is equal to the sum of the latera 
recta of the other three. Shew also that their directrices meet 
two and two on the sides of the triangle. 

4. If each of two conies be reciprocated with respect to 
the other ; shew that the two conies and the two reciprocals 
have a common self-conjugate triangle. 
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' 5. Two conies L^ and L^ are reciprocals with respect to a 
conic U, If ifj be the reciprocal of L^ with respect to X,, and 
M^ be the reciprocal of L^ with respect to L^ ; shew that M^ 
and M^ are reciprocals with respect to U, 

6. If two pairs of conjugate rays of a pencil in involution 
be at right angles, every pair will be at right angles. 

7. If two pairs of points in an involution have the same 
point of bisection, every pair will have the same point of bisec- 
tion. "Where is the centre of the involution 1 

8. The pairs of tangents from any point to a system of 
conies which touch four fixed straight lines form a pencil in 
involution. Hence shew that the director circles of the system 
have a common radical axis. 

9. Two circles and their centres of similitude subtend a 
pencil in involution at any point. 

10. If two finite lines be divided into the same number of 
parts, the lines joining corresponding points will envelope a 
parabola. 

11. If P, P' be corresponding points of two homographic 
ranges on the lines OA, OA', and the parallelogram FOF* Q be 
completed ; shew that the locus of Q is a conic. 

12. Three conies have two points common ; shew that the 
three lines joining their other intersections two and two meet 
in a point, and that any line through that point is cut by the 
conies in six points in involution. ' 

13. Shew that, if the three points of intersection of corre- 
sponding sides of two triangles lie on a straight line, the two 
triangles can both be projected into equilateral triangles. 

14. Shew that any three angles may be projected into 
right angles. 

15. A, B, C are three fixed points on a conic ; find 
geometrically a point on the curve at which AB, BG subtend 
equal angles. 

16. Through a fixed point any line is drawn cutting 
the sides of a given triangle in A\ B\ C respectively, and P is 
the point on the line such that {A'B'C'F) is harmonic ; shew 
that the locus of P is a conic. 

S. C. S. 22 
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1 7. Wh^n four conies pass through fonr given points, the 
pencil, formed by the polars 6i any point with respect to them, 
is of constant cross ratio. 

18. If two angles, each of constant magnitude, tui^ about 
their vertices, in such a Inanner that the point of intersection 
of two of their sides is on a conic through the vertices, the 
other two sides will intersect on a second conic through their 
vertices. 

19. If all the angular points of a polygon 'move on fixed 
straight lines, and all the sides but one turn about fixed points, 
the free side of the polygon will envelope a conic. 

20. If a polygon be circumscribed to a conic, and all its 
angular points but one lie on fixed straight lines, the locus of 
that angular point will be a conic. 
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ANSWERS &C. TO THE EXAMPLES 

CHAPTER n. 

3. Ans. jPo(a;-o)*-j)i(a?-a)»-^{y-6)+2)j,(x-a)*-'(y-Z»)'-...- 
+ { - ^)^^(y - ^)^ = ^' ^' ^^c lines make equal angles with one 
another. 5. Take OA, OB for axes, and let OA, OB, OP, OQ be a, b, 
h, k respectively. Since AP=c .BQ, we have h'-a=c{k-b). It {x,y) 
be middle point of PQ, 2x=h, 2y = k\ whence required locus is 
2x - a=c{2y -b). 7. Take the fixed lines for axes and let P be {x, y) and 
Q be (x', y'). Then a:'=x-f ^cosw, y'^y'^xcoau). Find x and y in 
terms of x' and y', and substitate in the equation of the locus of P. 
8. Use polar co-t>rdinates with for pole. 10. The equations of AB, 
AD, BC, CD are ^=0, d=a, rsin (^-a)+asina=0, and rsin^=&sina; 
where a, b are the lengths of AB and AD, and a is the angle BAD, 

The equation of AG is d=tan~i , and of BD is rasing 

a + b cos a 

— a5sina + 5rsin(a-^)=0. 14. Ans. 7y- 3a;- 19=0, 7a;+8y-33=0, 

7y- 3a; +10=0, and 7a; +3;/ -4=0. 15. If the base be taken as axis 

of X, the turn of the positive angles the sides make with it is constant. 

-I/, mi- X- * XV 1 • y* + {x-a){x-b) y*'' + (a; - c) (a: - d) 

16. The equation of the locus is - — ^ p -' = ^ — ^ '-^ . 

a-o c-d 

The points are on the axis of x and a, h, c, d are their distances from the 

origin. 18. The equation of the locus is (a - a') a;y + Z (a; - o) {x - a') = 0, where 

^^ is axis of x, the other given line the axis of y, and OA=a, 0B=a', 

and I the intercept on axis of y. 21. The bisectors of the angles between 

the two pairs of straight lines coincide [Art. 39]. 22. Ans. (db'-a'b)* 

=4 {ha'- h'a) {h'b - ^6'). 23. This is reduced to the preceding by means 

of question 2. 26. The result easily follows from the polar form of the 

equation, viz. mtan 3(^+1=0. 29. If the straight lines be y=mjx, 

y^n^. «.d y=m^; we have ^=^?^.(|Z^^J^'. Bat 

22—2 
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ay^-^hy*x+cy3?+da^^a{y-mjx)(jf-'tn^){y-m^)j and (l+Wi*)(l+»4*) 
(1 + OT,*) = 1 + (OTj + ifij + m,)' - 2 (iiiiiiia + fliawij + rn^m^ + (tHiTOj + Wjm, 

&' (• (>s db ^ 
+m,mi)«-2fiiifivii,(jiii+tiij+m,)+ifii8ma»m,>=l+^ - 2- + ^ - 2^ + ^ ; 

whence the result. 80. The equation of any pair of perpendicular lines 
is x' + X:r^ - |/*bO. Hence given equation must be equivalent to {Ex+Fy) 
(x« + XJ7-y«)=0, BO that E=A, F= -D, F+\E=BB, and XF-^=3C. 

33. The lines are aa?+2hxy+by*'^(a'a^+2h'x!f+b'y^=0 [Art. 88]. 

34. Lei At B, C be (a^, &i), (o^ 5,) and (a„ &,) ; and A', B\ C"be (oi, /S^), 
(031 ^2)) (^ h)' ^^® equations of the three perpendiculars from A\ B*, C on 
the sides of ABC are x {a^ - ^j) + y (ftj - 6|) - Oj (a, - Og) - ft (6, - Jj) =0 (1), 
»(as-ai) + y(6,-6i)-o,(a,- <J4)-ft{63-6jJ = (2), and x{ai-a^ 
+y (6i-ft2)-«j(«i-«2)-ft(6i-6,)=0 (3). If (1), (2), (3) meet m a point 
the sum of the constants is zero, and this sum can be written in 
the symmetrical form OiOj - a^i + a^ - a^a^ + a^i — a^Oj + 6]ft - b^i 
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4. The locus is (l-n«) (a;«+y>+a»)-2a(l+n*)a?=0, where (a, 0), 
{-a, 0) are the two points A, B. The common radical axis is x=0. 
6. AiiB,a>^-\-y^+2dx+2ey+f{Ax+By)=0. 7. Ans.2a?+2y2^2a5+6y+l=0. 

8. See Art. 38. 9 and 10. Substitute — for r in the polar equation of the 

r 

line or of the cirda 12. If a common tangent, PQ, of two of the circles 

out the radical axis in 0, the tangents from O to all the other circles of 

the system, including the limiting circles^ will be equal to 0P\ therefore 

the limiting points are on a circle on PQ as diameter. 13. If one circle 

is within the other, (1) the radical axis must cut in imaginary points, 

therefore h is positive; (2) the centres must be on the same side of the 

radical axis, therefore a and a' have the same sign. 15. See Art. 86. 

19. We may take 

j;cosa+2^8ina-ax=0, a? cos (aH )+yBin(a+ — ) -a=0, Ac. 

for the equations of the sides. The sum of the squares of the perpen- 
diculars from (xj y) is sum of squares of left sides ; and in this sum the 

coefficients of x^ and y^ are equal, since cos 2a+co8 2 f a,+ — } + ....=0; 
also the coefficient of xy is zero, since sin2a + sin2 f a + — j + ....=0. 
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20. - + -=2, Ih, A;) being the point throngh which PQ passes. 21. If P 
X y 

be any point on the circle, and A, B the ends of a diameter, PA^+PB*=AB^ ; 

express this in polar co-ordinates. 22. Eliminate B. Condition for 

tangencyis|?=2acos2^orp=-2asin*^. 23. 4J = q, y=- -r . 24. Two 

circles. 25. The whole length of the lines, from the points of contact to 
their intersection, are equal to one another. 26. The given lines 
must intersect on the radical axis of the circles. 27. If given 
points are (±a, 0), and tangents are parallel to y^xiaaSf the equation 
of the locus is y^-2xyoot0-ix^ + a^=O. 29. For straight lines, 
^+B + C=0. 81. Any circle through (±a, 0) is a^+y^-2by-a^=0. 
The orthogonal circles are oc' + y* - 2cx + a» = 0. 33. Take x^+y^- 2ax = 0, 
x^ + y^-2by=0 for the equations of the circles. 35. The equa- 
tion of the locus is ifi^+c^(a?+y*+a^)-4ahcy={x^ + y^-ay. The 
bisectors touch the circles a^+{y±ay=^i{h±c)K 36. The centre 
of the required circle must be the radical centre of the three escribed 
circles. The equation of circle touching BC, and ABf AC produced is 
x^+y*+2xycoBA - 28 (x+y) + 8^=0 (i), AB, AC being axes* The radical 

X 1/ X v 

centre of the escribed circle is given by + i-=h - + - , =i» its co- 

ordinates are therefore —^ — '- and - . —' . The radius required is equal 

to the tangent to one of the circles from the radical centre, and this is 
found by substituting the co-ordinates in (i). 87. Let the centres of 
the circles be {x^, ^), (j/', y"), the fixed points (±a, 0), and the point of 
contact (x, y). Then we have (i) (a!-af+y^=c\ (ii) (a/' + a)«+j/"«=c^ 
(iii) (a/-a5")'+(2/'-yT=4c». Also 2x=af+af', and 2y=y'+2/". From 
(i) and (ii) {xf - af') {of + x") - 2a (a:' + a:") + (/ - V") (y' + V") = 0, i.e. a; (a/ - sf') 
-2aa:+y(y'-y")=0. This with (iii) gives us (y' - y'^ and (a:' - aj"). Then, 
taking (iU) from twice the sum of (i) and (ii), we have (a:'+a/')^+(y'+y")' 
+ 4a* - 4a («' - aj") = ; whence the required locus. 



CHAPTER V. 

in+Vfi 
4. The parabola is y^=^ '- ax, where 1 : n is the given ratio. 

5. (i) a straight line through the vertex, (ii) the curve y^=na?+2ax. 
6 y« = a^ + 6aa! + a*. 10. The chord of contact of tangents from ( - 4a, k) 
is yh=2a(x^Aa). The equation of the lines joining vertex to points 
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of contact is [Art. 38] y*- 4a«?^|^^=0, or y*-«»+^a:y=a 

11. TN= I ».T^^. , and riin=y'«+4a»; where (a/, «') is T. 12. Let 

the axis of a; be midway between the axes of the parabolas, then their 
equations will be (y -6)*=4aa;, (y+ 6)*=4ax. If y =iy cut the curves in 
(jTi, 17) and («2» *?) respectively, we have i;*+6*=2a(a:i+a?2). Henoe, 
if (^, 17) be the middle point of intercept, f^+b'^=4a^. 15. The chord 
whose middle point is (x', y') is parallel to the polar of {af, y'); its 
equation therefore is (y - y') y ' = 2a (x - s^). If the chord pass through the 
fixed point {h, ik), we have (k-y')^=»2a{h'-s^. Henoe the required 

locus is the parabola y {y - h) = 2a [x - h\, 25. Let y*:OTia?+— ...(i). 

y =11133;+ — ...(ii), y=mjX +— ...(iii), and y=W4a;+ — ...(iv),be theequa- 
tions of the four tangents. The ordinate of the point of int6rsecti<»x of 
(i) and (ii) is a f — + — 1 1 and the ordinate of the point of inteisection of 

(iii) and (iv) is a ( — -i ) ; hence the ordinate of the middle point of 

these intersections is ^f \- h — + — j. The symmetry of this 

2 \mi m^ TOg WI4/ '^ 

result shews that the ordinate is the same for the middle point of the 

other two diagonals. 27. If the fixed line and the two tangents 

make angles a, ^j, &^ with the axis, we have 2a=^i-f ^2. And if 

{x't y^ be the point of intersection of the tangents, tan^^ and tan^i 

a t/ . 

are the roots of y'=77u;'+ - . We therefore have tan 2a =-7^ — : which 

shews that the intersection of the tangents is on a fixed straight hne; 
therefore, &o. 33. At points common to y*— ioos^O and any circle 

a:«+y2 + 2^a:+2/y + c=0, we have j^+y*+2<7 1- +2/y + c=0. The co- 
efficient of y' is zero, hence yi + Va + ^j + 3^4 = 0. If therefore the normals 
at yi, yg, y^ meet in a point, y4 is zero; for we know that ^1 + ^3+^8==^ 
[Art. 106]. 88. The normal at (a/, y') is 2a (y - y') + y' (a: - a:') = 0. If 
this pass through (^, k), we have 2a* + y'(^-a:'-2a)=0, whence 4a']k' 
= 4aa;' (h-x'- 2a )^. This gives a cubic equation for x' from which we have 
x^+x"+ 3!" = 2^ - 4a, or (x' + a) + (a;" + a) + {si" + a) + a = 2 A ; therefore, Ac. 
41. Take for axes the tangent parallel to the given lines and the diameter 
through its point of contact. 4$. The line is x = 2a-i-6. 44. The 
ordinates of the normals which meet in (A, A;) are given by 2a (y- it) + 
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ff{X'h)=0. If (fe, ^) be on the curve, we have 2a{y-h)+^{y^-1^=0. 

Hence the ordinates different from k are given hyy{y + k) + Sa^=0; so 
Ihalt yi2(f8= 8^*- The equation of the chord is y (y^ +}[,) - ^oo? - yJ^^ = 0, 

henoe this cuts the axis where a: = - ^^' = - 2a. 47. Let 2/i t Vat 2^8 > ^4 

be the ordinates of the points J, By C, D ; and let AB, BC, 01, AD 
make angles ^^ , ^^ , ^3, ^4 with the axis. Then [Art. 102], ^1+^2= 4acot 9^ , 
and so for the rest. Henoe oot^i+oot^3=cot^, + cot^4; which shews 
that if three of the, angles are constant, the fourth also is constant. 
50. Let P, Q,R, She {x^, yi) &o. The equation of the circle on PQ as 
diameter is (y - yj (y - ^3) + (a; - x^) (x - x^) = 0. Where this meets y*= 4ax, 

we have {y-yi){y-y^+jQ^(y^-yi^){y^Tyi^=0. Hence y^, y^ are the 

roots of l^^-h{y+yi){y+y^)=0, go that Sf«y4=yiya+ 16aa. But Pft BJ^ 

cut the axes at points whose abscissse are -^^ and t -^^ he^oe 

the difference of these abscissas is 4a. 



CHA?TEB. VL 

4. The equation of a line through the middle point of a chord per- 
pendicular to the chord ean be written 4ow^ bjr assuming Art. 114 (iii). 

15. The elUpse is ^ + ^^ = (^^)^ 1^- T^se 3(=TOa;+ ^(aW+ft^). 

20. Use eccentric angles. 21. The line y=m\x-ae) cuts the ellipse 

where —,H -r^ — ^ = 1. Put a;=i[ae +-)-!), and shew that the 

product of the roots of the quadratic in pi i^ independe:i;it of m. 27. If 

(1 - e^X 
-x'f-y^j a) • 

80. The ^mi-axes o^ ^e lo^us pf P are th^ semi-sum and fiemi- 
difference of the radii of the circles. 36. The chord which has (a/, y') 
for middle point is parallel to the polar of (a;', y'), its equation is therefore 

(x - a;') -5 + (y - y') 1^ = 0. Hence, if the chord pass through a fixed point 
{hj &), the middle point is on the ellipse (^ - x) -5 + (ft - y) -J, = 0. 37. Let 

Of 

* 

P be (a/, y^, and let the chord make an angle with the major axis of the 
ellipse. The co-ordinates of the point on the chord at a distance r from 
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P are x'+raosOt and y'+rBin^; substitute these co-ordinates in the 

M^ Vt/' 

equation of the ellipse for PQ, and in the equation -y + ^"0 for PR; 



then see Art. 111. 88. The equation of the locus 



K^^-') 



40. Let a, /3, 7, d be the co-ordinates of the angular points A, B, C, D 
of the quadrilateral; then, since AB, BC^ CD are parallel to three fixed 
straight lines, we have (a+/9), (/3+7) and (7+8) constant; therefore 
(a +d) is constant. 43. Let the co-ordinates of Q be a cos 9 and & sin 9, 
then quadrilateral 0PCQ=2 .triangle OCQ=:Msin^-ibacos9=^ sup- 
pose. Therefore -i- = -sintf-^cos9 (1). But ih, h) is on the tangent 

ao Of 

h h 

at Q; therefore -cos^+r sin ^=1 (2). From (1) and (2) we have 

-•fi = -5 + T« - !• The area of the triangle PCQ can be readily deduced 

from that of the quadrilateral 60. Ans. 2(6V+a2a;2)8=(a2-6a)2 

{a*i^ - &^')'. 53. If be the eccentric angle of P, the co-ordluaies 
of Q are {a + h)ooB^ and (a+&)sin0, or (a-&)cos0, (&'^a)sin0, ac- 
cording as PQ is measured along the normal outwards or inwards. 
55. Let T be (x', y'). In the quadratic equation giving the abscissas of 

•Tab t/lf f O. 

points where -y -f- ^=1 cuts the ellipse, substitute for x [Art. 110]; 

the product of the roots of the equation in r will be equal to 8P . SQ. 



CHAPTER Vn. 

8. An hyperbola. 4. An hyperbola. 5. A rectangular hyperbola. 
19. 2y-f3a;+4=0. 20. x-2=0, y-3=0, «y-3«-2y + 12=0. 26. The 
lines joining («y ) to the two fixed points ( db a, 0) are (ya/ - ojyO* = o^fy - yV' 
These are parallel to y^{x'^'-a^'-2sify'xjf+y^=0, the bisectors of 

X^ — . y^ gpu 

which are -7^ — ;r— -3 + -A = 0. Since these bisectors are fixed lines, we 
y ^ X "t" ci xy 

.have 2 _ as const. 

x'y' 
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CHAPTER Vm. 
4. If a, p, y he the vectorial angles of A^ B, C respectively, 

SA = — ^—~, and SA'= 1 , &c. 6. As in Art. 166 (5), the 

2cos'^ 2cos§cos^ 

perpendicular on the tangent at a makes with the axis an angle 

tan-i — . Therefore, Ac. 7. See Art. 166 (3). 10. If the conies 

e + ooBa ^ ' 

IV I 

are-=l+ecos^, and-=l + e'cos(^-o),theoonunon chords are--ecos^ 

~-e'co6{$-a)i , 18. If the conies are - = l + e cos ^, and - 

f ) r r 

ZdbZ' 

= l+«'cos(^-o), the common chords are s=ecoB6^e'coB{0-a), 

l±V e' 
These touch respectivelv the conies -^ — = 1 db - cos ^. 16. If d be the 

ev e 

distance of the focus from the directrix, the conies will be — = 1 + € cos 0, 

r 

e'd 
and — = 1 + «' COB (9 - a). If the conies touch one another at some point 

T 

ed e'd 

/3, the equations — =ecos^+ co9(^-/3), and — =e'cos(^-o)+cos(^-/3) 

T T 

will represent the same straight line. Write the equations in the 

, d ^/, cosi3\ . ^ sinjS . d . / cos/3\ 
forms -=:cos ^ ( 1 H " j +sm ^ — - , and - =oos ^ ( cos oH ,-'- J 

+ sin ^ [ sin a-\ j^) ; equate the coefficients of cos 0, and of sin 0, and 

eliminate p. 17. Let the equation of the circle be r=a cos (d - a), and 
the equation of the conic -=l+«cos^. Eliminate 0^ and we obtain a 
biquadratic for r. 



CHAPTER IX. 

7. Ans. X = 1. 8. Ans. IOb^ ^ 21xy + 9y« - 41aj - 39y + 4 = 0. 9. Ans. 
Saifl-2xy-&y*+7x-9y+2-0, and 3a;« - 2a:y - 6y* + 7a; - 9y + 20 = 0. 
10. Ans. 6a:2_7a.y_3yj_2a._8y~4=0, and 6a;^ - 7a:y - 8y* - 2a; - 8y - 2 
=0. 14. Take for origin, and the axis of x through the centre of 

the drde. The equation of the circle will be r =d cos (1) ; the equation 
of the conic cuc'^-¥2hxy+by^+2gx+2fy+c=0, or in polars ar« cos^^ 
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-k-2h7^ooB $ Bm0+hj^ Bux^ 0+2grcqB e+2fr Bin e -^c=0 (2). Eliminate 

from (1) and (2), then we obtain an equation in r the product of the four 

edP 
roots of which will be ; .^^ — r-n, . Since the origin is fixed, c is 

constant ; and (a - h)*+4Ji^ is constant from Ex. 11. 

CHAPTEB X. 

3. To find the fixed point in Ex. 1, take OP, OQ parallel to the axes; 
then PQ is a diameter, and CO, PQ make equal anglea with th^ axis. 
Hence the co-ordinates of the point can be found referred to the centre 
and axes of the conic. The fixed point m Ex. 2 is the foini where the 
tangent at is met by the tangent at the other extremity of the normal 
through 0, as is seen by taking OP, OQ indefinitely near to the normal 
For locus see Art. 138 (4). 7. Take for origin and the chords for 

axes. We have to prove that i^ independent of the direction of the 

c 

axes. 13. In the parabola y'y'^ is constant. 20. Take for origUi» 
the chord and its conjugate for axes ; then the equation of the curve will be 
ao;* + &y* + 2/y + c = 0. Tangents from {nd, y') are given by 4>(x^y)tp (x\ ^) 
-'{ax3f-\-hyi/+f{y+y') + c}^=0; in this put ^=0; then the coefficient of 
X will be zero ii fy'+o=0, that is if {of, y') be on the polar of 0, Or, 
let the tangents at P, Q meet in K; then KL, the polar of O, is piar^Uel 
to AB ; and if Q OP meet the polar of in I», {QOPI4 is h^irmnnvL 
Hence \T08 od} is faannoqio, an^ tiierefoTe 70 = OS, 9^ (i) a conio ; 
(ii) a straight line. 25. A curve of the fourth degree. 28. Corre- 
sponding to any point T OA the tangent at P there is on* point T such 
that T, T' are equidistant from the centre, and there is one inter- 
section of the tangents at T, 2"; hence every tangent to the ellipse 
cuts the locus in one and only one point: ^he loc^s i^ thei^elore a 
straight line. If T, T' are on the director circle, the tangents from T, T 
are parallel; therefore the direction of the point at infinity on the 
locus is perpendicular to the tangent at P; also when T, T are both 
at infinity, the tangents from T, T ft^re p^allel to the tangent at P, 
and therefore intersect at the extremity of the diameter through P, 
which proves the proposition. 87. The centre of the conic is 

given. Hence, if P be the given point, P', the othev extremity of the 
diameter through P, is on all the conies. The locus is such that &P . SP' 
is constant; this curve is called a lemnisoate. 40. Let S, S' be 
the foci, 8 being given, € the centre, P the given point, and O the 
middle point of SP. Then OD*=SP . fif'P=450 . OC. This proves that 
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the locus of 2) is a parabola, since CD and OC are drawn in fixed 
directions, and SO is fixed. 43. Let the variable eUipse tench at P, 
and let the tangents at 8^ P meet in T. CT bisects SP in F, and is 
therefore parallel to S'P, so that CT and SP make eqnal angles with the 
tangent at P; hence VT^VP=^VS\ therefore STP is a right angle, 
and CT is the radius of the director-circle of the variable ellipse. 
Hence, since CT=\(SP+S'P)=^ constant, the question is reduced to 37. 
44. This follows from Ex. 23, Chapter vu. 47. {PGOG'} is harmonic, 
and GCG' is a right angle ; theiefore CP and CO make equal angles with 
(76r. Then see solution of 2. 53. Ans. c=±a&. 54. Let the 
eonio which goes through A, B, C, I>, B cut the circle ABE in G; then, 
AB and CD make equal angles with the axes, and so also de 4B and 
EG; hence EG is parallel to CD, so that G and F are coincident. The 
direction of the axes is known, we have therefore only to find the centre. 
If F, F' are the middle points of CD and EF respectively, VV^ is a 
diameter. I>raw a circle through D, C, £ : if this out the conic in a 
fourth point JET, EH and CD make equal angles with the axes of the 
conic ; therefore EH is parallel to AB ; hence the line through the 
middle points of AB and EH is another diameter. Thus the centre 
is found. 55. The six pednts are alwaors on a conic, and the eonic 
is {ascfa/'+hi/y"-l] (aa^ + ft^a - 1) - (a;wp'+ Jy^- 1) {ax^'+hyy"^ X>=0 

[see Ex. 3, Art. 187]. The conditions for a circle are x'as" - y'y"= — t (1), 

&ndxY+^V=^ (2). Square and add, then (x'^+y'^) (^'^+y"^)=(l - ^V, 

that is CP.CP^^CS^f where C is the centre and 5 is a focus; also from 
(2) CP and GP* make equal angles with the axis of x; and (1) and 
(2) shew that P, P' are on different sides of the transverse axis. When 
the curve is a parabola P, P' are on a Hne through the focus, and equi- 
distant from the focus. 58. The chord of ax^ + 6y^ - 1 =0 which has 
{xff y') for middle point is parallel to the polar of (x', y^ and its equation is 
(a? ^^^ax' + iy- y') hy'=0^ The line through (of, y') perpendicular to the 

chord must pass through (/, g) ; hence we have —-r = ~}rr » so that 

(a/, yO is on a rectangular hyperbola. 69. Any conic of the system is 
given by <ix^ + hy^-l-\ {(x - o)' + (y - PY - c®} =0, where (a, ]&) is the 
point O. Find the centre, and eliminate X. 63. If the normal 

to aaj2 + Z>2/» - 1 = at P {x^,y') pass through 0{f,g) we haVe"t^ = iZ.^ ^ 

nx oy 

or f by' - agx' + {a-h) x^y'=0 (1). We have to shew that ^^^ + '^-^ = C. 

X y 
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or «y'+yx'-2d:'^=0, will go through the same point if {pi^jf) is any 
one of the four points of intersection of (1) and the conic. The point 

is -^= ^ ss; . 73. A conia 75. The four points are 

fh -ag b-a 

(^,-/\ &o., where (x'y') &c. are the feet of the normals. Now, if 

(/, g) be the point at which the normals meet, ~ ^;=a*-6'. 

Hence ( — , , —A is on the straight line/x - gy=a^ - 6", and so also are the 
other three points. 83. Jl y=m{x-ae)he the chord, the ciide is 
x«-a«+ya+2ma4?y-m«&«=0,or^ + ^-l-^2(a«y-w6a)a=0. 96. If 
^yssc* he the equation of the hyperbola, and (x^, y^ <&c. be the fonr 
pomts, and (o, ^) be P; then FA .Pa= ' c*+y^^^^ 

CHAPTER XI. 

3. Let the equation of the conic which passes through he asfi +2hxy 
+ hy*+2fy=0f the tangent and normal at O being axes. If a'x*-\-2h'xy 
+ h'y*+2g'x+2f'y^&=^0 be the equation of another conic, all the conies 
through their common points are included in ax'* + 2kxy+hy^+2fy 

+ \(a'x* + 2h'xy + b'y*+2g'x-\-2fy + €r}=0. Put y=0, then — + - 

X\ aCg 

2(7' 

= - -y- , and therefore is independent of X. 5. The axes of the para- 
c 

bolas are always parallel to conjugate diameters [Art. 207]. Now in a 

given ellipse the acute angle between two conjugate diameters is least when 

they are the equi-conjugates ; and in different ellipses the angle between 

the equi-conjugates is greatest in that which has the least eccentricity. 

Hence if a pair of conjugate diameters are known, the conic has the 

least eccentricity when they are the equi-conjugates. 6. If TQ, TQ; be 

the tangents, and V be the middle point of QQ\ TV and QQ'are parallel to 

conjugate diameters. See solution to 5. 16. Use the result of Ex. 2, 

Art. 219. 21. A circle. 24. tan' r = - ^ , where 6 is the angle between 

the tangents. 25. The result follows from Art. 229 and Art. 186, Cor. 
1. 28. Art. 227. 35. If TO' be the other bisector of the angle QTP, 
then T{QOPO'] is harmonic, and therefore TO' is the polar of 0. Let 
ROR' cut TO' in JT, then T{ROR^K} is harmonic, and OTR is a right 
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angle; K^iee RT^ B!T make equal angles with OT. 87. and 88. Use 
*If a circle cat a parabola in four points the <um of the distances of those 
points from the axis of the parabola is zero.' 42. Shew that the conic, 
with respect to which the triangle formed by a;=0, y =0, and Lb+ my + 1 
= is self-polar, is <ia^+^lmxy+hy^-\-2lx-\'2my + l^Q. 50. Let the 
hyperbola be 2xy=c^ and the first circle as^+y^+S^ac+S/ysO. Let 
(xj, y{i <fec. be the four points. The equation of the second circle is 
^ 4 y* + ^xx^ + ^yjfi "3 0. The point of intersection of the tangents at £, (7 

is (2—?-*-, J; this is on the second circle if c^ (x^-\- x^+ x^ 

\ ^a + •''8 x^-\- x^J 

+4ac^x^4(a^+a^4+ 0740:3)= 0(1). Now the equation giving the absoisssB 

of ^, £, C, D is 4a:*+8pa'+4/cx+c'=0. Hence 4lx^x^^4^=c\ and 

^ (^+^+^4)+<iBs'>^+^4+^«'^=^ > c^d these shew that (1) is true. 

CHAPTER Xn. 

1. A parabola. 8. An hyperbola. 4. (1) A similar ellipse. (2) 

An ellipse. 12. A common chord, which is not a diameter, subtends a 

right angle at the centre. The envelope is a circle. 16. If the 

conic is aaE^+(^=l, and c the radius of the circle, the envelope is 

ahc'^ 1 1 

aafi + 5m2= . The envelope is the original conic if c*=- + - ; that is, 

if the circle is. the director-circle of the conic. 20. See Art. 197. 25. 
The equation of the envelope iBxy= db4a5. 26. If the original conic 

is ^ + ^=1» the envelope is -^ + |.+ 2-=0. 27. Take the fixed 

or V^ or Ir a 

point for origin, and let the lines be (a; - a) (x - a^ =0 ; then the envelope 

is (a-a')'y'=4ao'(x-a) (x-a'). 81, Take the given diameters for 

axes, and let the conic be aa^-^21ixy-\-hy*-l=Q\ then the envelope is 

4 (oo! + hy) (hx + by) = ■ . 88. Let the equation of the conic be 

ax*+by^=l, and let O be (a, /3). Transfer the origin to O, and let 
2a; + my + 1=0 be the equation of PQ, one of the chords. Write down 
the equation of OP, OQ [Art. 88] ; then the condition of perpendicularity 
gives the tangential equation, viz. (Z* + m*) (oa* + 6^ - 1) - 2aaZ - 2b^m 

+a+6=0. One focus is (0, 0), the centre is ( r , —lU and 

\ a + o a + oj 

the other focus is ( = , ^ | . If a : 5 is constant, the envelopes 

\ a + b a + bj -^ 

are confocal. If the given conic is a rectangular hyperbola a + 5=0, and 

the envelope is a parabola. 



350 APPENDIX. 

N.B. The following are important spedal forms of the tangential 
equati<m ^ {h m)=0. 

(i) If <;=0i, thl9 conio is a parabola. 

(ii) Jta=b =^, the conio tonohes the axes. 

^iii) Ji a=l, abd A=13a oos w the origin is a foous. 



2. Ans. 



CHAPl^EB Xni. 

dbc a', /3', y' 
SA^ o", /3", 7" 

a"', P"\ y"' 

3. The four points of intersection of any two of the conies are of tlfe 
form =fc/, ± <7, ± 7i. The conic ua*+vp*+wy^=0 will pass, through the 
points (db/, ±flr, ±A), and (±/', ±p', ±A') if up+vg^+wh^=0, ojiA 
uf^ + vg^+wh'^=0, 6. Let the lines be Zadbm)3±n7=0; then the 

two points on the diagonal a=0 are given by m^p*-h2\py+n^=0, a=0. 
The other pairs are »V+2At7a+Pd'*0, p=0 ; and Pa2+2ira/3+m*]S*=0, 
7=0. These are all oti the conic Pa? + m'/3* + «V + 2X/57 + 2/tt7a + 21^0/5=0. 

7. The perpendicular distances of (a, p, 7) from the three sides are 

- {aa - 6/3 - C7), <fec. Hence the equation required is 
a 

a« l^ c2 

+ : rx+ — -,^ =0. 



bp+cy-aa cy + aa-bp aa + b^-cy 
8. The equation of the drde is of the form apy+bya+cap+\ (aa+ 
+ cy)*=0. If this cut BC in P, P', then PP. PP'=r»-P3. 9. The 
point which is at a distance p from (a^, /Sq, 70), on a line parallel 
to PC is (oq, /3q +/> sin C, 7^ - p sin P), If this point be on the conic, we 
have 



Hence we have 



„ , _ ?i3o7o + W7oao+nao^o 
^^^^'^ -JsinPsinC 



'■'' = Ii!=Ii 



a 5 c 
Z m n 
[If the conic were given by the general equation we should have 

- ^ («o> ft> 7o) 

^^ ^^ VBin^G+w sin'-'P - 2u' sin P sin (7 ' 

Hence we find at once the conditions for a circle, viz. vc'+wb'*-'2u'lK 

= similar expressions.] 
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11. if P be (/, ^, fc), X", X, !!kf a*e crtitiieline^ + ^ + ^=0. IfPbe on 

J 9 "' 

?a+iii^+n*i's=0 KLM totidieB ^/ia'+ i>^^+is/n7=0 <fco. 12. If O be 
(/, g, A) and 0' be (/', £?', V) then Z is given by fff-^^ZT^j 

=- c s= — ; — X — i— . If O, 0' are on the fixed conic 

X/37' + /A7a + i'a/3=0, Z is the fixed point (X, fi, r). 

(Examples 11 and 12 are taken from an interesting paper by Mr A. 
Martin published in the Metsenger of Mathematics, Vol. IV .) 
18. If ua^ +v^+ wy^ = 0, be a parabola it will touch the line at infinity, 
and therefore all the four lines given by aa^hp^cy=0. 20. If 

(a', /3', y) be one focus, the other will ^® (- » o?» - ) *» "^^^ ^^^^ *^® ^^' 

dition that the fixed point (/, g, h) may be on the line joining these two 
points. 34. Let (/, g^ h) be the point of intersection of AA\ BB^ CC, 
then A' is (f , g, h), B' is (/, g', h), and C is {f, g, h'). BC, CB' intersect 

in A" where ^ = ^ = ^ . Hence the equation of A' A" is 
f g' h 

=0. 



a 


/s 


7 


/' 


9 


A 


/ 


9' 


K 



It is dear that A' A'\ and also the other two diagonals B'B", C C", of 
the hexagon formed by the six lines, pass through the point {f+f\ g+g", 
h+H). Hence by Brianchon's Theorem the hexagon circumscribes a 
conic. 40. Consider any two of the conies, and draw their fourth 
common tangent. Then, the radical axis of their director-circles is the 
directrix of the parabola touching the four lines [Art. 299 (5)]; the radical 
axis therefore [Art. 308, Ex. 4] passes through the orthocentre of the 
original triangle. Then, since the director-circles are equal, it follows 
that the centres of any two of the conies, and therefore the centres of all 
the conies, are equidistant from the orthocentre of the triangle. 41. The 
centre of the circle with respect to which the triangle is self -polar is the 
orthocentre. Hence, from 40, the theorem will be true for aU conies 
whose director-circles are equal, if it be true for any one of them. Let 
ABG be the triangle, and the orthocentre, and let OA cut BG in A'. 
Then, if P be any point on PC, the line AP is a limiting form of an in- 
scribed conic, and the circle on AP as diameter is its director-circle ; also 
OA . OA' is equal to the square of the tangent to this circle from 0, and 
OA . OA' is equal to the square of the radius of the self-polar cirde, hence 
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the self -polar oirole outs the direetor drole at right angles. This proves 
the proposition, sinoe P is any point on BC. 50. The equations of 
the tangents from the angular points of the fundamental triangle are 
Vz^ + Wy^ - 2 U'yz = 0, &o. Hence the six points are on the oonio 

nrx«+Tn^y«+ UVtl^^2UU'yZ'2Vrzx''2WWxy=0, 
This intersects 

jr«x»+ ry + W^-2 VWyz - 2W'Vzx - 2U'rxy =0 
in the same four points as 

(vw- cr*)x»+ +2 (rw - uir) yz + =o. 

But this latter conic is the original conic, since VW- 27^= uA, &c. 



THE END. 
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CLASSICS. 

ELEMENTARY CLASSICS. 

l8mo, Eighteenpence each. 

This Series falls into two classes — 

(i) First Reading Books for Beginners, provided not only 
with Introductions and Notes, but with Vocabularies, 
and in some cases with Exercises, based upon the Text. 

(2) Stepping-stones to the study of particular authors, 
intended for more advanced students who are beginning 
to read such authors as Terence, Plato, the Attic Dramatists, 
and the harder parts of Cicero, Horace, Virgil, and 
Thucydides. 

These are provided with Introductions and Notes, but 
no Vocabulary. The Publishers have been led to pro- 
vide the more strictly Elementary Books with Vocabularies 
by the representations of many teachers, who hold that be- 
ginners do not understand the use of a Dictionary, and of 
others who, in the case of middle-class schools where the 
cost of books is a serious consideration, advocate the 
Vocabulary system on grounds of economy. It is hoped 
that the two parts of the Series, fitting into one another, 
may together fulfil all the requirements of Elementary and 
Preparatory Schools, and the Lower Forms of Public 
Schools. 
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The following Elementary Books, with Introductions, 
Notes, and Vocabularies, and in some cases with 
Exercises, are either ready or in preparation: — 

Caesar.— THE GALLIC WAR. BOOK I. Edited by A. S. 
Walpolk, M.A. [lieatfy, 

THE INVASION OF BRITAIN. Being Selections from 
Books IV. and V. of the "De Bello Gallico." Adapted for 
the use of Beginners. With Notes, Vocabulary, and Exercises, by 
W. Welch, M.A., and C. G. Duffield, M.A. [In the press. 

THE GALLIC WAR. BOOKS IL and IIL Edited by the 
Rev. W. G. Rutherford, M.A., Head-Master of Westminster 
School. \RecLdy, 

THE GALLIC WAR.^ SCENES FROM BOOKS V. and VL 
Edited by C. Colbeck, M. A., Assistant-Master at Harrow ; 
formerly Fellow of Trinity College, Cambridge. \Ready, 

Cicero.— DE SENECTUTE. Edited by E. S. Shuckbprgh, 
M.A., late Fellow of Emmanuel CoUeg^i Capabridge ; Assistant- 
Master at Eton College. \In preparation, 

DE AMICITIA. By the same Editor. \In preparation, 

STORIES FROM ROMAN HISTORY. Adapted for the Use of 
Beginners. With Notes, Vocabulary, and Exercises, by the Rev. 
Q. E. Jeans, M.A., Fellow of HertfQ|:4 Cpllege, Q?fQ|:4, and 
A. V, Jones, M.A., Assistant-Masters ^t Haijey^ury College. 

\ln the press, 

EutropiuS. — Adapted for the Use of Beginnew. With Notes, 
Vocabulary^ and Exercises, by Wji.LiA|f ^^lch, M.A., ^4 C. 
G. Duffield, M.A., Assistant-Masters at Surrey CQ^nty School, 
Cranleigh. * [Recidy, 

Greek Testament— SELECTIONS from thj: gospels. 

Edited by Rev. G. F. Maclear, D.D., Warden of St. Augustine*s 
College, Cantei-bury. [In preparation. 

Homer. — ILIAD. book T. Edited by Rev. John Bqnp, M.A., 
and A. S. Walpole, M.A. {Nearly/ Ready. 

ILIAD. BOOK XVIIL THE ARMS OF ACHILLES, fdited 
by S. R. James, M. A., Assistant-Master at Eton College. 

[Ready, VocA.^}3i.kViY inpreparaHon, 

ODYSSEY. BOOK I. Edited by Rev. John Bond, M. A., and 
A. S. Walpole, M.A. [Ready, 
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Horace. — odes, books L—IV. Edited by T.E. Page, M. a., 
late Fellow of St. John's College, Cambridge ; Assistant-Master 
at the Charterhouse. Each is. ^, 

[Ready. Vocabularies to Books II. and III. in preparation, 

Livy. — BOOK I. Edited by H. M. Stephenson, M.A., Head 
Master of St. Peter's School, York. [Ready. 

THE HANNIBALIAN WAR. Being part of the XXI. and 
XXII. BOOKS OF LIVY, adapted for the use of beginners, 
by G. C. Macaulay, M.A., Assistant-Master at Rugby ; formerly 
P'ellow of Trinity College, Cambridge. [Ready. 

THE SIEGE OF SYRACUSE. Adapted for the Use of Beginners. 
With Notes, Vocabulary, and Exercises, by Georqe Richards, 
M.A. [In the press. 

Ovid. — SELECTIONS. Edited by E. S. Shuckburgh, M.A., 
Assistant- Master at Eton ; late Fellow and Assistant-Tutor of 
Emmanuel College, Cambridge. [Ready. 

PhaedruS.— SELECT fables. Adapted for the Use of Be 
girmers. With Notes, Vocabulary, and Exercises, by A. S. 
Walpole, M.A. [In the press. 

Thucydides.— THE RISE OF THE ATHENIAN EMPIRE* 
BOOK L cc. LXXXIX. — CXVIL and CXXVIH. -. 
CXXXVIII. Edited by F. H. COLSON, M. A., Senior Classical 
Master at Bradford Grammar School ; late Fellow of St. John's 
College, Cambridge. [In the press, 

Virgil.— iENEID. BOOK I. Edited by A. S. Walpole, M.A. 

[Ready. 
iENEID. BOOK V. Edited by Rev. A. Calvert, M.A., Fellow 
of St. John's College, Cambridge. [Ready. 

SELECTIONS. Edited by E. S. Shuckburgh, M.A. 

[Ready. 

Xenophon. — anabasis. BOOK I. Edited by A. S. 
Walpole, M.A. [Ready. 

The following more advanced Books, with Introductions 
and Notes, but no Vocabulary, are either ready, or in 
preparation : — 

Cicero. — select letters. Edited by Rev. G. E. Jeans* 
M.A., Fellow of Hertford College, Oxford, and Assistant-^^aster 
at Haileybury College. [Rmdy. 

Euripides.— HECUBA. Edited by Rev. John Bo.nd, M.A. 
and A. S. Walpole, M.A. [R^dy, 
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Herodotus — selections from books VIL and VIIL 

THE EXPEDITION OF XERXES. Edited by A. H. Cooke, 
M.A., Fellow and Lecturer of King's College, Cambridge. 

Horace. — selections from the satires and 

EPISTLES. Edited by Rev. W. J. V. Baker, M. A., Fellow of 
St. John's College, Cambridge ; Assistant-Master at Marlborough. 

[Heady. 
SELECT EPODES AND ARS POETICA. Edited by H. A. 
Dalton, M.A., late Senior Student of Christchurch ; Assistant- 
Master at Marlborough. [/» thepras, 

(«ivy. — THE LAST TWO KINGS OF MACEDON. SCENES 
FROM THE LAST DECADE OF LIVY. Selected and Edited 
by F. H. Rawlins, M.A., Fellow of King's College, Cambridge; 
and Assistant-Master at Eton College. [/« preparation, 

Plato.— EUTHYPHRO AND MENEXENUS. Edited by C. E. 
Graves, M.A., Classical Lecturer and late Fellow of St. John's 
College, Cambridge. [Ready, 

Terence.— SCENES FROM THE ANDRIA. Edited by F. W. 
Cornish, M.A., Assistant- Master at Eton College. [Ready, 

The Greek Elegiac Poets.— from callinus to 

CALLIMACHUS. Selected and Edited by Rev. Herbert 
Kynaston, M.A., Principal of Cheltenham College, and formerly 
Fellow of St. John's College, Cambridge. [Ready, 

Thucydides.— BOOK iv. chs. l— xli. the capture 

of SPHACTERIA. Edited by C. E. Graves, M. A. [Ready, 

Virgil. — GEORGICS. book II. Edited by Rev. J. H. Skrine, 
M.A., late Fellow of Merton College, Oxford; Assistant-Master 
at Uppingham. [Ready, 

%* Other Volumes to follow, 

CLASSICAL SERIES 
FOR COLLEGES AND SCHOOLS. 

Fcap. 8vo. 

Being select portions of Greek and Latin authors, edited 

with Introductions and Notes, for the use of Middle and 

IJpper forms of Schools, or of candidates for Public 

Examinations at the Universities and elsewhere. 

-ffiischines. — XN CTESIPHONTEM, Edited by Rev. T. 
QWATKIN, M. A., late Fellow of St. Johp's College, Cambridge. 

[In the press. 
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-ffischylus, — PERSiE. Edited by A. O. Prickard, M.A., 
Fellow and Tutor of New College, Oxford. With Map. 3J. 6d. 

Catullus,— SELECT POEMS. Edited by F. P. Simpson, B.A., 
late Scholar of Balliol College, Oxford. New and Revised 
Edition. 5/. The Text of th& Edition is carefully adapted to 
School u$e. 

Cicero. — ^THE: CATILINE orations. From the German 
of Karl Halm. Edited, with Additions, by A. S. Wilkins, 
M.A., Professor of Latin at the Owens College, Manchester. 
New Edition. 3J. 6d, 

PRO LEGE MANILIA. Edited after Halm by Professor A. S. 
Wilkins, M.A. 3j. 6^. 

THE SECOND PHILIPPIC ORATION. From the German 
of Karl Halm. Edited, with Corrections and Additions, 
by John E. B. Mayor, Professor of Latin in the University of 
Cambridge, and Fellow of St. John's College. New Edition, 
revised. 5j. 

PRO ROSCIO AMERINO. Edited, after Halm, by E. H. Don- 
kin, M.A., late Scholar of Lincoln College, Oxford ; Assistant- 
Master at Sherborne School. 4J. 6d, 

PRO P. SESTIO. Edited by Rev. H. A. Holden, M.A., LL.D., 
late Fellow of Trinity College, Cambridge ; and late Classical 
Examiner to the University of London. 5^-. 

Demosthenes.— D£ corona. Edited by B. Drake, M.A., 
late Fellow of King's College, Cambridge. New and revised 
Edition. ^, 6d, 

ADVERSUS LEPTINEM. Edited by Rev. J. R. King, M.A., 
Fellow and Tutor of Oriel College, Oxford. 4^. 6d. 

THE FIRST PHILIPPIC. Edited, after C. Rehdantz, by Rev. 
T. GWATKIN, M. A., late Fellow^of St. John's College, Cambridge. 
2s, 6d. 

SuripideS. — BACCHAE. Edited by E. S. Shuckburgh, M.A., 
Assistant-Master at Eton College. [/« preparation, 

HIPPOLYTUS. Edited by J. P. Mahaffy, M.A., Fellow and 
Professor of Ancient History in Tripity College, Dublin, and J. B. 
BUBYy Scholar of Trinity College, .Dublin. 3^ . dd. 
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Euripides.— MEDEA. Edited by A. W. Verrall, M.A., 
Fellow and Lecturer of Trinity College, Cambridge. 3J. 6df.. 

IPHIGENIA IN TAURIS. Edited by E. B. England, M.A., 
Lecturer at the Owens College, Manchester. 4s, 6d, 

Herodotus.— BOOKS v. and VL Edited by Rev. A. H. 
Cooke, M.A., Fellow of King's College, Cambridge. 

[In preparation, 

BOOKS VIL AND VIIL THE INVASION OF GREECE BY 
XERXES. Edited by Thomas Case, M.A.^ formerly Fellow 
of Brasenose College, Oxford. \In prtparaiHon. 

Homer.— ILIAD. BOOKS I., IX., XL, XVL— XXIV. THE 
STORY OF ACHILLES. Edited by the late J. H. Pratt, 
M.A.^ and Walter Leaf, M.A., Fellows of Trinity College, 
Cambridge. 6j. 

ODYSSEY. BOOKS IX.— XII. THE NARRATIVE OF 
ODYSSEUS. Edited by Prof. John E. B. Mayor. Part I. 3J. 

ODYSSEY. BOOKS XXL—XXIV. THE TRIUMPH OF 
ODYSSEUS. Edited by S. G. Hamilton, B.A., Fellow of 
Hertford College, Oxford. 3J. (>d, 

Horace.— THE odes. Edited by T. E. Page, M.A., formerly 
Fellow of St. John's College, Cambridge ; Assistant-Master at 
Charterhouse. 6j. (BOOKS L, IL, and IV. separately^ 2x. each.) 

THE SATIRES. Edited by Arthur Palmer, M.A., Fellow of 
Trinity College, Dublin ; Professor of Latin in the University of 
Dublin. 6j. 

THE EPISTLES and ARS POETICA. Edited by Professor 
A. S. WiLKiNS, M.A. \In the press, 

Juvenal, thirteen satires. Edited, for the Use of 
Schools, by E. G. Hardy, M.A., Head-Master of Grantham 
Grammar School ; . late Fellow of Jesus College, Oxford. 5j. 
The Text of this Edition is carefully adapted to School use. 

SELECT SATIRES. Edited by Professor John E. B. Mayor. 
X. and XL 3J. ^d, XIL—XVI. 4*. ^d, 

Livy. — BOOKS IL AND III. Edited by Rev. H. M. Stephenson, 
M.A., Head-Master of St. Peter's School, York. 5^. 

BOOKS XXI. AND XXII. Edited by the Rev. W. W. Capes, 
M.A., Reader in Ancient History at Oxford. With Maps. 51. 

BOOKS XXIII AND XXIV. Edited by G. C. Macaulay, M.A., 
Assistant-Master at Rugby. [In prepara^n* 
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L«UCretiuS. BOOKS I.— III. Edited by J. H. Warburton 
Lee, M.A., late Scholar of Corpus Christi College, Oxford, and 
Assistant- Master at Rossall. [In preparation, 

Lysias. — SELECT ORATIONS. Edited by E. S. Shuckburgh, 
M. A., Assistant-Master at Eton College, dr. 

Martial. — select EPIGRAMS. Edited by Rev. H. M. 

StEPHENSON, M.A. 6s, 

Ovid. — FASTI. Edited by G. H. Hallam, M.A., FcUow of St. 
John's College, Cambridge, and Assistant-Master at Harrow. 
"With Maps, ^s, 

HEROIDUM EPISTULiE XIIL Edited by E. S. ShuckburgH, 
M.A. 4J. 6d, 

METAMORPHOSES. BOOKS XIIL and XIV. Edited by 
C. Simmons, M.A. [In the press, 

Plato. — MENO. Edited by E. S. Thompson, M.A., Fellow of 
Christ's College, Cambridge. [In preparation. 

APOLOGY AND CRITO. Edited by F. J. H. Jenkinson, 
M.A., Fellow of Trinity College, Cambridge. [In preparation* 

THE REPUBLIC. BOOKS I.— V. Edited by T. H. Warren, 
M.A., Fellow of Magdalen College, Oxford. [In preparaiion, 

PlautUS.— MILES GLORIOSUS. Edited by R. V. Tyrrell, 
M. A., Fellow and Professor of Greek in Trinity College, Dublin. 

Pliny.— LETTERS. BOOK III. Edited by Professor John E. B. 
Mayor. With Life of Pliny by G. H. Rendall, M.A. 5j. 

Plutarch.— LIFE OF THEMISTOKLES. Edited by Rev. 
H. A. Holden, M.A., LL.D. 5j. 

Propertius. — select poems. Edited by Professor J. P. 
PosTGATE, M.A., Fellow of Trinity College, Cambridge. 6s, 

SalluSt. — CATILINA AND JUGURTHA. Edited by C. Meri- 
VALE, D.D., Dean of Ely. New Edition, carefully revised and 
enlarged, 4^. 6</. Or separately, 2s, 6d, each. 

CATILINA. Edited by A. M. CooK, M.A., Assistant-Master at 
St. Paul's School. [In the press. 
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Sophocles.— ANTIGONE. Edited by Rot. John Bond, M. A., 
and A. S. Walpole, M.A. [In preparation. 

Tacitus. — AGRICOLA AND GERMANIA. Edited by A. J. 
Church, M.A., and W. J. Brodribb, M.A., Translators of 
Tacitus. New Edition, y, 6d, Or separately, zr. each. 

THE ANNALS. BOOK VI. By the same Editors. 2s, 6d. 

THE HISTOKY. BOOKS L and II. Edited by A. D. Godley, 
M.A. [/« preparation. 

. THE ANNALS. BOOKS L and II. Edited by J. S. Reid, 
M . A • [In preparation. 

Terence.— HAUTON TIMORUMENOS. Edited by E. S. 
Shuckburgh, M.A. ^s. With Translation, 4r. 6d, 

?>HORMIO. Edited by Rev. John Bond, M.A., and A. S. 
Walpole, B.A. 4j. 6d. 

Thucydides. books L II. in. IV. and v. Edited by C. E. 
Graves, M.A., Classical Lecturer, and late Fellow of St. John's 
College, Cambridge. (To be published separately.) 

[Book IV. in the press. 

BOOKS VL AND Vn. THE SICILIAN EXPEDITION. Edited 
by the Rev. Percival Frost, M. A., late Fellow of St. John's 
College, Cambridge. New Edition, revised and enlarged, with 
Map, y. 

Virgil. — ^NEID. BOOKS IL and III. THE NARRATIVE 
OF iENEAS. Edited by E. W. HowsoN, M. A., Fellow of King's 
College, Cambridge, and Assistant-Master at HaiTow. 3^. 

Xenophon. — HELLENICA, books I. and II. Edited by 
H.. Hailstone^ B.A., late Scholar of Peterhouse, Cambridge. 
With Map. 4^. dd. 

CYROP-^DIA. BOOKS VII. and VIII. Edited by Alfred 
Goodwin, M.A., Professor of Greek in University College, 
London, ^s. 

MEMORABILIA SOCRATIS. Edited by A. R. Cluer, B.A. 
Balliol College, Oxford. 6f. 

THE ANABASIS. BOOKS L— IV. Edited by Professors W. W. 
Goodwin and J. W. White. Adapted to Goodwin's Greek 
GrammJM^. With a Map. 5j. 
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Xenophon. — HIPRO. Edited by Rev. H. A. Holden, M.A., 
LL.D. 3/. 6d, 

OECONOMICUS. By the same Editor. [Nearly ready, 

%* Other Volumes will follow. 
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(i) Texts, Edited with Introductions and Notes, 

for the use of Advanced Students. (2) Commentaries 
and Translations. 

.^^chylus. — THE EUMENIDES. The Greek Text, with 
Introduction, English Notes, and Verse Translation. By Bernard 
JDrake, M.A., late Fellow of King's College, Cambridge. 
8vo. 5j. 

AGAMEMNON, CHOEPHORCE, AND EUMENIDES. Edited, 
with Introduction and Notes, by A. O. Prickard, M.A., Fellow 
and Tutor of New College, Oxford. 8vo. \Jn preparaiion. 

AGAMEMNO. Emendavit David S. Margoliouth, Coll. Nov. 
Oxon. Soe. Demy 8vo. 2j. td. 

Antoninus, Marcus Aurelius.— BOOK IV. OF the 

MEDITATIONS. The Text Revised, with Translation and 
Notes, by Hastings Crossley, M.A., Professor of Greek in 
Queen's College, Belfast. 8vo. 6j. 

Aristotle.— THE metaphysics, book L Translated by 
a Cambridge Graduate. 8vo. 5 J. \Book I I, in preparation, 

THE l^OLITICS. Edited, after SusEMiHL, by R. D. HiCKS, 
M.A., Fellow of Trinity College, Cambridge. 8vo. [In the press, 

THE POLITICS. Translated by Rev. J. E. C. Welldon, M. A., 
Fellow of King's College, Cambridge, and Master of Dulwich 
College. Crown 8vo, iQs. (id, 

THE RHETORIC. By the same Translator. [In preparation. 

AN INTRODUCTION TO ARISTOTLE'S RHETORIC. 
With Analysis, Notes, and Appendices. By E. M. Cope, Fellow 
and Tutor of Trinity College, Cambridge. 8vo. 14J. 

THE SOPHISTICI ELENCHI. With Translation and Notes 
by E. PosTE, M.A., Fellow of Oriel College, Oxford. 8vo. 8j. 6d. 
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Aristophanes. — the birds. Translated into English Vefse, 
with Introduction, Notes, and Appendices, by B. H. KfeNKEDY, 
D.D., Regius Professor of Greek in the University of Cambridge. 
Crown 8vo. 6s, Help Notes to the same, for the use of 
Students, is, 6d. 

Attic Orators.— FROM antiphon to ISAEOS. By 

R. C. Jkbb, M.A., LL.D., Professor of Greek in the University 
of Glasgow. 2 vols. 8vo. 25^. 

SELECTIONS FROM ANTIPHON, ANDOKIDES, LYSIAS, 
ISOKRATES, AND ISAEOS. Edited, with Notes, by Pro- 
fessor J EBB. Being a companion volome to the preceding work. 
8vo. 12s, 6d, 

BabriuS. Edited, with Introductory Dissertations, Critical Notes, 
Commentary and Lexicon. By Rev. W. GuNiON Rutherford, 
M. A., LL.D., Head-Mafiter of Westminster School. 8vo. 12s, 6d, 

Cicero. — the ACADEMICA. The Text revised and explained 
by J. S. Reid, M.L., Fellow of Caius College, Cambridge. 
New Edition. With Translation. 8vo. [/« tA^ press. 

THE ACADEMICS. Translated by J. S. Reid, M.L. 8vo. 5j. 6d. 

SELECT LETTERS. After the Edition of Albert Watson, 

M.A. Translated by G. E. Jeans, M.A., Fellow of Hertford 

College, Oxford, and Assistant-Master at Haileybury. 8to. 
lOf. 6d, 

(See also Classical Series,) 

Euripides. — MEDEA. Edited, with Introduction and Notes, by 
A. W. Verrall, M. a.. Fellow and Lecturer of Trinity Collefei 
Cambridge. 8vo. 71. 6d, 

INTRODUCTION TO THE STUDY OF EURIPIDES. By 
Professor J. P. Mahaffy. Fcap. 8vo. is, 6d. {Classical Wrilers 
Series,) 

(See also Classical Series.) 

Herodotus.— BOOKS i.— iii. the ancient empires 

OF the EAST. Edited, with Notes, Introductions, and Ap- 
pendices, by A. H. Saycb, Deputy-Professor of Comparative 
Philology, Oxford; Honorary LL.D., Dublin. Demy 8vo. idx. 

BOOKS lY.— IX. Edited by Reginald W. Macan, M.A., 
Lecturer in Ancient History at Brasenose College, Oxford. 8vo. 

[/w preparalMH. 
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Homer. — ^THE ILIAD. Edited, with Introduction and Notes, 
by Walter Leaf, M. A., F«llow of Trinity College, Cambridge, 
and the late J. H. Pratt, M. A. 8vo. [In preparation. 

THE ILIAD. Translated into English Prose. By Andrew 
Lang, M.A., Walter Leaf, M.A., and Ernest Myers, M.A. 
Crown 8vo. 12s, 6d, 

THE ODYSSEY. Do»e into English by S. H. Butcher, M.A., 
Professor of Greek in the University of Edinbuigh, and Andrew 
Lang, M.A., late Fellow of Merton Collie, Oxford. Fourth 
Edition, revised and corrected. Crown 8vo. lOf. 6d. 

IfNTRODUCTlON TO THE STUDY OF HOMER. By the 
Right Hon. W. E. Gladstone, M.P. iSmo. is. {IMeraiure 
Primers.) 

HOMERIC DICTIONARY. For Use in Schools and Colleges. 
Translated from the German of Dr.G. Autbnribth, with Addi- 
tions and Corrections, by R. P. Keep, Ph.D. WiUi numerous 
Illustrations. Crown 8vo. 6x. 

(See also Classical SerUs.) 

Horace.— THE works of horace rendered into 

ENGLISH PROSE. With Introductions, Running Analysis, 
Notes, &c. By J. Lonsdale, M. A., and S. Lee, M.A. (Globe 
Edition,) 3^. 6d, 

(See also Classical Series,) 

Juvenal.— THIRTEEN SATIRES OF JUVENAL. With a 
Commentary. By John E. B. Mayor, M. A., Professor of Latin 
in the University of Cambridge. Second Edition, enlarged. 
Crown 8vo. Vol. I. >js, 6d, Vol. II. lox. 6</. 

THIRTEEN SATIRES. Translated into EngUsh a^er the Text 
of J. E. B. Mayor by Herbert Strong, M.A., Professor of 
Latin, and Alexander Leeper, M.A., Warden of Trinity 
College, in the University of Melbourne. Crown 8vo. 3J. 6d. 

(See also Classical Series,) 

Liivy. BOOKS XXL— XXV. Translated by Alfred John 
Church, M.A., of Lincoln CoUeg^e, Oxford, Professor of Latin, 
University College, London, and William jACKspN Brodrjbb, 
M. A., late Fellow of St. John's College, Cambridge, Cirown 8vo. 
7^. 6d. 

INTRODUCTION TO THE STUDY OF LIVY. By Rev. 
yi. W. Capes, Reader in Ancient History at Oxford. Fcap. 8vo. 
IX. 6d, {Classical WHters Series.) 

(See also Classical Series,) 
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Martial.— BOOKS I. and II. of the epigrams. Edited, 
with Introduction and Notes, by Pi:ofessor J, E. B. Mayor, M. A. 

*»<>• [In the press, 

(See also Classical Series.) 

t^hrytlichuS.— THE new PHRYNICHUS ; being a Revised 
Text of the Ecloga of the Grammarian Phrynichtis. With Intro- 
duction and Commentary by Rev. W. GuNiON Ri;therford, 
M.A., LL.D., Head Master of Westminster School. 8vo. i8j. 

Pindar.— the extant odes of PINDAR. Translated 
into English, with an Introduction and short Notes, by Ernest 
Myers, M. A., late Fellow of Wadham Collie, Oxford. Second 
Edition. Crown 8vo. 5j. 

PlatO.-^PHiEDO. Editfed, with.ltttrodaction. Notes, and Appen- 
dices, by R. D. Archbr-Hind, M.A., Fellow of Trinity College, 
Cambridge. 8vo. Sf. 6d, 

PHILEBUS. Edited, with Introduction aiid Ncrtes, by Henry 
Jackson, M.A., Fellow of Ttinitjr CoUege, Cambridge. 8vo. 

[In preparation. 

THE REPUBLIC OF PLATO. Translated into English, with 
an Analysis and Notes, by J. Ll. DAVIKs, M.A., and D. J. 
Vaughan, M.A. iSmo. 4f. 6</. 

EUTHYPHRO, APOLOGY, CRITO, AND PHiEDO. Trans- 
lated by F. J. Church. Crown 8vo. 4J. 6d, 

(See also Classical Series.) 

PlautUS.— THE MOSTELL ARIA OF PLAUTUS. With Notes, 
Prolegomena, and Excursus. By William Ramsay, M.A., 
formerly Professor of Humanity in the University of Glasgow. 
Edited by Professor George G. Ramsay, M.A., of the Unirersity 
of Glasgow. 8vo. 14s, 

(See also Classical Series.) 

SalluSt. — CATILINE and JUGURTHA. Translated, with 
Introductory Essays, by A. W. Pollard, B. A. Crown 8yo. 6s. 

(See also Classical Series.) 

Studia Scenica. — Part L, Section I. Introductory Study on 
the Text of the Greek Dramas. The Text of SOPHOCLES' 
TRACHINIAE, 1-300. By David S. Margoliouth, Fellow 
of New College, Oxford. Demy 8vo. 2s. 6d. 

Tacitus. — THE ANNALS. Edited, with Introductiotis and 
Notes, by G. O. Holbrooke, M.A., Professor of Latin in Trinity 
College, Hartford, U.S.A. With Maps. 8vo. idr. 
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Tacitus {continuedy^ 

THE ANNALS. Translated by A. J. Church, M.A., Professor 
of Latin in the University of London, and W. J. Brodribb, IvI. A. 
With Notes and Maps. New Edition. Crown 8vo. *]s, td, 

THE HISTORY. Edited, with Introduction and Notes, by 
Rev. Walter Short, M.A., and Rev. W. A. Spooner, M.A. 
Fellows of New College, Oxford. 8vo. \In preparation, 

THE HISTORY. Translated by A. J. Church, M. A., Professor 
of Latin in the University of London, and W. J. Brodri^B, M.A. 
With Notes and a Map. New Edition, Crown Svo. 6j. 

THE AGRICOLA AND GERMANY, WITH THE DIALOGUE 
ON ORATORY. Translated by A. J. Church, M.A., and 
W. J. Brodribb, M.A. With Notes and Maps. New and 
Revised Edition. Crown Svo. 4?. (yd. 

INTRODUCTION TO THE STUDY OF TACITUS. By 
A. J. Church, M.A. and W. J. Brodribb, M.A. Fcap. Svo. 
iSmo. I J. dd, (Clcusical Writers Series.) 

Theocritus, Bion, and MoSChus. Retidered into Eng- 
lish Prose with Introductory Essay by Andrew LanG, M.A. 
Crown Svo. 6s. 

VirgiL— THE WORKS OF VIRGIL RENDERED INTO 
ENGLISH PROSE, with Notes, Introductions, Running Analysis, 
and an Index, by James Lonsdale, M.A., and Samuel Lee, 
M.A. New Edition. Globe Svo. 3J. 6d, 

THE iENEID. Translated by J. W. Mackail, M.A., Fellow of 
Balliol College, Oxford. Crowti Svo. [/;/ tAe press. 



GRAMMAR* COMPOSITION, & PHILOLOGY. 

Belcher. — short exercises in latin prose com- 
position AND examination PAPERS IN LATIN 
GRAMMAR, to which is prefixed a Chapter on Analysis of 
Sentences. By the Rev. H. Belcher, M.A., Assistant-Master in 
King's College School, London. New Edition. iSmo. is. 6d, 

KEY TO THE ABOVE (for Teachers only). 2s. 6d. 

SHORT EXERCISES IN LATIN PROSE COMPOSITION, 
Part II., On the Syntax of Sentences, with an Appeitdix, includ- 
ing EXERCISES IN LATIN IDIOMS, &c. iSmo. 2s, 

KEY TO THE ABOVE (for Teacheris only). 3^. 
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Blackie. — greek and English dialogues for use 

IN schools and colleges. By John Stuart Blackie, 
Emeritus Professor of Greek in the University of Edinburgh. 
New Edition. Fcap. 8vo. 2s, 6d. 

Biyans.— EXERCISES in latin PROSE FOUNDED UPON 
CiESAR. ByC. W. Bryans, M.A., Assistant-Master in Dulwich 
College. Globe 8vo. [In preparation, 

Eicke.— FIRST LESSONS IN LATIN. By K. M. Eicke, B. A., 
Assistant-Master in the Grammar School, Oundle. Globe Svo. 

[Tn the press. 

Ellis.— PRACTICAL HINTS ON THE QUANTITATIVE 
PRONUNCIATION OF LATIN, for the use of Classical 
Teachers and Linguists. By A. J. Ellis, B.A., F.R.S. Extra 
fcap. Svo. 4r. 6d, 

England— EXERCISES on latin syntax and idiom, 

ARRANGED WITH REFERENCE TO ROBY'S SCHOOL 
LATIN GRAMMAR. By E. B. England, M.A., Assistant 
Lecturer at the Owens College, Manchester. Crown Svo. zr. 6d, 
Key for Teachers only, 2s, 6d, 

Goodwin. — Works by W. W. Goodwin, LL.D., Professor of 
Greek in Harvard University, U.S.A. 

SYNTAX OF THE MOODS AND TENSES OF THE GREEK 
VERB. New Edition, revised. Crown Svo. dr. 6d. 

A GREEK GRAMMAR. New Edition, revised. Crown Svo. 6s. 
"It is the best Greek Grammar of its size in the English language."— 

ATHENiGUM. 

A GREEK GRAMMAR FOR SCHOOLS. Crown Svo. 3j. 6d. 

Greenwood— THE elements of greek grammar, 

indading Accidence, Irregular Verbs, and Principles of Deriva- 
tion and Composition ; adapted to the System of Crude Forms. 
3y J* G. Gbs^nwood, Principal of Owens College, Afjajicjiester. 
New Edition. Crown Svo. 5^. 6d. 

Hodgson.— MYTHOLOGY FOR LATIN VERSIFICATION. 
A brief Sketch of the Fables of the Ancients, prepared to be 
rendered into Latin Verse for Schools. By F. Hodgson, B.D., 
late Provost of Eton. New Edition, revised by F. C. Hodgson, 
M.A. i8mo. 3J. 

Jackson. — first steps to greek prose composi- 
tion. By Blomfield Jackson, M.A., Assistant-Master in 
King's CoU^e School, London. New Edition, revised and 
enlarged, lamjo. Js. 6d. 
KEY to first steps (for Teachers only). i8mo. 3*. W. 
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Jackson {continnedy^ 

SECOND STEPS TO GREEK PROSE COMPOSITION, with 
Miscellaneous Idioms, Aids to Accentuation, and Examination 
Papers in Greek Scholarship. i8mo. 2s. 6d. 

KEY TO SECOND STEPS (for Teachers only). i8mo. y. 6d. 

Kynaston.— EXERCISES IN the COMPOSITION OF 

GREEK IAMBIC VERSE by Translations from EngUsh Dra- 
matists. By Rev. H. Kynaston, M.A., Principal of Cheltenham 
College. With Introduction, Vocabulary, &c. Extra fcap. 8vo. 
4r. 6d, 
KEY TO THE SAME (for Teachers only). Extra fcap. 8vo. 
4s, 6cl, 

Macmillan. — first latin grammar. By m. c. mac- 

MiLLAN, M.A., late Scholar of Christ's College, Cambridge; 
sometime Assistant- Master in St. Paulas School. New Edition, 
enlarged. i8mo. is, 6^. A Sho&t Syntax is in preparatioa 
to follow the Accidence. 

Macmillan's Progressive Latin Course. By G. 

H. Hallam, M.A., Fellow of St. John's College, Cambridge, 
Assistant-Master at Harrow. First Year. Globe 8vo, 

[In preparation, 

Marshall.— A table of irregular greek verbs, 

classified according to the arrangeiMnt of Curtius's Greek Grammar. 
By J. M. Marshall, M.A., one #f the Masters in CUfton College. 
8vo, cloth. New Edition, is. 

Mayor (John E. B.) — first greek reader. Edited 

after Karl Halm, with Corrections and large Additions by Pro- 
fessor John E. B. Mayor, M. A., Fellow of St. John's College, 
Cambridge. New Edition, revised. Fcap. 8vo. 4^. 6d, 

Mayor (Joseph B.)— greek for beginners. By the 

Rev. J. B. Mayor, M.A., Professor of Classical Literature in 
King's College, London. Part I., with Vocabulary, is. 6d, 
Parts II. and III., with Vocabulary and Index, 55. 6^. Complete 
in one Vol. fcap. 8vo. 4X. td, 

Kixon. — PARALLEL EXTRACTS arranged for translation into 
English and Latin, with Notes on Idioms. By J. E. NixoN, 
M. A., Fellow and Classical Lecturer, King's College, Cambridge. 
Part I.—Historical and Epistolary. New edition, revised and 
enlarged. Crown 8vo. %t. 6d, ^ 

Peile.— A PRIMER OF PHILOLOGY. By J. Peile, M.A., 

Fellow and Tutor of Christ's College, Cambridge. .l8mo. is, 

€ 
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Postgate and Vince.— a dictionary of LAtin 

ETYMOLOGY. By J. P. PosTOATk, M.A., and C. A. Vince, 
M,A. \In proration. 

Potts (A. W.) — Works by ALEXANDER W. PoTTS, M.A., 
LL.D., late Fellow of St. John's College, Cambridge; Head- 
Master of the Fettes College, Edinburgh. 

HINTS TOWARDS LATIN PROSE COMPOSITION. New 

Edition. Extra fcap. 8vo. 3J. 

PASSAGES FOR TRANSLATION INTO LATIN PROSE. 
Edited with Notes and References to the abore. New Edition. 
Extra fcap. 8vo. 2J. (xi, 

LATIN VERSIONS OF PASSAGES FOR TRANSLATION 
INTO LATIN PROSE (for Teachers only). 2j. drfl 

Reid.— A GRAMMAR OF TACITUS. By J. S. Reid, M.L., 
Fellow of Caius College, Cambridge. [In preparation, 

A GRAMMAR OF VERGIL. By the same Author. 

\In preparcUion^ 

*^ Similar Grammars to other Classical Authors will probably follow, 

Roby.— A GRAMMAR OF THE LATIN LANGUAGE, from 
Plautus to Suetonius. By H. J. RoBY, M.A., late Fellow of St. 
John's College, Cambridge. In Two Parts, Third Edition. 
Part I. containing: — Book I. Sounds. Book II. Inflexionit 
Book III. Word-formation. Appendices. Crown 8vo. 8x. 6^/. 
Part II. Syntax, Prepositions, &c. Crown 8vo. loj. (>d, 

** Marked by the clear and practised insight of a master in bis art. A book that 
would do honour to any country." — ^Athen^bum. 

SCHOOL LATIN GRAMMAR. By the same Author. Crown 
8vo. $s. 

Rush.— SYNTHETIC LATIN DELECTUS. A First Latm 
Construing Book arranged on the Principles of Grammatical 
Analysis. With Notes and Vocabulary. By E. RusR, B.A. 
With Preface by the Rev. W. F. Moulton, M. A., D.D. New 
and Enlarged Edition. Extra fcap. 8yo. 2s, 6d. 

Rust— FIRST STEPS TO LATIN PROSE COMPOSITION. 
By the Rev. G. Rust, M.A., of Pembroke College, Oxford, 
Master of the Lower School, King's College, London. New 
' Edition. i8mo. is, 6d, 
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Rutherford. — Works by the Rev. W. Gun ion Rutherford, 
M« A. I 1jL.D«, Head-Master of Westoiinster School. 

A FIRST GREEK GRAMMAR. New Edition, enlarged. Extra 
fcap. 8vo. is. 6d, 

THE NEW PHRYNICHUS ; being a Revised Text of the 
Ecloga of the Grammarian Phrynichus. With Introduction and 
Commentary. 8vo. i8x. 

Thring. — Works by the Rev. E. Thring, M.A., Head-Master of 
Uppingham School. 

A LATIN GRADUAL. A Furst Latin Construing Book for 

Beginners. New Edition, enlarged, with Coloured Sentence 
Maps. Fcap. 8vo. 2s. 6d, 

A MANUAL OF MOOD CONSTRUCTIONS. Fcap. 8vo. 
IS, 6d, 

White.— FIRST LESSONS IN GREEK. Adapted to GOOD- 
WIN'S GREEK GRAMMAR, and designed as an introduction 
to the ANABASIS OF XENOPHON. By John Williams 
White, Ph.D., Assistant-Professor of Greek in Harvard Univer- 
sity.. Crown 8vo. 4J. td» 

Wright. — Works by J. Wright, M.A., late Head Master of 
Sutton Coldfield School. 

A HELP TO LATIN GRAMMAR ; or. The Form and Use 
of Words in lAtin, with Progressive Exercises. Crown 8vo. 

THE SEVEN KINGS OF ROME. An Easy Narrative, abridged 
from the First Book of Livy by the omission of Difficult Passages ; 
being a First Latin Reading Book, with Grammatical Notes and 
Vocabulary. New and revised Edition. Fcap. 8vo. 3^. 6d. 

FIRST LATIN STEPS ; OR, AN INTRODUCTION BY A 
SERIES OF EXAMPLES TO THE STUDY OF THE 
LATIN LANGUAGE. Crown 8 vo. 31. 

ATTIC PRIMER. Arranged for the Use of Beginners. Extra 
fcap. 8yo. 2s. 6d, 

A COMPLETE LATIN COURSE, comprising Rules with 
Examples, Exercises, both Latin and English, on each Rule and 
Vocabiflaries. Crown 8vo. 2s. 6d. 

Wright (H. C.)— EXERCISES ON THE LATIN SYNTAX. 
By H. C. Wright, B.A., Assistant>Master at Haileybury 
College. i8mo. \In prepai alhn, 

C 2 
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ANTIQUITIES, ANCIENT HISTORY, AND 

PHILOSOPHY. 

Arnold. — Works by W. T. Arnold, B. A. 

A HANDBOOK OF LATIN EPIGRAPHY. [Tn preparation, 

THE ROMAN SYSTEM OF PROVINCIAL ADMINISTRA- 
TION TO THE ACCESSION OF CONSTANTINE THE 
GREAT. Crown 8vo. 6/. 

Beesly.— STORIES from the history of ROME. 
By Mrs. Bbesley. Fcap. 8vo. 2j. 6d. 

Classical Writers. — Edited by John Richard Green, M.A., 
LL.D. Fcap. 8vo. \s. 6d, each. 

EURIPIDES. By Professor Mahaffv. 

MILTON. By the Rev. Stopford A. Brooke, M.A. 

LIVY. By the Rcy. W. W. Capes, M.A. 

VIRGIL. By Professor Nettleship, M.A. 

SOPHOCLES. By Professor L. Campbell, M.A. 

DEMOSTHENES. By Professor S. H. Butcher, M.A. 

TACITUS. By Professor A. J. Church, M.A., aad W. J. 
Brodribb, M.A. 

Freeman. — HISTORY OF ROME. By Edward A. Free- 
man, D.C.L., LL.D., Hon. Fellow of Trinity College, Oxford. 
(Historical Course for Schools.) i8mo. [In preparation. 

Fyffe.— A SCHOOL history of GREECE. By C. A. 

Fyffe, M.A., late Fellow of University College, Oxford. Crown 
8vo. [Im preparation, 

Geddes. — THE problem of the Homeric poe^s. 

By W. D. Geddes, Professor of Greek in the University of 
Aberdeen. 8vo. 14J. 

Gladstone, — Works by the Rt. Hon. W. E. Gladstone, M.P. 
THE TIME AND PLACE OF HOMER. Crown 8vo. 6s, (xL 
A PRIMER OF HOMER. i8mo. li. 

Goodwin.— A TEXT-BOOK OF GREEK PHILOSOPHY, 
based on Ritter and Preller's "Historia Philosophiae Graecs^e 
et Romanae." By Alfred Goodwin, M.A., Fellow of Balliol 
College, Oxford, and Professor of Greek in University College, 
London. 8vo. [In preparation. 
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Jackson.— A manual of greek philosophy. By 

Henry Jackson, M.A., Fellow and Praelector in Ancient 
Philosophy, Trii^ty QolleglSi Cambffi^gis. \In preparation, 

Jebb. — Works by R. C. Jebb, M.A., Professor of Greek in the 

University of Glasgow. 

THE ATTIC ORATORS FROM ANTIPHON TO JSAEOS. 

2 vols. 8vo. 25J. 

SELECTIONS FROM THE ATTIC ORATORS, ANTIPHON, 
ANDOKIDES, LYSIAS, ISOKRATES, AND ISi^OS, 
Edited, with Notes. Being a companion volume to the preceding 
-work. 8vo. 1 2 J. dd. 

A PRIMER OF GREEK LITERATURE. i8mo. is. 

Kiepert.— MANUAL OF ancient GEOGRAPHY, Trans- 
lated from the German of Dr. Heinrich Kiepert, Crown 
8vo. 5/. 

Mahaffy. — Works by J. P. Mahaffy, M.A., Professor of Apa«Jt 
History in Trinity College, Dublin, and Hon. Fellow of Queen's 
College, Oxford. 

SOCIAL LIFE IN GREECE; from Homer to Menander. 
Fourth Edition, revised and enlarged. Crown 8vo. 9^. 

RAMBLES AND STUDIES IN GREECE. With Illustrations. 
Second Edition. With Map. Crown 8vo. los. 6d, 

A PRIMER OF GREEK ANTIQUITIES. With Illustrations, 
i8mo. IS, 

EURIPIDES. i8mo. is, 6d. {Classical Writers Series.) 

Mayor (J. E. B.)— bibliographical clue to j^atin 

LITERATURE. Edited after HUbner, with large Additions 
by Professor John E. B. Mayor. Crown 8vo. los. 6d, 

Ramsay. — a school history of rome. By g. g. 

Ramsay, M.A., Professor of Humanity in the University of 
Glasgow. With Maps. Crown 8vo. [In preparation. 

Wilkins.— A PRIMER OF ROMAN ANTIQUITIES. By 
Professor Wilkins. Illustrated. i8mo. Is. 
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MATHEMATICS. 

(i) Arithmetic, (a) Algebra, (3) Euclid and Ele- 
mentary Geometry, (4) Mensuration, (5) Higher 
Mathematics. 

ARITHMETIC. 

Aldis. — THE GIANT ARITHMOS. A most Elementary Arith- 
metic for Children. By Mary Steadman Aldis. With 
Illustrations. Glohe 8vo. 2s. 6d. 

Brook-Smith (J.).--ARITHMETIC IN THEORY AND 
PRACTICE. By J. Brook-Smith, M.A., LL.B., St. John's 
College, Cambridge ; Barrister-at-Law ; one of the Masters of 
Cheltenham College. New Edition, revised. Crown 8vo. 45. 6d. 

Candler. — help to arithmetic. Designed for the use of 
Schools. By H. Candler, M.A., Mathematical Mas*er of 
Uppingham School. Extra fcap. 8vo. 2s. 6d, 

Dalton. — RULES and examples in arithmetic. By 

the Rev. T. Dalton, M.A., Assistant-Master of Eion College. 
New Edition. iSmo. zr. 6d, 

{Answers to the Examples are appended, 

Pedley. — exercises in arithmetic for the Use of 
Schools. Containing more than 7,000 original Examples. By 
S. Pedley, late of Tamworth Grammar School. Crown 8vo. 51. 

Smith. — Works by the Rev. Barnard Smith, M.A„ Ute Rector 
of Glaston, Rutland, and Fellow and Senior Bursar of S. Peter's 
College, Cambridge. 

ARITHMETIC AND ALGEBRA, in their Principles and Appli- 
cation; with numarous systematically arranged Examples taken 
from the Cambridge Examination Papers, with especial reference 
to the Ordinary Examination for the B.A. Degree. New EditicMi, 
carefully Revised, Crowji 8vo. lOr. fid, 

ARITHMETIC FOR SCHOOLS. New Edition. Crown 8vo. 
4J. td, 

A KEY TO THE ARITHMETIC FOR SCHOOLS. New 
Edition. Crown 8vo. 8j. 6^/. 
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Smith. — Works by the Rev. Barnard Smith, M.A. (condmied) — 

EXERCISES IN ARITHMETIC. Crown 8vo, limp cloth, 2s, 
With Answers, 2s. 6d, 

Answers separately, 6d, 

SCHOOL CLASS-BOOK OF ARITHMETIC. i8mo, cloth, p. 
Or sold separately, in Three Parts, is, each. 

KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC. 
Parts I., II., and III., zs, 6d, each. 

SHILLING BOOK OF ARITHMETIC FOR NATIONAL 
AND ELEMENTARY SCHOOLS. i8mo, clotli. Or sepa- 
rately, Part I. 2d, ; Part II. ^d, ; Part III. ^d, Answers. 6d, 

THE SAME, with Answers complete. iSmo, cloth, is, 6d. 

KEY TO SHILLING BOOK OF ARITHMETIC. i8mo. 45. 6^^. 

EXAMINATION PAPERS IN ARITHMETIC. i8mo. u. 6d, 
The same, with Answers, i8mo, 2s. Answers, 6d. 

KEY TO EXAMINATION PAPERS IN ARITHMETIC. 
i8mo. 4s, 6d, 

THE METRIC SYSTEM OF ARITHMETIC, ITS PRIN- 
CIPLES AND APPLICATIONS, with numerous Examples, 
written expressly for Standard V. in National Schools. New 
Edition. i8mo, cloth, sewed, ^d, 

A CHART OF THE METRIC SYSTEM, on a Sheet, size 42 in. 
by 34 in. on Roller, mounted and varnished. New Edition. 
Price 3^. 6d, * 

Also a Small Chart on a Card, price id, 

EASY LESSONS IN ARITHMETIC, combining Exercises in 
Reading, Writing, Spellii^, and Dictation. Part I. for Standard 
I. in National Schools. Crown 8vo. gd. 

EXAMINATION CARDS IN ARITHMETIC. (Dedicated to 
Lord Sandon.) With Answers and Hints. 

I^tandards I. and II. in box, i^. Standards III., IV., and V., in 
boxes, IS. each. Standard VI. in Two Parts, in boxes, i^. each. 

A and B papers, of nearly the same difficulty, are given so as to 
prevent copying, and the colours of the A and B papers differ in each 
Standard, ajid from those of every other Standard, so that a master 
or mistre^ can see at a glance whether the children have the proper 
papers. 
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ALGEBRA. 

Dalton.— RULES and examples in algebra. By the 
Rev. T, Dalton, M.A,, Assistant-Master of Eton College. 
Part I. New Edition. i8mo. 2s. Part II. i8mo. 2s. 6^. 

Jones and Cheyne. — algebraical EXERCISES. Pro- 
gressively Arranged. By the Rev. C. A. JoNSS, M.A., and C. 
H. Cheyne, M.A., F.R.A.S., Mathematical Masters of West- 
minster School. New Edition. i8mo. 2s, 6d, 

Smith.— ARITHMETIC AND ALGEBRA, in their Principles 
and Application ; with numerous systematically arranged Examples 
taken n-om the Cambridge Examination Papers, with especial 
reference to the Ordinary Examination for the B.A. Degree. By 
the Rev. Barnard Smith, M. A., late Rector of Glaston, Rutland, 
lind Fellow and Senior Bursar of St. Peter's College, Cambridge. 
New Edition, carefully Revised. Crown 8vo. lOf. 6d. 

Todhunter. — Works by L Todhunter, M.A., F.R.S., D.Sc, 

of St. John's College, Cambridge. 

"Mr. Todhunter is chiefly known to Students of Mathematics as the author of a 
aeries of admirable mathematical text-books, which possess the rare qualities of being 
dear in style and absolutely free from mistakes, typographical or other." — SATtTRDAV 
Rbvibw. 

ALGEBRA FOR BEGINNERS. With numerous Examines. 
New Edition. i8mo. 2j* 6d, 

KEY TO ALGEBRA FOR BEGINNERS. Crown 8vo. 6^. 6d. 

ALGEBRA. For the Use of Colleges and Schools. New Edition. 
Crown 8vo. 'js, 6d, 

KEY TO ALGEBRA FOR THE USE OF COLLEGES AND 
SCHOOLS. Crown 8vo. los. 6d. 



EUCLID & ELEMENTARY GEOMETRY. 

Constable.— GEOMETRICAL EXERCISES FOR BE- 
GINNERS. By Samuel Constable. Crown 8vo. $s. €d, 

Cuthbertson. — Euclidian geometry. By Francis 

CuTHBERTSON, M.A., LL.D., Head Mathematical Master of the 
City of London School. Extra fcap. 8vo. 4;. 6d, 
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Dodgson. — EUCLID. BOOKS I, and II. Edited by Charles 
L.*DoDGSONy M.^., Stadent and late Mathematical Lecturer of 
Christ Church, Oxford. Second Edition, with words substituted 
for the Algebraical S3nnbols used in the First Edition. Crown 
8vo. 2J. 

%* The text oi tUs Edition has heen ascertained, hy coantiog the words, to be 
^fts than five-seventh* of that cootained in the ordinary editions. 

Kitchener,— A geometrical note-book, eontaiulng 
Eas^ Problems in Geometrical Drawing preparatory to the Study 
of Geometry. For the use of Schools. By F. E. Kitchener, 
M.A., Mathematical Master at Rugby. New Edition. 410. 2j. 

Mault.-— NATURAL GEOMETRY: an Introduction to th* 
Logical Study of Mathematics. For Schools and Technical 
Classes. With Explanatory Models, based upon the Tachy- 
metrical works of Ed. Lagout. By A. Mault. i8mo. is. 
Models to Illustrate the above, in Box, I2J. 6d. 

Syllabus of Plane Geometry (corresponding to Euclid, 
Books I. — ^VI.)* Prepared hj the Association for the Improve* 
ment of Geometrical Teaching. New Edition. Crown 8vo. is. 

Todhunter.— THE ELEMENTS OF EUCLID. For the Use 
of Colleges and Schools. By I. Todhunter, M.A., F.R.S., D.Sc, 
of St. John's College, Cambridge. New Edition. i8mo. 3/. 6d, 

KEY TO EXERCISES IN EUCLID. Crown 8vo. 6s. 6d. 

W^ilSOn (J. M.).— ELEMENTARY GEOMETRY. BOOKS 
I. — ^V. Containing the Subjects of Euclid's first Six Books. Fol- 
lowing the Syllabus of the Geometrical Association. By the Rev. 
J. M. Wilson, M.A., Head Master of Clifton Collie. New 
Edition. Extra fcap. 8vo. \s, 6d. 



MENSURATION. 

Tebay.— ELEMENTARY MENSURATION FOR SCHOOLS. 
"With numerous examples. By Septimus Tebay, B.A., Head 
Master of Queen Elizabeth's Grammar School^ Rivington. EaUia. 
fcap. 8vo. y. 6^. 

Todhunter. — mensuration for beginners. By i. 

Todhunter, M.A., F.R.S., D.Sc, of St. John's College, Cam- 
bridge. With numerous Examples. New EcUtion. x8mo. 8/. 6d. 
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HIGHER MATHEMATICS. 

Airy. — Worlis by Sir G. B. AiRY, K.C.B., formerly AftUonomer- 
Royal : — 

ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL 
EQUATIONS. Designed for the Use of Students in the Univer- 
sities. With Diagrams. Second Edition. Crown $yo. 5x. 6d, 

ON THE ALGEBRAICAL AND NUMERICAL THEORY 
OF ERRORS OF OBSERVATIONS AND THE COMBI- 
NATION OF OBSERVATIONS. Second Edition, revised. 
Crown 8vo. 6s. 6d, 

Alexander (T.).— elementary applied mechanics. 

Being the simpler and more practical Cases of Stress and Strain 
wrought ont individually from first principles by means of Elemen- 
tary Mathematics. By T. Alexander, C.E., Professor of Civil 
Engineering in the Imperial College of Engineering, Tokei, 
Japan. Crown 8vo. Part I. 41. 6d, 

Alexander and Thomson. — elementary applied 

mechanics. By Thomas Alexander, C.E., Professor of 
Engineering in the Imperial College of Engineering, Tokei, Japan ; 
and Arthur Watson Thomson, C.E., B.Sc, Professor of 
Engineering at the Royal College, Cirencester, Part II. Trans- 
verse Stress. Crown 8vo. 10/. 6d. 

Bay ma — the elements of molecular mechanics. 

By Joseph Bayma, S.J., Professor of Philosophy, Stonyhunt 
College. Demy 8vo. los, 6d. 

Beasley. — an elementary treatise on plane 

trigonometry. With Examples. By R. D. Beasley, 
M. A. Eighth Edition, revised and enlarged. Crown 8vo. 3^. 6d. 

Blackburn (Hugh).— elements of plane trigo- 
nometry, for the nse of the Jnnior Class in Mathematics in 
the University of Glasgow. By Hugh Blackburn, M.A., late 
Professor of Mathematics in the University of Glasgow. Gloli^ 
8vo. IS, 6d, 

Boole. — Works by G. Boole, D.C.L., F.R.S., late Professor of 
Mathematics in the Queen's University, Ireland. 

A TREATISE ON DIFFERENTIAL EQUATIONS. Thir4 
and Revised Edition. Edited by I. ToDUUtiTj»» Crovn Svo. 
14^. 
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Boole. — ^Works by G. Boole, D.C.L., &c. {continuedy- 

A TREATISE ON DIFFERENTIAL EQUATIONS. Sup- 
plementary Volume. Edited by I. Todhuntrr. Crown 8vo. 
Sx. 6d» 

THE CALCULUS OF FINITE DIFFERENCES. Third 
Edition, revised by J. F. Moulton. Crown 8yo. xoj. 6d, 

Cambridge Senate-House Problems and Riders, 
with Solutions: — 

1875— PROBLEMS AND RIDERS. By A. G. Greenhill, 

M.A. Crown 8vo. 8j. 6d. 
1878— SOLUTIONS OF SENATE-HOUSE PROBLEMS. By 

the Mathematical Moderators and Examiners. Edited by J. W. L. 

Glaisher, M.A., Fellow of Trinity College, Cambridge. 12s. 

Cheyne.— AN elementary treatise on the plan- 
etary THEORY. By C. H. H. Cheyne, M.A., F.R.A.S. 
With a Collection of Problems. Third Edition. Edited by Rev. 
A. Freeman, M.A., F.R.A,S. Crown 8vo. ^s. 6d, 

Christie.— A COLLECTION OF ELEMENTARY TEST- 
QUESTIONS IN PURE AND MIXED MATHEMATICS; 
with Answers and Appendices on Synthetic Division, and on the 
Solution of Numerical Equations by Horner's Method. By James 
R. Christie, F.R.S., Royal Military Academy, Woolwich. 
Crown 8vo. 8j. 6d. 

ClausiuS.— MECHANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R. Browne, M.A,, late 
Fellow of Trinity College, Cambridge. Crown 8vo. lOs. 6d, 

Clifford.— THE ELEMENTS OF DYNAMIC. An Introduction 
f o the Study of Motion and Rest in Solid and Fluid Bodies. By W. 
K. Clifford, F.R.S., late Professor of Applied Mathematics and 
Mechanics at University College, London. Part I. — ^KIN EM ATIC. 
Crown 8vo. 7j. 6d. 

Cotterill.— A TREATISE ON APPLIED MECHANICS. Bf 
James Cotterill, M.A., F.R.S., Professor of Applied Mechanics 
at the Royal Naval College, Greenwich. With Illustrations. 8vo. 

[In ike press. 

Day. — PROPERTIES OF CONIC SECTIONS PROVED 

GEOMETRICALLY. Part I. THE ELLIPSE. With Prgb- 
lems. By the Rev. H. G. Day, M.A. 8vo. 3X. (5/. 

Pay (R. E.)— :pLECTRic light arithmetic* By K. e. 

Day, M.A„ Evening Lectmw in Experiiawtal Physics at King's 
College, ^Qndon. Pott %y% 4^ 
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Drew.— GEOMETRICAL TREATISE ON CONIC SECTIONS. 
By W. H. Drew, M.A., St. John's College, Cambridge. New 
Edition, enlarged. Crown 8vo. $s, 
SOLUTIONS TO THE PROBLEMS IN DREW'S CONIC 
SECTIONS. Crown 8vo. 41. 6d. 

Dyer.— EXERCISES IN ANALYTICAL GEOMETRY. Com- 
piled and arranged by J. M. Dyer, M.A., Senior Mathematical 
Master in the Classical Department of Cheltenham College. With 
mus'.rations. Crown 8vo. 4;. &/. 

Edgar (J. H.) and Pritchard (G. S.).— note-book on 

PRACTICAL SOLID OR DESCRIPTIVE GEOMETRY. 
Containing Problems with help for Solutions. By J. H. Edgar, 
M.A., Lecturer on Mechanical Drawing at the Royal School o( 
Mines, and G. S. Pritchard. Fourth Edition, revised by 
Arthur Meeze. Globe 8vo. 4s, 6d, 

Ferrers. — Works by the Rev. N. M. Ferrers, M. A., Fellow and 
Master of Gonville and Caius College, Cambridge. 

AN ELEMENTARY TREATISE ON TRILINEAR CO- 
ORDINATES, the Method of Reciprocal Polars, and the Theory 
of Projectors. New Edition, revised. Crown 8vo. 6j. 6d. 

AN ELEMENTARY TREATISE ON SPHERICAL HAR- 
MONICS, AND SUBJECTS CONNECTED WITH THEM. 
Crown 8vo, *js. 6d, 

Frost — Works by Percival Frost, M.A., D.Sc, formerly Fellow 

of St. John's College, Cambridge ; Mathematical Lecturer at 

King's College. 
AN ELEMENTARY TREATISE ON CURVE TRACING. By 

Percival Frost, M.A. 8vo. 12^. 
SOLID GEOMETRY. A New Edition, revised and enlarged, of 

the Treatise by Frost and Wolstenholme. In 2 Vols. vol. I. 

8vo. i6s. 

Hemming^. — ^AN elementary treatise on the 

DIFFERENTIAL AND INTEGRAL CALCULUS, for the 
Use of Colleges and Schools. By G. W. Hemming, M.A., 
Fellow of St. John's College, Cambridge. Second Edition, with 
Correction^ and Additions. 8vo. 9^. 

Jackson. — GEOMETRICAL CONId SECTIONS. An Ele- 
mentary Treatise in which the Conic Sections are defined as ^ 
Plane Sections of a Cone, and treated by the Method of Pro- 
jection. By J. Stuart Jackson, M.A., late Fellow of Gonville 
and Caius College, Cambridge. Crown 8vo. 41. 6d» 
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Jellet (John H.).— a treatise on the theory of 

FRICTION. By John H. Tellet, B.D., Provost of Trinity 
Collec^e, Dublin; President of the Royal Irish Academy. 8vo. 

Kelland and Tait.— introduction to qu ater- 

NIONS, with numerous examples. By P. Kelland, M.A., 
F.R.S., and P. G. Tait, M.A., Professors in the Department of 
Mathematics in the University of Edinburgh. Second Edition. 
Crown 8vo. 7j. dd. 

Kempe. — how to draw a straight line : a Lecture 
on Linkages. By A. B. Kempe. With Illustrations. Crown 8vo. 
If. 6d, {Nature Series,) 

Lock. — elementary trigonometry. By Rey. J. B. 

Lock, M.A., Fellow of Caius College, Cambridge; AssistaDt- 

Master at Eton. Globe Zvo. \s. 6d. 

HIGHER trigonometry. By the same Author. Crown 

8vo. [ImfHtdicUely. 

Lupton. — ELEMENTARY CHEMICAL ARITHMETIC, Wilt 
1,100 Problems, By Sydney Lupton, M.A.^ Assistant-Masler 
in Harrow School. Globe 8vo. 5j. 

Merriman. — elements of the method of LEAST 

SQUARE. By Mansfield Merriman, Ph.D., Professor of 
Civil and Mechanical Engineering, Lehigh University, Bethlehem, 
Penn. Crown 8vo. 7j. td. 

Morgan. — a collection of problems and ex- 
amples IN MATHEMATICS. With Answers. By H. A. 
Morgan, M.A., Sadlerian and Mathematical Lecturer of Jesus 
College, Cambridge. Crown 8vo. 6^. td. 

•MiUan— ELEMENTS OF DESCRIPTIVE GEOxMETRY, By 

J. B. Millar, C.E., Assistant Lecturer in Engineering in Owens 
College, Manchester. Crown 8vo. 6^. 

-Muir.— A TREATISE ON THE THEORY OF DETERMI- 
NANTS. With graduated sets of Examples. For use .la 
Colleges and Schools. By Thos. Muir, M.A., F*R.S.E», 
Mathematical Master in the High School of Glasgow. Crown 
8vo. 7j. 6^. 

Parkinson.— AN elementary treatise on me- 
chanics. For the Use of the Junior Classes at the University 
and the Higher Classes in Schools. By S. Parkinson, D.D., 
F.R.S., Tutor and Prrelector of St. John's College, Cambridge. 
With a Collection of Example.^. Sb(th Edition, revised. Crown 
$va 9^. 6^. 
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Fhear.— ELEMENTARY HYDROSTATICS. With KumwWB 
Examples. By T. B. PhsAR, M.A., Fellow and late Assistant 
Tator of Clare College, Cambridge. New Edition. Crowil 8vo. 
5/. 6</. 

PIrie.— LESSONS ON RIGID DYNAMICS. By the Rev. G. 

PiRiE, M.A., late Fellow and Tutor of Queen's College, Cam- 
bridge ; Professor of Mathematics in the University of Aberdeen. 
Crown 8vo. 6s, 

Puckle.— AN ELEMENTARY TREATISE ON CONIC SEC- 
TIONS AND ALGEBRAIC GEOMETRY. With Numerous 
Examples and Hints for their Solution ; especially designed for the 
Use of Beginners. By G. H. PuCKLiE, M.A. New Editioa, 
revised and enlarged. Crown 8vo. 7^. M. 

RawlinSon. — elementary statics. By the Rev. G*orge 
Rawlinson, M. a. Edited by the Rev. Edward Stu&ges, M.A. 
Crown 8vo. 4^. 6d, 

Reynolds.— MODERN METHODS IN ELEMENTARY 
GEOMETRY. By E. M. Reynolds, M.A., Mathematical 
Master in Clifton College. Crown 8vo. jj. 6d. 

Reulcaux.— THE KINEMATICS OF MACHINERY. Out- 
lines of a Theory of Machines. By Professor F, Reulkaux. 
Translated and Edited by Professor A. B, W. Kennedy, C.E. 
"With 450 Illustrations, Medium 8vo. 21s. 

Robinson.— TREATISE on marine SURVEYING. Pre- 

pared for the use of younger Naval Officers. With Questions for 

Examinations and Exercises principally from the Papers of the 

Royal Naval College. With the results. By Rev. John L. 

Robinson, Chaplain and Instructor in the Royal Navaf CcJlege, 

Greenwich. With Illustrations. Crown 8vo. 7^. 6d. 

Contents. — Symbols used in Charts and Surveying — The Construction and U» 
of Scales— Ikying off Angles— Fixing Positions by Angles — Charts and Qaif** 
Drawing— Instruments and Observing — Base Lines— Triangulatioyi—Levelling- 
Ticles and Tidal Observations— Soundings — Chronometers — Meridian Distances 
^-^Method of Plotting a Survey— Miscellaneous Exercises — Index. 

Routh. — Works by Edward John Routh, M.A., F.R.S., D.Sc., 
late Fellow and Assistant Tutor at St. Peter's College, Cambridge; 
Examiner in the University of London. 

A TREATISE ON THE DYNAMICS OF THE SYSTEM OF 
RIGID BODIES. With numerous Examples. Fourth and 
enlarged Edition. Two Vols. Vol. I. — Elementary Parts. 8vo. 
14s. Vol. II.— The Higher Parts. 8vo. [In i^e press. 
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Routh — WorksbjrE. J.RoUTH,M.A., F.R.S.,D.S6. {toM^^Uid)^ 

STABILITY OF A GIVEN STATE OF MOTION, PAR- 
TICULARLY STEADY MOTION. Adams' Prize Essay for 
1S77. 8vo. 8j. 6d, 

Smith (C.).— CONIC SECTIONS. ByCHARLEsSMiTH, M.A., 
Fellow and Tutor of Sidney Sussex College, Cambridge. Second 
Edition. Crown 8vo, *js, 6d, 

Snowball.— ^HE ELEMENTS OF PLANE AND SPHERI- 
CAL TRIGONOMETRY ) with the Construction and Use of 
Tables of Logarithms. By J. C. SmoWB^l^ M.A. New Edition. 
Crown 8yo. *js, 6d, 

Tait and Steele.— a treatise on DYNAMICS OF a 

PARTICLE. With numerous Examples. By Professor Tait 
and Mr. Steele. Fourth Edition, revised. Crown 8vo. t2s, 

Todhunter. — Work* by I. Todhunter, M.A., F.R.S., D.Sc, 

of St. John's College, Cambridge. 

" Mr. Todhunter is chiefly known to students of Mathematics as th« author of a 
series of admirable mathematical text-books, which possess the rare Qualities of being 
dear in style and absolutely free from mistakes, typographical and other."— 
Saturday Rbview. 

TRIGONOMETRY FOR BEGINNERS. With ntimerous 
Examples. New Edition. i8mo. 2s* 6r/. 

KEY TO TRIGONOMETRY FOR BEGINNERS. Crown 8vo. 
8j. 6d, 

MECHANICS FOR BEGINNERS. With numerous Examples. 
New Edition. i8mo. 4r. 6d, 

KEY TO MECHANICS FOR BEGINNERS. Crown 8vo. 
6s, 6d, 

AN ELEMENTARY TREATISE ON THE THEORY OF 
EQUATIONS. New Edition, revised. Crown 8vo. 7^. 6d. 

PLANE TRIGONOMETRY. For Schools and Colleges. New 
Edition. Crown 8vo. 5^. 

KEY TO PLANE TRIGONOMETRY. Crown 8vo. loj. 6d, 

A TREATISE ON SPHERICAL TRIGONOMETRY. New 
Edition, enlarged. Crown 8yo. 4*. 6</. 

PLANE CO-ORDINATE GEOMETRY, as applied to the Straight 
Line and the Conic Sections. With numerous Examples. New 
Edition, revised and enlarged. Crown 8vo. ^s, 6d, 
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Todhunter. — Works by I. Todhuntbr, M. A., &c. (contintieiiy^ 

A TREATISE ON THE DIFFERENTIAL CALCULUS. With 
nmnerons Examples. New Edition. Crown 8vo. los, 6d, 

A TREATISE ON THE INTEGRAL CALCULUS AND ITS 
APPLICATIONS. With nnmeroos Examples. New Edittes, 
revised and enlarged. Crown Svo. los, 6d, 

EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. New Edition* revised. Crown Svo. 4£. 

A TREATISE ON ANALYTICAL STATICS. With numerous 
Examples. New Edition, revised and enlarged. Crown Svo. 
los, 6d, 

A HISTORY OF THE MATHEMATICAL THEORY OF 
PROBABILITY, from the time of Pascal to that of Laplace. 
Svo. jSj. 

RESEARCHES IN THE CALCULUS OF VARIATIONS, 
principally on the Theory of Discontinuous Solutions ; an Essay to 
which the Adams' Prize was awarded in the University of Cam- 
bridge in 1 87 1. Svo. 6s, 

A HISTORY OF THE MATHEMATICAL THEORIES OF 
ATTRACTION, AND THE FIGURE OF THE EARTH, 
from the time of Newton to that of Laplace. 2 vols. Svo. 34J. 

AN ELEMENTARY TREATISE ON LAPLACE'S, LAME'S, 
AND BESSEL'S FUNCTIONS. Crown Svo. los. dd, 

Wilson (J. M.).— SOLID GEOMETRY AND CONIC SEC- 
TIONS. With Appendices on Transversals and Harmonic Division. 
For the Use of Schools. By Rev. J. M. Wilson, M.A. Head 
Master of Clifton College. New Edition. Extra fcap. Svo. 3^. dd. 

Wilson.— GRADUATED EXERCISES IN PLANE TRI- 
GONOMETRY. Compiled and arranged by J. Wilson, M.A., 
and S. R. Wilson, B.A. Crown Svo. 41. 6d, 

*' The exercises seem beautifully graduated and adapted to lead a student on most 
gently and pleasantly."— E. J. Routh, F.R.S., St. Peter's College, Cambridge. 

(See also Elcmmtary Geometry.) 

Wilson (W. P.).— A TREATISE ON DYNAMICS. By W. 
P. Wilson, M.A., Fellow of St. John's College, Cambridge, and 
Professor of Mathematics in Queen's College, Belfast. Svo. 
9J. dd. 
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Woolwich : mathematical papers, for Admission into 
the Royal Military Academy, Woolwich, 1880 — 1883 inclusive. 
Crown 8vo, 3J. 6d. 

Wolstenholme.— MATHEMATICAL PROBLEMS, on Sub- 
jects included in the First and Second Divisions of the Schedule of 
subjects for the Cambridge Mathematical Tripos Examination. 
Devised and arranged by Joseph Wolstenholme, D.Sc, late 
Fellow of Christ's College, sometime Fellow of St. John's College, 
and Professor of Mathematics in the Royal Indian Engineering 
College. New Edition, greatly enlarged. 8vo. i8j. 

EXAMPLES FOR PRACTICE IN THE USE OF SEVEN- 
FIGURE LOGARITHMS. By the same Author. \In preparation. 



SCIENCE. 

(i) Natural Philosophy, (2) Astronomy, (3) 
Chemistry, (4) Biology, (5) Medicine, (6) Anthro- 
pology, (7) Physical Geography and Geology, (8) 
Agriculture, (g) Political Economy, (10) Mental 
and Moral Philosophy. 

NATURAL PHILOSOPHY. 

Airy. — Works by Sir G. B. Airy, K.C.B., formerly Astrottomer- 
Royal : — 

UNDULATORY THEORY OF OPTICS. Designed for the Use 
of Students in the University. New Edition. Crown 8vo. 6j. 6<^. 

ON SOUND AND ATMOSPHERIC VIBRATIONS. With 
the Mathematical Elements of Music. Designed for the Use of 
Students in the University. Second Edition, revised and enlarged. 
Crown 8vo. qj. 

A TREATISE ON MAGNETISM. Designed for the Use of 
Students in the University. Crown 8vo. 9j. 6</. 

Airy (Osmond). — a TREATISE ON geometrical 

OPTICS. Adapted for the Use of the Higher Classes in Schools. 
By Osmund Airy, B.A., one of the Mathematical Masters in 
Wellington College. Extra fcap. 8vo^ \s. 6d.. 

d 
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Alexander (T.).— elementary applied mechanics. 

Being the simpler and more practical Cases of Stress and Strain 
wrought out individually from first principles by means of Ele- 
mentary Mathematics. By T. Alexander, C.E.^ Professor of 
Civil Engineering in the Imperial College of Engineering, Tokei, 
Japan. Crown 8vo. Part I. 4s, 6d, 

Alexander — Thomson. — elementary applied 

MECHANICS. By Thomas Alexander, C.E., Professor of 
Engineering in the Imperial College of Engineering, Tokei, Japan ; 
and Arthur Watson Thomson, C.E., B.Sc, Professor of 
Engineering at the Royal College, Cirencester. Part 11. Trans- 
verse Stress ; upwards of 150 Diagrams, and 200 Examples 
carefully worked out ; new and complete method for finding, at 
every point of a beam, the amount of the greatest bending 
moment and shearing force during the transit of any set of loads 
fixed relatively to one another — e.g,, the wheels of a locomotive ; 
continuous beams, &c., &c. Crown 8vo. los, 6d, 

Awdry.— EASY LESSONS ON LIGHT. By Mrs. W. Awdry. 
Illustrated. Extra fcap. 8vo. 2s. 6d. 

Ball (R. S.).— EXPERIMENTAL MECHANICS. A Course of 
Lectures delivered at the Royal College of Science for Ireland. 
By R. S. Ball, M.A., Professor of Applied Mathematics and 
Mechanics in the Royal College of Science for Ireland. Cheaper 
Issue. Royal 8vo. lor. 6ti, 

Chisholm. — the science of weighing and 

MEASURING. AND THE STANDARDS OF MEASURE 
AND WEIGHT. By H. W. Chisholm, Warden of the Standards. 
With numerous Illustrations. Crown Svo. 4^. 6d. (Nature SerusJ) 

ClausiuS.— MECHANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R. Browne, M.A., late 
Fellow of Trinity College, Cambridge. Crown Svo. los, 6d. 

Cotterill.— A treatise on applied mechanics. By 

James Cotterill, M.A., F.R.S., Professor of Applied 
Mechanics at the Royal Naval College, Greenwich. With Illus- 
trations. Svo. [In tJu press, 

Cumming.— AN introduction to the theory of 

electricity. By LiNNiEUS Cumming, M.A., one of the 
Masters of Rugby School. With Illustrations. Crown Svo. 

Daniell.— A text-book of the principles of 

PHYSICS. By Alfred Daniell, M.A., Lecturer on Physics 
in the School of Medicine, Edinburgh. With Illustrations. 
Medium Svo. 2ij. 
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Day.— ELECTRIC LIGHT ARITHMETIC. By R. E. Day, 
M.A., Evening Lecturer in Experimental Physics at KinPs 
College, London. Pott 8vo. 2s. 

Everett— UNITS and physical constants. By J. D. 
EVERBTT, F.R.S., Professor of Natural Philosophy, Queen's 
College, Belfast. Extra fcap. 8vo. /^, 6d, 

Huxley.— INTROiDUCTORY PRIMER OF SCIENCE. By T 
H. Huxley, P.R.S., Professor of Natural History in the Royal 
School of Mines, &c. i8mo. is, 

Kempe.— HOW to draw a straight line ; a Lecture 
on Lmkages. By A. B. Kempe. With Illustrations. Crown 
8vo. IS. 6d, {Nature Series, ) 

Kennedy.— MECHANICS of machinery. By a. b. w. 

Kennedy, M.Inst.C.E., Professor of Engineering and Mechani- 
cal Technology in University College, London. With Illus- 
trations. Crown 8vo. [/« the press, 

Lang.— EXPERIMENTAL PHYSICS. By P. R. Scott Lang. 
M. A., Professor of Mathematics in the University of St. Andrews. 
Crown 8vo. [In preparation, 

Martineau (Miss C. A.).— easy lessons on heat. 

By Miss C. A. Martineau. Illustrated. Extra fcap. 8vo. 
2s, 6d, 

Mayer.— SOUND : a Series of Simple, Entertaining, and Inex- 
pensive Experiments in the Phenomena of Sound, for the Use of 
Students of every age. By A. M. Mayer, Professor of Physics 
in the Stevens Institute of Technology, &c. With numerous 
Illustrations. Crown 8vo. 2s, td, {Nature Series.) 

Mayer and Barnard.— light : a Series of Simple, Enter- 
taining, and Inexpensive Experiments in the Phenomena of Light, 
for the Use of Students of every age. By A. M. Mayer and C. 
Barnard. With numerous Illustrations. Crown 8vo. 2s, 6</, 
{Nature Series,) 

Newton. — PRINCIPIA. Edited by Professor Su: W. Thomson 
and Professor Blackburne. 4to, cloth. 31J. 6d. 
THE FIRST THREE SECTIONS OF NEWTON'S PRIN- 
CIPIA. With Notes and Illustrations. Also a Collection of 
Problems, principally intended as Examples of Newton's Methods. 
By Percival Frost, M.A. Third Edition. Svo. 12s, 

Parkinson. — ^A treatise on optics. By S. Parkinson, 
D.D., F.R.S., Tutor and Praelector of St. John's College, Cam- 
bridge. New Edition, revised and enlarged. Crown 8va, 

dn 
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Perry. — steam, an elementary treatise. Bv 

John Perry, C.E., Whitworth Scholar, Fellow of the Chemical 
Society, Lecturer in Physics at Clifton College. With numerous 
Woodcuts and Numerical Examples and Exercises. i8mo. 

Rayleigh.— THE THEORY OF SOUND. By Lord Raylkigh, 
M.A., F.R.S., formerly Felbw of Trinity College, Cambridge, 
Svo. Vol. I. 12S. 6d, Vol. II. I2s, 6d. 

[Vol. III. in the press. 

RculcauX.— THE KINEMATICS OF MACHINERY. Out- 
lines of a Theory of Machines. By Professor F. Reuleaux. 
Translated and Edited by Professor A. B. W. Kennedy, C.E. 
With 450 Illustrations. Medium 8yo. 21s, 

Shann. — an elementary treatise on heat, in 

RELATION TO STEAM AND THE STEAM-ENGINE. 
By G. Shann, M. A. With Illustrations. Crown 8vo. ^. 6d. 

SpOttiswOOde.— POLARISATION OF LIGHT. By the late 
W. SPOTTISWOODE, P.R.S. With many Illustrations. New 
Edition. Crown 8vo. y, 6d, {Nature SerUs,) 

Stewart (Balfour). — Works by Balfour Stewart, F.ILS., 
Professor of Natural Philosophy in the Victoria University the 
Owens College, Manchester. 

PRIMER OF PHYSICS. With numerous Illustrations. New 
Edition, with Questions. l8mo. is. {Science Primers.) 

LESSONS IN ELEMENTARY PHYSICS. With numerous 
Illustrations and Chromolitho of the Spectra of the Sun, Stais, 
and Nebulae. New Edition. Fcap. 8vo. 41. 6</. 

QUESTIONS ON BALFOUR STEWARTS ELEMENTARY 
LESSONS IN PHYSICS. By Prof. Thomas H. Core, Owens 

College, Manchester. Fcap. 8vo. 2J. 

Stewart— Gee.— PRACTICAL PHYSICS, elementary 

LESSONS IN. By Professor Balfour Stewart, F.R.S., and 
W. Haldane Gbe. Fcap. 8vo. 

Part I. General Physics. \ Nearly ready. 

Part II. Optics, Heat, and Sound. [In prfparalwn. 

Part IIL Electricity and Magnetism. \In preparation, 

Stokes.— THE NATURE OF LIGHT. Burnett Lectiures. By 
Prof. G. G. Stokes, Sec. R.S., etc. Crown 8vo. 2j. 6^. 
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Stone. — AN ELEMENTARY TREATISE ON SOUND. By 
W. H. Stone, M.B. With Illustrations. i8mo. 3.^. 6d, 

Tait. — AN ELEMENTARY TREATISE ON HEAT. By 
Professor Tait, F.R.S.E. Illustrated. CrownSvo. 

[In ike press, 

Thompson. — elementary LESSONS in ELECTRICITY 
AND MAGNETISM. By Silvanus P. Thompson. Pro- 
fessor of Experimental Physics in University College, Bristol. 
"With Illustrations. Fcap. 8vo. 4J. 6d, 

Thomson. — the motion of vortex rings, a 

TREATISE ON. An Essay to which the Adams Prize was 
adjudged in 1882 in the University of Cambridge. By J. J. 
Thomson, Fellow and Assistant-Lecturer of Trinity College, 
Cambridge. With Diagrams. 8vo. 6s. 

Todhunter.— NATURAL PHILOSOPHY FOR BEGINNERS. 
By I. ToDHUNTER, M.A., F.R.S., D.Sc. 
Part I. The Properties of Solid and Fluid Bodies. i8mo. 3J. 6d. 
Part II. Sound, Light, and Heat. i8mo. 3J. 6d, 

Wright (Lewis). — light ; A COURSE OF EXPERI- 
MENTAL OPTICS, CHIEFLY WITH THE LANTERN, 
By Lewis Wright. With nearly 200 Engravings and Coloured 
Plates. Crown 8vo. *js, 6d. 

ASTRONOMY. 

Airy.— POPULAR ASTRONOMY. With Illustrations by Sir 
G. B. Airy, K.C.B., formerly Astronomer-Royal. New Edition. 
i8mo. 4s, 6d, 

Forbes.— TRANSIT OF VENUS. By G. Forbes, M.A., 
Professor of Natural Philosophy in the Andersonian University, 
Glasgow. Illustrated. Crown 8vo. $s. 6d. {Nature Series,) 

Godfray. — Works by HuGH Godfray, M.A., Mathematical 
Lecturer at Pembroke College, Cambridge. 

A TREATISE ON ASTRONOMY, for the Use of CoUeges and 
Schools. New Edition. 8vo. 12s, 6d. 

AN ELEMENTARY TREATISE ON THE LUNAR THEORY, 
with a Brief Sketch of the Problem up to the time of Newton. 
Second Edition, tevisfed. Crown 8vo. 5j. 6d, 
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Lockyer. — Works by J. Norman Lockyer, F.R.S. 

PRIMER OF ASTRONOMY. With numerous Illustrations. 
i8mo. I J. {Science Primers.) 

ELEMENTARY LESSONS IN ASTRONOMY. With Coloured 
Diagi*am of the Spectra of the Sun, Stars, and Nebulae, and 
numerous Illustrations. New Edition. Fcap. 8vo. $s. 6d. 

QUESTIONS ON LOCKYER'S ELEMENTARY LESSONS IN 
ASTRONOMY. For the Use of Schools. By John Forbes- 
Robertson. i8mo, cloth limp. is. 6d. 

THE SPECTROSCOPE AND ITS APPLICATIONS. With 
Coloured Plate and numerous Illustrations. New Editiou. Crown 
8vo. y. 6d. 

Newcomb,— POPULAR astronomy. By S. Newcomb, 

LL.D., Professor U.S. Naval Observatory. With 112 Illustrations 

and 5 Maps of the Star.^. Second Edition, revised. 8vo. i8j. 

"It is unlike anything else of its kind, and will be of more use in circulating a 
knowledge of Astronomy than nine-tenths of the books which have appeared on the 
subject of lale years." — Saturday Rhview. 

CHEMISTRY. 
Fleischer.-— A system of volumetric analysis. 

Translated, with Notes and Additions, from the Second German 
Edition, by M. M. Pattison Muir, F.R.S.E. With Illustrations. 
Crown 8vo. ^s. 6d, 

Jones. — Works by Francis Jones, F.R.S.E., F.C.S., Chemical 
Master in the Grammar School, Manchester. 

THE OWENS COLLEGE JUNIOR COURSE OF PRAC- 
TICAL CHEMISTRY. With Preface by Professor RoscoE, and 
Illustrations. New Edition. i8mo. 2s. 6d. 

QUESTIONS ON CHEMISTRY. A Series of Problems and 
Exercises in Inorganic and Organic Chemistry. I^cap. 8vo. 3^. 

Landauer. — blowpipe analysis. By j. landauer. 

Authorised English Edition by J. Taylor and W. E. Kay, of 
Owens College, Manchester. Extra fcap. 8vo. \s, 6d, 

Lupton. — ELEMENTALLY CHEMICAL ARITHMETIC. With 
1,100 Problems. By Sydney Lupton, M.A., Assistant-Master 
at Harrow. Extra fcap. 8vo. ^s. 

Muir.— PRACTICAL CHEMISTRY FOR MEDICAL STU- 
DENTS. Specially arranged for the first M.B. Course. By 
M. M. Pattison Muir, F.R.S.E. Fcap. 8vo. is. 6d, 
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RoSCOe. — Works by H. E. Roscoe, F.R.S. Professor of Chemistry 
in the Victoria University the Owens College, Manchester. 

PRIMER OF CHEMISTRY. With numerous Illustrations. New 
Edition. With Questions. i8mo. is. {Scieftce Primers). 

LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC 
AND ORGANIC. With numerous Illustrations and Chromolitho 
of the Solar Spectrum, and of the Alkalies and Alkaline Earths. 
New Edition. Fcap. 8vo. 45-. 6d, 

A SERIES OF CHEMICAL PROBLEMS, prepared with Special 
Reference to the foregoing, by T. E. Thorpe, Ph.D., Professor 
of Chemistry in the Yorkshire College of Science, Leeds, Adapted 
for the Preparation of Students for the Government, Science, and 
Society of Arts Examinations. With a Preface by Professor 
Roscoe, F.R.S. New Edition, with Key. i8mo. 2j. 

Roscoe and Schorlemmer. — inorganic and or- 
ganic CHEMISTRY. A Complete Treatise on Inorganic and 
Organic Chemistry. By Professor H. E. Roscoe, F.R.S., and 
Professor C. Schorlemmer, F.R.S. With numerous Illustrations. 
Medium 8vo. 

Vols. I. and II.— INORGANIC CHEMISTRY. 

Vol. I.— The Non-Metallic Elements. 21s. Vol. II. Part I.— 
Metals. i8j'. Vol. II. Part II.— Metab. i8j. 

Vol. III.— ORGANIC CHEMISTRY. Part I.— THE CHEM- 
ISTRY OF THE HYDROCARBONS and their Derivatives, or 
ORGANIC CHEMISTRY. With numerous Illustrations. 
Medium 8vo. 2ij. [^Part II, in the press ^ 

Schorlemmer. — a manual of the chemistry of 

THE CARBON COMPOUNDS, OR ORGANIC CHE- 
MISTRY. By C. Schorlemmer, F.R.S., Professor of Che- 
mistry in the Victoria University the Owens Collq;e, Manchester. 
With Illustrations. 8vo. i+r. 

Thorpe. — a series of chemical problems, prepared 
with Special Reference to Professor Roscoe's Lessons in Elemen- 
tary Chemistry, by T. E. Thorpe, Ph.D., Professor of Chemistry 
in the Yorkshire College of Science, Leeds, adapted for the Pre- 
paration of Students for the Government, Science, and Society of 
Arts Examinations. With a Preface by Professor Roscoe. New 
Edition, with Key. iSmo. 2s, 

Thorpe and Riicker. — a treatise on chemical 

physics. By Professor Thorpe, F.R.S., and Professor 
Rucker, of the Yorkshire College of Science. Illustrated, 
gvo. \In preparation. 
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Wright.— METALS AND THEIR CHIEF INDUSTRIAL 
APPLICATIONS. By C. Alder Wright, D.Sc, &c., 
Ivccturer on Chemistry in St, Mary's Hospital Medical School 
Extra fcap. 8vo. 3j. 6ci, 



BIOLOGY. 

Allen.— ON THE COLOUR OF FLOWERS, as Illustrated in 
the British Flora. By Grant Allen. With Illustrations. 
Crown 8vo. 31.6^. (Nature Series.) 

Balfour. — a treatise on comparative embry- 

OLOGY. By F. M. Balfour, M.A., F.R.S., Fellow and 
Lecturer of Trinity College, Cambridge. With Ulostrations. In 
2 vols. 8vo. Vol. I. i8j. Vol. II. 21s, 

Bettany.— FIRST lessons in practical botany. 

By G. T. Bettany, M.A., F.L.S., Lecturer in Botany at Guy's 
Hospital Medical School. i8mo:' is. 

Darwin (Charles).— MEMORIAL NOTICES OF CHARLES 

DARWIN, F.R.S., &c. By Professor Huxley, P.R.S., G. J. 
Romanes, F.R.S., Archibald Geikie, F.R.S., and W. T. 
Thiselton Dyer, F.R.S. Reprinted from Nature, With a 
Portrait, engraved by C. H. JEENS. Crown 8vo. 2s. 6d. 
{Nature Series,) 

Dyer and Vines.— the structure of plants. By 

Professor Thiselton Dyer, F.R.S., assisted by Sydney Vines, 
D.Sc, Fellow and Lecturer of Christ's College, Cambridge, and 
F. O. Bower, M. A., Lecturer in the NormalSchool of Science. 
With numeroos Illustrations. [In preparation. 

Flower (W. H.)— an introduction to the oste- 

OLOGY OF THE MAMMALIA. Being the substance of the 
Course of Lectures delivered at the Royal College of Surgeons 
of England in 1870. By Professor W. H. Flower, F.R.S., 
F.R.C.S. With numerous Illustrations. New Edition, enlarged. 
Crown 8vo. loj. 6<f. 

Foster. — Works by Michael Foster, M.D., F.R.S., Professor 
of Physiology in the University of Cambridge. 
PRIMER OF PHYSIOLOGY. With numerous lUastrations. 

New Edition. i8mo. u. 
A TEXT-BOOK OF PHYSIOLOGY. With Illustrations. Fourth 
Edition, revised. 8vo. 2ij. 
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Foster and Balfour.— the elements of embry- 
ology. By Michael Foster, M.A., M.D., LL.D., F.K.S., 
Profes-ior of Physiology in the University of Cambridge, Fellow 
of Trinity College, Cambridge, and the late Francis M. Balfour, 
M.A., LL.D., F.R.S., Fellow of Trinity College, Cambridge, 
and Professor of Animal Morphology in the University. Second 
Edition, revised. Edited by Adam Sedgwick, M.A., Fellow 
and Assistant Lecturer of Trinity College, Cambridge, and Walter 
Heape, Demonstrator in the Morphological Laboratory of the 
University of Cambridge. With Illustrations. Crown 8vo. los. 6d, 

Foster and Langley. — a COURSE OF elementary 

PRACTICAL PHYSIOLOGY. By Prof. Michael Foster, 
M.D., F.R.S., &c., and J. N. Langley, M.A., F.R.S. New 
Edition. Crown 8vo, ds, 

Gamgee.— A text-book of the physiological 

CHEMISTRY OF THE ANIMAL BODY. Including an 
Account of the Chemical Changes occurring in Disease. By A. 
Gamgee, M.D., F.R.S., Professor of Phy-ijlogy in the Victoria 
University the Owens College, Manchester. 2 Vols. 8vo. 
With Illustrations. Vol.1. i8j. [Vol, I L in the press. 

Gegenbaur.— ELEMENTS OF comparative anatomy. 

By Professor Carl Gegenbaur. A Translation by F. Jeffrey 
Bell, B.A. Revised with Preface by Professor E. Ray Lan- 
KESTER, F.R.S. With numerous Illustrations. 8vo. 2.\s, 

Gray.— STRUCTURAL BOTANY, OR ORGANOGRAPHY 
on the basis of morphology. To which are added 
the principles of Taxonomy and Phytography, and a Glossary of 
Botanical Terms. By Professor AsA Gray, LL.D. 8vo. los, 6d, 

Hooker. — Works by Sir J. D. Hooker, K.C.S.I., C.B., M.D., 

F.R.S., D.C.L. 
PRIMER OF BOTANY. With numerous Illustrations. New 

Edition. i8mo. is. {Science Primers.) 
THE STUDENT'S FLORA OF THE BRITISH ISLANDS- 

New Edition, revised. Globe 8vo. los. dd. 

Huxley. — Works by Professor Huxley, P.R.S. 
INTRODUCTORY PRIMER OF SCIENCE. i8mo. is. 

{Science Primers.) 
LESSONS IN ELEMENTARY PHYSIOLOGY. With numerous 

Illustrations. New Edition. Fcap. 8vo. 4J. 6</. 
QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR SCHOOLS. 

By T. Alcock, M.D. i8mo. \s. 6d. 
PRIMER OF ZOOLOGY. i8mo. (Scitnce Primers, ) 

[In preparadon 
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Huxley and Martin.— a COURSE OF practical in- 

STRUCTION IN ELEMENTARY BIOLOGY. By Professor 
Huxley, P.R.S., assisted by H. N. Martin, M.B., D.Sc. New 
Edition, revised. Crown 8vo. 6s. 

Lankester. — Works by Professor E. Ray Lankester, F.R.S. 
A TEXT BOOK OF ZOOLOGY. Crown 8vo. \In preparation, 
DEGENERATION : A CHAPTER IN DARWINISM. lUus- 
trated. Crown 8vo. 2s, 6d, {Nature Series.) 

Lubbock. — Works by SiR JOHN LuBBOCK, M.P., F.R.S., 

D.C.L. 
THE ORIGIN AND METAMORPHOSES OF INSECTS. 

With numerous Illustrations. New Edition. Crown 8vo. y. 6d. 

(Nature Series.) 
ON BRITISH WILD FLOWERS CONSIDERED IN RE- 

LATION TO INSECTS. With numerous lUustrations. New 

Edition. Crown 8vo. 4J. 6d, (Nature Series). 

M'Kendrick. — OUTLINES OF PHYSIOLOGY IN ITS RE- 
LATIONS TO MAN. By J. G. M'Kendrick, M.D., F.R.S.E. 
With Illustrations. Crown 8vo. I2J. 6d. 

Martin and Moale. — on the dissection of verte- 

BRATE ANIMALS. By Professor H. N. Martin and W. A. 
Moale. Crown 8vo. [In preparation. 

(See also page 41.) 

Miall. — STUDIES IN COMPARATIVE ANATOMY. 
No. I. — The Skull of the Crocodile : a Manual for Students. By 

L. C. Miall, Professor of Biology in the Yorkshire College and 

Curator of the Leeds Museum. 8vo. 2s. dd. 
No. II. — Anatomy of the Indian Elephant. By L. C. Miall and 

F. Greenwood. With Illustrations. 8vo. 5j. 

Mivart. — Works by St. George Mivart, F.R.S. Lecturer in 

Comparative Anatomy at St. Mary's Hospital. 
LESSONS IN ELEMENTARY ANATOMY. With upwards of 

400 Illustrations. Fcap. 8vo. ds. 6d, 
THE COMMON FROG. With numerous Illustrations. Crown 

8vo. ^s, 6d. (Nature Series.) 

MuUer.— THE fertilisation of FLOWERS. By Pro- 
fessor Hermann Muller. Translated and Edited by D'Arcy 
W. Thompson, B.A., Scholar of Trinity College, Cambridge. 
With a Preface by Charles Darwin, F.I?..S. With numerous 
Illustration3. Medium 8vo. 2ij. 
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Oliver. — Works by Daniel Oliver, F.R.S., &c.. Professor of 

Botany in University College, London, &c. 

FIRST BOOK OF INDIAN BOTANY. With numerous Dlus- 
trations. Extra fcap. 8vo. 6s. 6d. 

LESSONS IN ELEMENTARY BOTANY. With nearly 200 
Illustrations. New Edition. Fcap. 8vo. 4^. 6d, 

Parker. — a course of instruction in zootomy 

(VERTEBRATA). By T. Jeffrey Parker, B.Sc. London, 
Professor of Biology in the University of Otago. With Illustrations. 
Crown 8vo. [In theprtss. 

Parker and Bettany. — the morphology of the 

SKULL. By Professor Parker and G. T. Bettany. Illus- 
trated. Crown 8vo. loj. 6a^. 

Romanes.— THE scientific evidences of organic 

evolution. By G. J. Romanes, M.A., LL.D., F.R.S., 
Zoological Secretary to the Linnean Society. Crown 8vo. 2J. 6</. 
{Nature Series.) 

Smith. — Works by John Smith, A.L.S., &c. 
A DICTIONARY OF ECONOMIC PLANTS. Their Histo^, 
Products, and Uses. 8vo. 14X, 

DOMESTIC BOTANY : An Exposition of the Structure and 
Classification of Plants, and their Uses for Food, Clothing, 
Medicine, and Manufacturing Purposes. With Illustrations. Ne>y 
Issue. Crown 8vo. 12s. 6?. 



MEDICINE. 

Brunton. — Works by T. Lauder Brunton, M.D., Sc.D., 
F.R.C.P., F.R.S., Examiner in Materia Medica in the University 
of London, late Examiner in Materia Medica in the University of 
Edinburgh, and the Royal College of Physicians, London. 

A TREATISE ON MATERIA MEDICA. 8vo. [/» the press. 

TABLES OF MATERIA MEDICA: A Companion to the 

Materia Medica Museum. With Illustrations. New Edition 

linlarged. 8vo. los. 6d, 

Hamilton. — a text-book of pathology. By D. J. 

Hamilton, Professor of Pathological Anatomy (Sir Erasm^is 
W ikon Chair), University of Aberdeen. 3yo. [In preparation. 
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Ziegler-Macalister.— TEXT-BOOK OF pathological 

ANATOMY AND PATHOGENESIS. By Professor Ernst 
ZlEGLER of Tubingen. Translated and Edited for English 
Students by Donald Macalister, M.A., M.B., B.Sc, Fellow 
of St. John's College, Cambridge. With numerous Illustrations. 
Medium 8vo. Part I.—GENERAL PATHOLOGICAL ANA- 
TOMY. I2s, 6d. [Part II. in the press. 

ANTHROPOLOGY. 

Flower. — fashion in deformity, as Illustrated in the 
Customs of Barbarous and Civilised Races. By Professor 
Flower, F.R.S., F.R.C.S. With Illustrations. Crown 8vo. 
2j. 6rf. {Nature Seties), 

Tylor. — ANTHROPOLOGY. An Introduction to the Study of 
Man and Civilisation. By E. B. Tylor, D.C.L., F.R.S. With 
numerous Illustrations. Crown 8vo. *js, 6d, 

PHYSICAL GEOGRAPHY & GEOLOGY. 

Blanford.~-THE rudiments of physical geogra- 
phy FOR THE USE OF INDIAN SCHOOLS ; with a 
Glossary of Technical Terms employed. By H. F, Blanford, 
F.R.S. New Edition, with Illustrations. Globe 8vo. 2j. 6d» 

Geikie. — Works by Archibald Geikie, F.R.S., Director General 
of the Geological Surveys of the United Kingdom. 

PRIMER OF PHYSICAL GEOGRAPHY. With numerons 
Illustrations. New Edition. With Questions. i8mo. ix. 
[Science Primers.) 

ELEMENTARY LESSONS IN PHYSICAL GEOGRAPHY. 
With numerous Illustrations. Fcap. 8vo. 4^. 6d, 
QUESTIONS ON THE SAME. is. 6d. 

PRIMER OF GEOLOGY. With numerous Illustrations. New 
Edition. i8mo. is. (Science Primers.) 

ELEMENTARY LESSONS IN GEOLOGY. With Illustrations. 
Fcap. 8vo. [In preparation^ 

TEXT-BOOK OF GEOLOGY. With numerous lUustiations. 
8vo. 28J. 

OUTLINES OF FIELD GEOLOGY. With lUustrations. New 
Edition. Extra fcap. 8vo. 3f. 6d. 
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Huxley.— PHYSIOGRAPHY. An Introduction to the Study 
of Nature. By Professor Huxley, P.R.S. With numerous 
Illustrations, and Coloured Plates. New and Cheaper Edition. 
Crown 8vo. 6s, 

AGRICULTURE. 

Frankland.— ACxRicuLTURAL chemical analysis, 

A Handbook of. By Pbrcy Faraday Frankland, Ph.D., 
B.Sc, F.C.S., Associate of the Royal School of Mines, and 
Demonstrator of Practical and Agricttltural Chemistry in the 
Normal School of Science and Royal School of Mines, South 
Kensington Museum, Founded upon Leitfadenfiir dUAgricuUur- 
Chemische Analyse^ von Dr. F. Krocker, Crown 8vo. ^s. 6d. 

Tanner. — Works by Henry Tanner, F.C.S., M.R.A.C, 
Examiner in the Principles of Agriculture under the Government 
Department of Science ; Director of Education in the Institute of 
Agriculture, South Kensington, London ; sometime Professor of 
Agricultural Science, University College, Aberystwith. 

ELEMENTARY LESSONS IN THE SCIENCE OF AGRI- 
CULTURAL PRACTICE. Fca^. 8vo. ' 3*. 6t/. 

FIRST PRINCIPLES OF AGRICULTURE. i8mo. is. 

THE PRINCIPLES OF AGRICULTURE. A Series of Reading 
Books for use in Elementary Schools. Prepared by Henry 
Tanner, F.C.S., M.R.A.C. Extra fcap. 8vo. 

I. The Alphabet of the Principles of Agriculture. 6d. 

II. Further Steps in the Principles of Agriculture, is, 

III. Elementary School Readings on the Principles of Agriculture 
for the third stage, is, 

POLITICAL ECONOMY. 

CoSSa.— GUIDE TO THE STUDY OF POLITICAL 
ECONOMY. By Dr. LuiGi CossA, Professor in the University 
of Pavia. Translated from the Second Italian Edition. With a 
Preface by W. Stanley Jevons, F.R.S. Crown 8vo. 4^. 6d, 

Fawcett (Mrs.).— Works by Millicent Garrett Fawcett:— 

POLITICAL ECONOMY FOR BEGINNERS, WITH QUES- 
TIONS. Fourth Edition. i8mo. 2s, 6d, 
TALES IN POLITICAL ECONOMY. Crown 8vo. 3^. 
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FawCCtt,— A MANUAL OF POLITICAL ECONOMY. By 
Right Hon. Henry Fawcett, M.P., F.R.S. Sixth Edition, 
revised, with a chapter on ** State Socialism and the Nationalisation 
of the Land," and an Index. Crown 8vo. lis, 

Jevons.— PRIMER OF POLITICAL ECONOMY. By W. 
Stanley Jevons> LL.D., M.A., F.R.S. New Edition. i8mo. 
ij. (Science Primers,) 

Marshall.— THE economics of industry. By A. 

Marshall, M.A., late Principal of University College, Bristol, 
and Mary P. Marshall, late Lecturer at Newnham Hall, Cam- 
bridge. Extra fcap. 8vo. 2s, 6d» 

Sidgwick.— THE principles of POLITICAL ECONOMY. 
By Professor Henry Sidgwick, M.A., Prselector in Moral and 
Political Philosophy in Trinity College, Cambridge, &c., Author 
of "The Methods of Ethics." 8vo. i6s. 

Walker. — political economy. By Francis A. Walker. 
M.A., Ph.D., Author of **The Wages Question," "Money," 
" Money in its Relation to Trade," &c. 8vo. los, 6d, 

MENTAL & MORAL PHILOSOPHY. 

Caird. — MORAL PHILOSOPHY, An Elementary Treatise on. 
By Prof. E. Caird, of Glasgow University. Fcap. 8vo. 

[In preparation. 

CalderwOOd,— HANDBOOK OF MORAL PHILOSOPHY. 

By the Rev. Henry Caldrrwood, LL.D., Professor of Moral 

Philosophy, University of Edinburgh. New Edition. Crown 8vo. 

.6j. 
Clifford. — SEEING AND THINKING. By the late Professor 

W. K. Clifford, F.R.S. With Diagrams. Crown 8vo. 31. 6d, 

(Nature Series,) 
Jevons. — Works by the late W. Stanley Jbvons, LL.D., M.A., 

F R S 
PRIMER OF LOGIC. New Edition. iSmo. u. {Scietue 

Primers.) _ , 

ELEMENTARY LESSONS IN LOGIC ; Deductive and Induc- 
tive, with copious Questions and Examples, and a Vocabulary of 
Logical Terms. New Edition. Fcap. 8vo. 35. €d, 

THE PRINCIPLES OF SCIENCE. A Treatise on Logic and 
Scientific Method. New and Revised Edition. Crown 8yo. 
I2s. 6d, 

STUDIES IN DEDUCTIVE LOGIC. Crown 8to. 6j. 
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Keynes. — formal logic, studies and Exercises in. Including 
a Generalisation of Logical Processes in their application to 
Complex Inference. By John Neville Klynes, M.A., late 
Fellow of Pembroke College, Cambridge. Crown 8vo. lOf. 6d» 

Robertson.— ELEMENTARY LESSONS IN PSYCHOLOGY. 
By G. Croom Robertson, Professor of Mental Philosophy, &c., 
University College, London. [In preparation, 

Sidgwick.— THE METHODS OF ETHICS. By Professor 
Henry Sidgwick, M.A., Pnelector in Moral and Political 
Philosophy in Trinity College, Cambridge, &c. Second Edition. 
8vo. 14J. 
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Arnold.— THE roman system of provincial ad. 

MINISTRATION TO THE ACCESSION OF CONST AN- 

TINE THE GREAT. By W. T. Arnold, B.A. Crown 

8vo. 6s, 

"Ought to prove a valuable handbook to the student of Roman history." — 
Guardian. 

Beesly.— STORIES from the history of rome. 

By Mrs. Beesly. Fcap. 8vo. 2j. 6d, 

" The attempt appears to us in every way successful The stories are interestii^ 
in themselves, and are told with perfect simplicity and good feeling." — Daily 
News. 

Brook. — FRENCH history FOR ENGLISH CHILDREN. 
By Sarah Brook. With Coloured Maps. Crown 8vo. 6s, 

Clarke. — class-book of geography. By C. B. Clarke, 
M.A., F.L.S., F.G.S., F.R.S. New Edition, with Eighteen 
Coloured Maps. Fcap. 8vo. 31. 

Freeman.— OLD-ENGLISH history. By Edward A. 
Freeman, D.C.L., LL.D., late Fellow of Trinity College, 
Oxfotd. With Five Coloured Maps. New Edition. Extra fcap. 
8vo. dr. 

Fyffc.— A school history of Greece. By c. a. 

Fyffb, M.A., Fellow of University College, Oxford. Crown 
8vo. [In preparation. 
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Green. — Works by John Richard Green, M.A., LL.D., 
late Honorary Fellow of Jesus College, Oxford. 

SHORT HISTORY OF THE ENGLISH PEOPLE. With 
Coloured Maps, Genealogical Tables, and Chronological Annals. 
Crown 8vo. 8j. 6d. Ninety-second Thousand. 

" Stands alone as the one general history of the country, for the sake of which 
all others, if young and old are wise, will be speedily and surely set aade."— 
Academy. 

ANALYSIS OF ENGLISH HISTORY, based on Green's "Short 
History of the English People." By C. W. A. Tait, M.A., 
Assistant-Master, Clifton College. Crown 8vo. 3J. 6^. 

READINGS FROM ENGLISH HISTORY. Selected and 
Edited by John Richard Green. Three Parts. Globe 8va 
IS. 6d, each. I. Hengist to Cressy. II. Cressy to Cromwell. 
III. Cromwell to Balaldava. 

A SHORT GEOGRAPHY OF THE BRITISH ISLANDS. By 
John Richard Green and Alice Stopford Green; With 
Maps, Fcap. 8vo. 3^. dd. 

Grove. — a' primer of geography. By Sir George 
Grove, D.C.L., F.R.G.S. With Illustrations. i8mo. is. 
(Science Primers.) 

Guest.— LECTURES ON THE HISTORY OF ENGLAND. 
By M. J. Guest. With Maps. Crown 8vo. 6j. 

" It is not too much to a»ert that this is one of the very best class books of English 
History for young students ever published." — Scotsman. 

Historical Course for Schools — Edited by Edward a 

Freeman, D.C.L., late Fellow of Trinity College, Oxford. 

I.— GENERAL SKETCH OF EUROPEAN HISTORY. By 
Edward A. Freeman, D.C.L. New Edition, revised and 
enlarged, with Chronological Table, Maps, and Index. l8mo. 
3f . 6d. 

II.— HISTORY OF ENGLAND. By Edith Thompson. New 
Edition, revised and enlarged, with Coloured Maps. i8ino. 
2j. 6d. 

HI.— HISTORY OF SCOTLAND. By Margaret Macarthuk. 
New Edition. i8mo. 2j. 

IV.— HISTORY OF ITALY. By the Rev. W. Hunt, M.A 
New Edition, with Coloured Maps. i8mo. jj, 6d, 
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Historical Course for Schools, CcnHnued-^ 

v.— HISTORY OF GERMANY. By J. Sime, M.A. i8mo. 

VI.— HISTORY OF AMERICA. By John A. Doyle. With 
Maps. i8mo. 4r. 6d. 

VII.— EUROPEAN COLONIES. By E. J. Payne, M.A. With 
Maps. |8mo. 4r. 6d. 

VIII.— FRANCE. By Charlotte M. Yonge. With Maps. 
i8mo. ^x. 6(i, 

GREECE. By Edward A. Freeman, D.C.L. [In preparation. 

ROME. By Edward A. Freeman, D.C.L. [In preparation. 

History Primers-^Edited hy John Richard Green, M.A., 
JL]U.D.^ Author of << A Short History of the Engtish People.'' 

ROME. By the Rev. M. Creighton, M.A., late Fellow and 

Tutor of Merton College, Oxford. With Eleven Maps. i8mo. is. 

"The author has been curioudy successful in telling in an Intelligent way 
Ihe. $toxy gf Epme firom ^t to last."— >School Board Chronicle. 

GREECE. By C. A. Fyffe, M.A., Fellow and late Tutor of 

University College, Oxford. With Five Maps. i8mo. u. 
"We give our unqualified praise to this little manual." — Schoolmaster. 

EUROPEAN HISTORY. By E. A. Freeman, D.C.L., LL.D. 
With Maps. iSzno. xs. 

**The work is always clear, and forms a luminous key to European history." 
—School Board Chronicle. 

GREEK ANTIQUITIES. By the Rev. J. P. Mahaffy, M.A. 
Illustrated, i&ne. I/. 

"All that is necessary for the scholar to know is told so compactly yet so fully, 
and in a style so interesting, that it is impossible for even the dullest boy to look 
on this little work in the same lig^t as he regards his other school books."— School- 
master. 

CLASSICAL GEOGRAPHY. By H, F. Tozer, M.A. i8mo. is. 

"Another valuable aid to the study of the ancient world. ... It contains 
an enormous quantity of information packed into a small space, and at the same time 
oonununicated in a very readable shape." — John Bull. 

GEOGRAPHY. By Sir George Grove, D.C.L. With Maps. 

iSmo. is. 

** A model of what such a work should be. . . . We know of no short treatise 
h0tfMr stiited to infuse bfe and spirit into the duU lists of proper names fA wrhidi 
our ordinary class-books so often almost jexchasivdjr«oaafit.'^Tiilss. 
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History Primers dmUtmid-^ 

ROMAN ANTIQUITIES. By Professor WiMtlNS. Illos- 

ti'ated. i8mo. isl 

**A little book that throws a blaze of light on Roman histoiy, and is, maraorer 
intensely interesting."— School Board Chronicle. 

FRANCE. By Charlotte M. Yonge. xSno. u. 

"May be considered a wonderfully successful piece of work. .^. .Its general 
merit as a vigorous and clear sketch, giving in a small space a vivid idea of the 
history of France, remains undeniaUe."— Saturday Rbvibw. 

Hole. — A GENEALOGICAL STEMMA OF THE KINGS OF 
ENGLAND AND FRANCE. By the Rev. C. Hole. On 
Sheet. If. 

Kiepert— A manual of ancient geography. From 
the German of Dr. H. Kiepbrt. Cxown ^fw, ^s» 

Lethbrid^e.— A SHORT MANUAL OF THE HISTORY OF 
INDIA. With an Acconnt of India as it is. Tfce Soil, 
Climate, and Productions ; the People, their Races, ReMgions, 
Public Works, and Industries ; the Civil Services, and System 
of Administration. By Roper Lethbridgb, M.A., CLE*, 
late Scholar of Exeter College, Oxford, formerly Principal of 
Kishnaghur College, Bengal, Fellow and sometime Examiner of 
the Calcutta University. With Maps. Crown 8vo. p. 

Michelet.— A summary of modern history. Trans- 
lated from the French of M. MiCHELET, and continued to the 
Present Time, by M. C. M. Simpson. Globe 8vo. 4^. 6d. 

Ott^.— SCANDINAVIAN HISTORY. By E. C. Orrfi. Witii 
Maps. Globe 8vo. 6s, 

Ramsay.— A SCHOOL history of rome. By o. o. 

Ramsay, M.A., Professor of Humanity in tiie University of 
Glasgow. With Maps. Crown 8vo. [In pr^xxraium, 

Tait. — ANALYSIS OF ENGLISH HISTORY, based on Green's 
•* Short History of the English People." By C. W. A. Tait, 
M.A., Assistant-Master, Clifton College. Crown 8vo. y. W. 

Wheeler.— A SHORT HISTORY OF INDIA AND OF THE 

F41PNTIER STATES OF AFGHANISTAN, NEPAUL, 

AND BURMA. By J. Talboys Wheeler. With Maps. 

Crown Svo. I2J. 

«* It is the best book of the land we have ever seew, and we recommend k toa ylMi 

In every school fibcary.^^^DUCATiONAX. Timbs. 
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Yonge (Charlotte M.).— a parallel history of 

FRANCE AND ENGLAND : consisting of Outlines and Dates. 
By Charlotte M. Yonge, Author of "The Heir of Reddyflfe," 
&c., &c. Oblong 4to. 3^. 6d. 

CAMEOS FROM ENGLISH HISTORY.— FROM ROLLO 
TO EDWARD II. By the Author of "The Heir of Reddyffe." 
Extra fcap. 8vo. New Edition. 5^. 

A SECOND SERIES OF CAMEOS FROM EN<>LISH 
HISTORY. — THE WARS IN FRANCE. New Edition. 
Extra fcap. 8vo. 5x. 

A THIRD SERIES OF CAMEOS FROM ENGLISH HISTORY. 
—THE WARS OF THE ROSES. New Edition. Extra fcap. 
8vo. 5/. 

CAMEOS FROM ENGLISH HISTORY— A FOURTH SERIES. 
REFORMATION TIMES. Extra fcap. 8vo. 5^. 

CAMEOS FROM ENGLISH HISTORY.— A FIFTH SERIES. 
ENGLAND AND SPAIN. Extra fcap. 8vo. %s. 

EUROPEAN HISTORY. Narrated in a Series of Historical 
Selections from the Best Authorities. Edited and arranged by 
E. M. Sewell and C. M. Yonge. First Serie«, looj— *ii54. 
New Edition. Crown 8vo. 6s, Second Series, 1088 — 1229* 
New Edition. Crown 8vo. 6s. 



MODERN LANGUAGES AND 

LITERATURE. 

(i) English, (2) French, (3) German, (4) Modern 
Greek, (5) Italian. 

ENGLISH. 

Abhott. — A SHAKESPEARIAN GRAMMAR. An attempt to 
illustrate some of the Differences between Elizabethan and Modem 
English. By the Rev. E. A. Abbott, D.D., Head Master of tl^ 
City of London School. New Edition. Extra fcap. 8vo. 6x. 

e 2 
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Brooke.— PRIMER OF English literature. By the 

Rev. Stopford A. Brooke, M.A. i8mo. is. {Literature 
Primers,) 

Butler. — HUDIBRAS. Edited, with Introduction and Notes, by 
Alfred Milnes, M.A. Lon., late Fellow of Lincoln College, 
Oxford. Extra fcap 8vo. Part I. 3^. 6d, Parts II. and III. 

Cowper's TASK: AN EPISTLE TO JOSEPH HILL, ESQ.; 
TIROCINIUM, or a Review of the Schools; and THE HIS- 
TORY OF JOHN GILPIN. Edited, with Notes, by William 
Benham, B.D. Globe 8vo. u. {Globe Readings from Stamdard 
Authors,) 

Dowden. — Shakespeare. By Professor Dowden. i8mo. 
I J. (Literature Primers,) 

Dryden. — ^select prose works. Edited, with Introduction 
and Notes, by Professor C. D. Yongb. Fcap. 8vo. 2s, 6d. 

Gladstone. — spelling reform from an educa- 
tional POINT of view. By T. H. Gladstone, Ph.D., 
F.R.S., Member of the School Board for London. New Edition. 
Crown 8vo. is, 6J, 

Globe Readers. For standards I.— VI, Edited by A. F. 
MURISON. Sometime English Master at the Aberdeen Grammar 
School. With Illustrations. Globe 8vo. 



Piimer I. (48 pp.) ^, 

Primer II. (48 pp.) 3^. 

Book I. (96 pp. J 6d, 

).) 



Book III. (232 pp.) IS, 3</. 
Book IV. (328 pp.) I J. gd. 
Book V. (416 pp.) 2s, 
Book VI. (448 pp.) 2s, 6d. 



Book 11. (136 pp.) gd, 

"Awoqi^ the ^^uQier Qus s/ets of restders before, the jjublu: tii^ Vf^p^ sani^ is 
^onoural^ disttngutidied by the marked superiQrity of its matenals and the 
careful ability with which they have been adapted to the Rowing capacity of the 
pupils.. The plan of the tvno primers is exoellent for facihtating the child's first 
attempts to read. la the first three following books there is abundance of enter^ 
taining reading. .... Better food for young minds could hardly be found."" 
The AvHUtiJSVU. 

w 

♦The Shorter Globe Readers. — with lUnstrations. Globe 

8vo. 



Primer I. (48 PP.) 3</. 

Primer II. (48 Pp.) 3^. 

Standard I. (92 PP*) 6^* 

Standard 11. (124 PPO 9<^» 



Standard III. (178 pp.) is. 
Standard IV. (182 pp.) is. 
Standard V. (216 ppO l^. Sub- 
standard VI. (228 pp.) IS. 6d. 



* This Series has been abridged irom "The Globe Readers" to meet the deounl 
4oe snuUer resading books. 
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GLOBE BEADIN6S FBOM STAHDARD AtTFROBS. 

Cowper'STASK: AN EPISTLE TO JOSEPH HILL, ESQ.; 
TIROCINIUM, or a Review of the Schools ; and THE HIS- 
TORY OF JOHN GILPIN. Edited, with Notes, by William 
Bbnham, B.D. Globe 8vo. is. 

Goldsmith's vicar of WAKEFIELD. With a Memoir of 
Goldsmith by Professor Masson. Globe 8vo. is, 

Lamb's (Charles) tales from Shakespeare 

Edited, with Prefaee, by Alfrbd Ainosr, M.A. Globe 
8vo. 2s, 

Scott's (Sir Walter) lay of the last minstrel ; 

and THE LADY OF THE LAKE. Edited, with Introductions 
and Notes, by Francis Turner Palgravi. Globe 8vo. is, 

MARMION ; and the LORD OF THE ISLES. By the same 
Editor. Globe 8vo. I.r. 

The Children's Garland from the Best Poets. — 

Selected and arranged by Coventry Patmore. Globe 8vo. 2s, 
Yonge (Charlotte M.). — a book OF GOLDEN DEEDS 

OF ALL TIMES AND ALL COUNTRIES. Gathered arid 
narrated anew by Charlotte M. Yonge, the Author of ** The 
Heir of Redely fie." Globe 8vo. zr. 



Goldsmith.— THE traveller, or a Prospect of Society ; 
and THE DESERTED VILLAGE. By Oliver Goldsmith. 
With Notes, Philological and Explanatory, by J. W. Hales, M.A. 
Crown 8vo. 6</* 

THE VICAR OF WAKEFIELD. With a Memoir of Goldsmith 
by Professor Masson, Globe 8vo. is. {Globe /headings from 
Standard Authors. ) 

SELECT ESSAYS. Edited, with Introduction and Notes, by 
Professor C. D. Yonge. Fcap. 8vo. 2s. 6d, 

Hales. — LONGER ENGLISH POEMS, with Notes, Philological 
and Explanatory, and an Introduction on the Teaching of English. 
Chiefly for Use in Schools. Edited by J. W. Hales, M.A., 
Professor of EngUsh Literatmre at King's College,. London. New 
Edition. E^ttra fcap. 8vo. 4J. 6d, 
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^^-^— ^^^— ^-^^-^ 

JohnSOtl^S LrVES OF THE POETS. The Six Chief U^ 
(Milton, Ihydeii, Swift, Addison, Pope, Gray), with Macajilay*s 
•'Life of Johnson." Edited with Preface by Matthew Arnold. 
Crown 8vo. dr. 

Lamb (Charles).— TALES FROM SHAKESPEARE. Edked, 
with Preface, by Alfred Ainger, M.A. Glpbe 8vo. 2j, 
(G/ode Readings from Standard Authors.) 

Literature Primers — Edited by John Richard Green, 
M. A.,'LL.D., Author of " A Short History of the English Peopte." 

ENGLISH COMPOSITION. By Professor Nichol. i8mo. u. 

ENGLISH GRAMMAR. By the Rev. R. Morris, LL.D., some- 
time President of the Philological Society. i8mo, cloth, u. 

ENGLISH GRAMMAR EXERCISES. By R. Morris, LL.D., 
and H. C. Bowen, M.A. i8mo. \s, 

EXERCISES ON MORRIS'S PRIMER OF ENGLISH 
GRAMMAR. By John Wetherell, of the Middle School, 
Liverpoor College. i8ino. u. 

ENGLISH LITERATURE. By Stopford Brooke, M.A. New 
Edition. i8mo. u. 

SHAKSPERE. By Professor Dowden. i8mo. \s, 

THE CHILDREN'S TREASURY OF LYRICAL POETRY. 
Selected and arranged with Notes by Francis Turner Pal- 
GRAVE. In Two Parts. i8mo. u. each. 

PHILOLOGY. By J. Peile, M.A. i8mo. u. 

In preparation : — 

HISTORY OF THE ENGLISH LANGUAGE. By J. A. H. 

Murray, LL.D. 
SPECIMENS OF THE ENGLISH LANGUAGE. To lUnstrate 

the above. By the same Author. 
Macmillan's Reading Books. — Adapted to the English and 

Scotch Codes. Bound in Cloth. 

PRIMER. i8mo. (48 pp.) 2</. 

BOOK I. for Standard I. i8mo. (96 pp.) 4</. 

IL „ IL i8mo. (144 PP-) S<^' 

JII. „ IH. i8mo. (160 pp.) 6</. 



" IV. '„ IV. i8mo. (176 pp.) &/. 



>> 



V. „ V. i8mo. (380 pp.) u. 
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Macmillan's Reading- Books ConHnued— 

.. BOOK VI. for Standard VI. Crown 8vo. (430 pp.) 2j. 

Book VI. is fitted for higher Classes, and as an Introduction to 
English Literature, 

" They are far above any others that have appeared both in form and substance. 

. . The editor of tJie present series has rightly seen that reading books must 
aim chiefly at giving to uie pupils the power of accurate, and, if possible, apt 
and skilful expression; at cultivating in them a gocd literary taste, and at arous- 
ing a desire of further reading.' This is done by taking care to select the extracts 
from true English classics, going up in Standard VI. course to Chaucer, Hopker, and 
Bacon, as well as Wordsworth, Macaulay, and Froude. . . . This is quite on the 
right track, 9fui indicates justly the ideal which we ought to set before us."— 

GVARDIAN. 

Macmillan's Copy-Books — 

PttbUshed in two sizes, viz. : — 

1. Large Post 4to. Price 4^/. each. 

2. Post Oblong. Price 2d, each. 

1. INITIATO^LY EXERCISES AND SHORT LETTERS. 

2. WORDS CONSISTING OF SHORT LETTERS. 

*3. LONG LETTERS. With, words containing Long Letters- 
Figures. 
*4. WORDS CONTAINING LONG LETTERS. 

4a. PRACTISING AND REVISING COPY-BOOK. For Nos. 
I to 4. 

•5. CAPITALS AND SHORT HALF-TEXT. Words beginning 
v^'itli a Capital. 

*6. HALF-TEXT WORDS beginning with Capitals— Figures. 

♦7. SMALL-HAND AND HALF-TEXT. With Capitals and 
Figures. 

•8. SMALL-HAND AND HALF-TEXT. With Capitals and 
Figures. 

8a. PRACTISING AND REVISING COPY-BOOK. For Nos. 
5 to 8. 

♦9. SMALL-HAND SINGLE HEADLINES— Figiues. 

10. SMALL-HAND SINGLE HEADLINES— Figures. 

11. SMALL-HAND DOUBLE HEADLINES- Figures. 

12. COMMERCIAL AND ARITHMETICAL EXAMPLES, &c. 
12a. PRACTISING AND REVISING COPY-BOOK. For Nos. 
8 to 12. 

' ■ * . 

* Thesi numbo's may be had with Goodmatis Patmt Sliding 
Copies, Large Po&t 4to. Price 6d, each. 
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Martin. — ^THE POET^S hour : Poetry selected and arranged 
for Children. By Frances Martin, New Edition. i8mo. 
2s, 6d, 

SPRING-TIME WITH THE POETS : Poetry selected by 
Frances Martin. New Edition. i8mo. jj. 6rf. 

Milton. — By Stopford Brooke, M.A. Fcap. 8vo. is, 6d, 
{Classical Writers Serifs.) 

Morris. — Works by the Rev. R. Morris, LL.D. 

HISTORICAL OUTLINES OF ENGLISH ACCIDENCE, 
comprising Chapters on the History and Development of the 
Language, and on Word-formation. New Edition.' Extra icap. 
8vo. 6s, 

ELEMENTARY LESSONS IN HISTORICAL ENGLISH 
GRAMMAR, containing Accidence and Word-forffiation. New 
Edition. i8mo. 2s. 6d. 

PRIMER OF ENGLISH GRAMMAR. l8mo. is. (See also 
Literature Primers,) 

Oliphant.— THE old and middle English, a New 

Edition of "THE SOURCES OF STANDARD ENGLISH," 
revised and greatly enlarged. By T. L. Kington Oliphant. 
Extra fcap. 8vo. <)s, 

Palgrave.— THE CHILDREN'S TREASURY OF LYRICAL 
POETRY. Selected and arranged, with Notes, by Francis 
Turner Palgrave. i8mo. 2s, 6</. Also in Two Parts. 
i8mo. Is, each. 

Patmorc— THE children's garxand from the 

BEST POET'S. Selected and arranged by Coventry Patmore. 
Globe 8vo. zs, (Globe Readings from Standard Authors,) 

Plutarch.— Being a Selection from the Lives whtdh lUnstiate 
Shakespeare. North's Translation. Edited, with IntroductioHS, 
Notes, Index of Names, and Glossarial Index, by the Rev. W. 
W. Skeat, M.A. Crown 8vo. (ys, 

Scott's (Sir Walter) lay OF THE LAST MINSTREL; 
and THE LADY OF THE LAKE. Edited, with Introduction 
and Notes, by Francis Turner Palgrave. Globe 8vo. is. 
{Globe Readings from Standard Authors,) 

MARMION ; and THE LORD OF THE ISLES. By the 
slUtie Editor. Gldbtf 8vo. is. (Globi Readings from Standard 
Authors,) 
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Shakespeare.— A Shakespeare manual. By f. g. 

Flbay, M.A., late Head Master of Skipton Grammar School. 
Second Edition. Extra fcap. 8vo. 4X. 6a, 

AN ATTEMPT TO DETERMINE THE CHRONOLOGI- 
CAL ORDER OF SHAKESPEARE'S PLAYS. By the Ret. 
H. Paine Stokes, B.A. Extra fcap. 8vo. 4J. 6d, 

THE TEMPEST. With Glossarial and Explanatory Notes. By 
the Rev. J. M. Jbfhson. New Edition. i8mo. u, 

PRIMER OF SHAKESPEARE. By Professor Dowden. 
l8mo. is, {Literature Pf inters,) 

Sbnnenschein and Meiklejohn. — the English 

METHOD OF TEACHING TO READ. By A. Sonnen- 
SCHEIN and J. M. D. Meiklejohn, M.A. Fcap. 8vo. 

COMPRISING • 

THE NURSERY BOOK, containing all the two-Letter Words 
in the Language, id, (Also in Large Type on Sheets for 
School Walls. 51.) 

THE FIRST COURSE, consisting of Short Vowels with Single 
Consonants. 6d» 

THE SECOND COURSE, with Combinations and Bridges, 
consisting of Short Vowels with Double Consonants. 6d, 

THE THIRD AND FOURTH COURSES, consisting of Long 
Vowels, and all the Double Vowels in the Language. 6d, 

** These are admirable books, because they are constmcted on m viindple, iind 
that the simplest principle on which it is possible ta learn to read EngUsli."'-^ 
Sfsctator. 

Taylor.— WORDS and places ; or, Etymological Illttstra- 
tions of History, Ethnology, and Geograplxy. By the Rev. 
Isaac Taylor, M.A. Third and Cheaper Edition, revised and 
compressed. With Maps. Globe 8vo. 6s, 

Thring. — ^THE ELEMENTS OF GRAMMAR TAUGHT IN 
ENGLISH. By Edwakb Thrwg^ M.A., Head Master of 
Uppingham. With Questions. Foufth Edition. i8mo. 2j. 

Trench (Archbishop).-— Works by R. C. tRENCH, ty,t>,, 

Archbishop of Dublin. 
HOUSEHOLD BOOK OF ENGLISH POETRY, Selected and 
Arranged, with- Notes. Third Edition. Extra fcap. 8vo. 5j. 6d, 

ON THE ST'UDV OF WORDS. Seventeenth Edition, levised. 
Fcap. 8vo» 5** 
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Trench (Archbishop) Works by, conHnued-- 

ENGLISH, PAST AND PRESENT. Eleventh Edition, revised 
and improved. Fcap. 8vo. 51. 

A SELECT GLOSSARY OF ENGLISH WORDS, used formerly 
in Senses Different from their Present. Fifth Edition^ revised 
and enlarged. Fcap. 8vo. 5^. 

Vaughan (CM.). — words from the poets. By 

C. M. Vauqhan. New Edition. i8mo, cloth. \s. 

Ward.— THE ENGLISH POETS. Selections, with Critical 
Introductioos by variotis Writers and a General Inlpoilfotiftn ty 
Matth»w Arnold. Edited by T. H. Ward, M.A. 4 Vols. 
Vol. I. CHAUCER TO DONNE.— VoL II. BEN JONSON 
TO DRYDEN.— Vol. III. ADDISON to BLAKE.— VoL IV. 
WORDSWORTH to ROSSETTI. Crown 8vo. Each 7J.M 

Wetherell.— EXERCISES ON MORRIS'S PRIMER OF 
ENGLISH GRAMMAR. By John Wetherell, M.A. 
i8mo. \s. (lAUreUure Primers,) 

Wrightson. — the functional elements of an 

ENGLISH sentence, an Examination of. Together wifh 
a New System of Analytical Marks. By the Rev. W, G. 
Wrightson, M.At, Cantab. Crown 8vo. 51. 

Yongc (Charlotte M.)'—TH[E abridged book of 

GOLDEN DEEDS. A Reading Book for Schools and general 
readers. By the Author of " The Heir of Redclyffe." i8mo, 
doth. \s, 

GLOBE READINGS EDITION. Complete Edition. Globe 
8vo. 2J. (See p. 53.) 



FRENCH. 

Beaumarchais.^LE BARBiER de Seville. Editeii, 

with Introduction and Notes, by L. P. Blou£T» Assistant Master 
in St. Paul's School. Fcap* 8vo. 3;. (id, 

Bowen. — first lessons in French. By h. cour- 

THOPB BolVENy M. A.i Principal of the Finsbiuy Training CoU^ 
for Higher and Middle Schools. Extra fcap. 8va. u. 
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Breymann.— Works hj Hermann Brbymann, Ph.D., Pro-. 

fessor of Philology in the University of Munich. 

A FRENCH GRAMMAR BASED ON PHILOLOGICAL 

PRINCIPLES. Second Edition. Extra fcap. 8vo. 4s. 6d. 
FIRST FRENCH EXERCISE BOOK. Extra fcap. 8vo. 4J; 6d, 
SECOND FRENCH EXERCISE BOOK. Extra fcap. 8vo. 
25, 6d. 

Fasnacht. — ^the organic method of studying 

LANGUAGES. By G. Eugene Fasnacht, Author of " Mac- 
millan's Progressive French Course," Editor of *'MacmiUAn'9 
Foreign School Classics," &c. Extra fcap. 8vo. I. French. 

A SYNTHETIC FRENCH GRAMMAR FOR SCHOOLS. 
By the same Author. Crown 8vo. 3^. 6d. 

GRAMMAR AND GLOSSARY OF THE FRENCH LAN- 
GUAGE OF THE SEVENTEENTH CENTURY. By the 
same Author. Crown 8vo. [In Reparation, 

Macmillan's Primary Series of French and 
German Reading Books. — Edited by G. EuofcNE 

Fasnacht, Assistant-Master in Westminster School. With 
Illustrations. Globe 8vo. 

PERRAULT— CONTES DES FEES. Edited, with Introduction, 
.Notes, and Vocabulary, by G. E. Fasnacht. [In the press, 

LA FONTAINE— SELECT FABLES. Edited, with Introduction, 
Notes, and Vocabulary, by L. M. MoRiARTY, M.A., Assistant- 
Master at Rossall. \In preparation, 

GRIMM— HAUSMARCHEN. Edited, with Introduction, Notes, 
and Vocabulary, by G. E. Fasnacht. \In preparation, 

G. SCHWAB— ODYSSEUS. With Introduction, Notes, and 
Vocabnlary, by the same Editor. \In preparation. 

Macmillan's Progressive French Coarse. — By G. 

Eugene Fasnacht, Assistant Master in Westminster SchooL 
I. — First Year, containing Easy Lessons on the Regular 
Accidence. Extra fcap. 8vo. \s, 

II. — Second Year, containing Conversational Lessons on System- 
atic Accidence and Elementary Syntax. With Philological Illus- 
trations and Etymological Vocabulary. \s, dd, 
III. — ^Third Year, containing a Systematic Syntax, and Lessons 
in Composition. Extra fcap. 8vo. 25, iid, 
THE TEACHER'S COMPANION TO MACMILLAN'S 
PROGRESSIVE FRENCH COURSE. Third Year. With 
Copious Note;:, Hints for Different Renderings, Synonyms, Philo- 
logical Remarks, &c. By G. E. Fasnacht. Globe 8vo. 4;. 6<£ 
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Macmillan's Progressive Frsnch Readers.— By 

G. EUGtNS Fasnacht. 

I. — First Year, containing Fables, Historical Extracts, Letters, 

Dialogues, Fables, Ballads, Nursery Songs, &c., with Two 

Vocabularies: (i) in the order of subjects; (2) in alphabetical 

order. Extra fcap. 8vo. 2s, 6J, 

II. — Second Year, containing Fiction in Prose and Verse, 

Historical and Descriptive Extracts, Essays, Letters, Dialogues 

&C. Extra fcap. 8vo. 2J. 6d, 

Macmillan's Foreign School Classics — Edited by 

G. EuGfeNE Fasnacht. i8mo, 

FRENCH. 

CORNEILLEp-LE CID. Edited by G. E. Fasnacht. is. 
DUMAS— LES DEMOISELLES DE ST. CYR. Edited by 
Victor Oger, Lecturer in University College, Liverpool. 

\/fi preparatunu 
MOLlfeRE— LES FEMMES SAVANTES. By G. E. Fasnacht. 

MOLlfeRE— LE MISANTHROPE, ^y the same Editor. \s, 

MOLIERE— LE M^DECIN. MALGRE LUI. By the same 
Editor, u, 

MOLlfeRE— L'AVARE. Edited by . L. M. Moriarty, B.A., 

Assistant-Master at Rossall. u. 
MOLIERE— LE BOURGEOIS GENTILHOMME. By the fame 

Editor. [Immediatefy* 

RACINE— BRITTANICUS. Edited by EuGfeNE Pellissier, 
Assistant- Master in Cliffjn College, Und Lecturer in Uiiiversity 
College, Bristol. [In preparation, 

SCENES IN ROMAN HISTORY. SELECTED FROM 
FRENCH HISTORIANS. Edited by C. Colbeck, M.A., late 
Fellow of Trinity College, Cambridge; Assistant-Master at 
Harrow. [In preparation, 

SAND, GEORGE--LA MARE AU DIABLE. Edited by W. E. 
Russell, M.A., Assistant Master in Haileybury College, is. 

SANDEAU, JULES— MADEMOISELLE DE LA SEIGLlfeRE. 
Edited by H. C. Steel, Assistant Master in Wellington College. 

[In ike press, 
VOLTAIRE— CHARLES XIL Edited by G. E. Fasnacht. 

[In the press. 

*#* Other volumes to foihw, 
(See also German Author s^ page 61.) 
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Masson (Gustavt).— A compendious dictionary 

OF THE FRENCH LANGUAGE {French-EngUsh and English- 
French). Adapted from the Dictionaries of Professor Alfred 
Elwall. Followed by a List of ^e Principal Diverging 
Derivations, and preceded by Chronological and Historical Tables. 
By GusTAVE Masson, Assistant Master and Librarian, Harrow 
School. New Edition. Crown 8vo. 6j. 

Moliere.— LE MALADE IMAGINAIRE. Edited, nrkh Intra- 
dnction and Notes, by Francis Tarver, M.A., Assistant Master 
at Eton. Fcap. -8vo. 2s. 6d, 

(See also Macmillan*s Foreign Sfhogl Ciasfks,) 

GERMAN. 
Macmillan'8 Progressive German Course.— 3^ g. 

EUGilNE Fasnacht. 

V9xt I.— First Year. Easy Lessons and Rules on the Regular 
Accidence. Extra fcap. Svo. i^. 6d. 

Part I L— Second Year. Conversational Lessons in Systematic 
Accidence and Elementary Syntax. With Philological Illustrations 
and Etymological Vocabulary. Extra fcap. Svo. 2s, 

%• X(fyf to the French and German Courses are in preparation, 

Macmillan's Progressive German Readers. — ^By 

G.'E. Fasnacht. [In preparation. 

Macmillan's Primary German Reading Books. 

(See page 59.) 

Macmillan's Foreign School Classics. E^Lit^b^Cr- 
Evo^NB Fasnacht. z&no. 

GERMAN. 

GpETHE-^GOTZ VON BERLICHINGEN. Edited by H. A. 
Bull, M.A., Assistant Master at Wellington* 2s, 

GOETHE— FAUST. Part I. Edited by Jane Lee, Lecturer 
in Modern Languages at Newnham College, Cambridge. 

[In preparation, 

HEINE— SELECTIONS FROM THE REISEBILDER AND 
OTHER PROSE WORKS. Edited by C. Colbeck, M.A., 
Assistant-Master at Harrow, late Fellow of Trinity College, 
Cambridge. 2s, 6d, 

SCHILLER^DIE JUNGFRAU VON OIILEANS. Edited by 
Joseph Gostwick. 2s, 6d. 

SCHILLER— MARIA STUART. Edited by C. Shpldon, M.A., 
PtLjit., Senior Modem Languc^ Master iu Cliflon College. 2s, 6d. 
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Foreign School Classics (German) Ctmtinued-^ 

SCHILLER— WILHELM TELL. Edited by G. E. Fasnacht. 

[In preparation. 
UHLAND— SELECT BALLADS. Adapted as a First Easy Read- 
iag Book for Beginners Edited by G. E. Fasnacht. u, 

*#* Other Volumes to follow, 
(See also French Authors, page 60.) 

Pylodet.— NEW GUIDE TO GERMAN CONVERSATION ; 
containing an Alphabetical List of nearly 800 Familiar Words, 
followed by Exercises ; Vocabulary of Words in frequent use ; 
Familiar Phfases and Dialogues ; a Sketch of German Literature. 
Idiomatic Expressions, &c. By L« Pylodet. i8mo, cloth limp. 
2s, (>d, 
A SYNOPSIS OF GERMAN GRAMMAR. Ff6tti die above. 
x8mo. 6d, 

Whitney. — Works by W. D. Wwtnky, Professor of Sanskrit 
and Instructor in Modem Languages in Yale College. 

A COMPENDIOUS GERMAN GRAMMAR. Crown 8vo. 45. W. 

A GERMAN READER IN PROSE AND VERSE. With Notes 
and Vocabulary. Crown 8vo. 5^. 

Whitney and Edgren.— a compendious German 

AND ENGLISH DICTIONARY, with Notation of Conrespoft- 
dences and Brief Etymologies. By Professor W. D. Whitney, 
assisted by A. H. Edgren. Crown 8vo. 7^. 6d, 
THE GERMAK^ENGLISH PART, separately, J^p. 

MODERN GREEK. 
Vincent and Dickson. — handbook to modern 

GREEK. By Edgar Vincent and T. G. Dickson, M.A. 
Second Edition, revised and enlarged, with Appendix on the 
relation of Modem and Classical Greek by Professor Jbbb. 
Crown 8vo. 6x. 

ITALIAN. 

Dante. — THE purgatory of DANTE. Edited, with 
Translation and Notss^ by A. J. Butler, M.A., late Fellow of 
Trinity College, Cambridge. Crown 8vo. 12s. 6d, 



DOMESTIC ECONOMY. 

Barker first lessons in the principles of 

cooking. By Lady Barkuu New Edition, i&no. u. 
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Berners.— FIRST lessons on health. By j. bernbrs. 

New Edition. iSmo. is, 

Fawcett.— TALES in political economy. By MiLLi- 
CENT Garrett Fawcett. Globe 8vo. y, 

Frederick.— hints to housewives on several 

POINTS, particularly ON THE PREPARATIJON OF 
ECONOMICAL AND TASTEFUL DISHES. By Mrs. 
Frederick. Crown 8vo. u. . • 

*'Tlu« unpretending jmd usefiil little vohunc diitineily wpplies a.detfdttUtttm. 
.-. . . The antfaor steadilv keeps in, view the simple aim of 'making every-day 
ifteals -at home, parlicalarly the dintwr, attmctive,' -without adding to the ordinary 
household expenses." — Saturday Review. 

Grand'homme.— cutting-out and dressmaking. 

From the French of Mdlle. !^. Grand' HOMMX. With Diagrams- 
i8mo. u* 

Tegetmeier.— H ousehold management and 

cookery. With an Appendix of Recipes used by £he 
Teachers of the National School of Cookery. By W. B. 
Tegetmeier. Compiled at the request of the School Board for 
London. i8mo. is, 

Thornton. —FIRST lessons in book-keeping. By 

J. Thornton. New Edition. Crown 8vo. as, 6d. 

The ohject of this volume is to make the theory of Book*'keepiag MtflSdeatly 
plain for even-ehildrea to understand it. 

Wright.— THE SCHOOL COOKERY-BOOK. Compiled and 
Edited by C. E. Guthrie Wright, Hon Sec. to ^e Edi&bm^h 
School of Cookery. i8mo. Is, 



ART AND KINDRED SCBJECTS. 

Anderson.— linear perspective, and modei. 

drawing, a School and Art Class Manual, with Questions 
asid Exercises for Examination, and Examples of Examination 
Papers. By Laurence Anderson. With Illustrations. Royal 
8vo. 2^. 

Collier. — a primer OF ART. With Illustrations. By John 
. Collier. i8mo. is» 

Delamotte — a beginner's drawing book. By 

p. H. Delamoti'E, F.S.A. Progressively arranged. New 
Edition improved. Crown 8vo. 3^. $</. 
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Ellis.— SKETCHING FROM NATURE. A Handbook for 
Students and Amateurs. By Tristram J. Ellis. With a 
Frontispiece and Ten lUttstrations, by H. Stacy Marks, 
R.A., and Twenty-seven Sketclies by the Author. Crown 8?o. 
2J. 6</. {Art ai Home Series.) 

Hunt.— -TALKS ABOUT ART. By William Hunt. With a 
Letter from J. E. Millais, R.A. Crown 8vo. %s, 6d, 

Taylor.— A primer of pianoforte playing. By 

Franklin Taylor. Edited by Sir Georgs Grove. >8mo. u. 



WORKS ON TEACHING. 



BlakiStOn — ^THE teacher. Hints on Sdiool Management 
A Handbook for Managers, Teachers' Assistants, and Pupil 
Teachers. By J. R. Blakisi'ON, M.A. Crown 8vo. zr. (id, 
(Recommended by the London, Birmingham, and Ldc^tjer 
Sdiool Botunds.) 

" Into a comparatively small book he has crowded a great deal of ezceedinriy 
luefitl 4ild sound «lviec. It is a plain, oommon<*seiise book, full of hints to the 
teacher on the management of his school and his children."— -School Boaid 
Chroniclb. 

CalderwOOd — on teaching. By Professor H»nry Calder- 
WOOD. New Edition. Extra fcap. 8vo. 2s, 6d, 

Fearon. — school inspection. . By D. R. Fearon, M.A., 
Assistant Commission^ of £ndo.^ ^Schoofs. ^Qir Edit^. 
Crown &ro. ,iu, 6d, 

Gladstone. — object teaching, a Lecture delivered at 
the Pupil-Teacher Centre, William Street Board School, Ham- 
mersmith, By J. H. Gladstone, Ph.D., F.R.S., Member of 
the London School Board. With an Appendix. Crown 
8vo. 3^. 

"It b a shfOrt but interesting and instructive pubfioation, and our younger 
teachers will do well to read it carefully and thoroughly. There is much In thess 
few pages which they can learn and profit by."— The School Guardian. 
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DIVINITY. 

For other Works by these Authors, see Theological 

Catalogue. 

Abbott (Rev. E. A.)— bible lessons. By the Rev. 
E. A. Abbott, D.D., Head Master of the City of London 
School. New Edition. Crown 8vo. 4s. 6d, 
"Wise, susg^esdve, aad really profound initiation into religious thousht" 

— OUAKDIAN. 

Arnold. — a biblereading for schools. —the 

GREAT prophecy OF ISRAEL'S RESTORATION 
(Isaiah, Chapters xl. — Ixvi.). Arranged and Edited for Young 
Learners. By Matthew Arnold, D.C.L., formerly Professor 
of Poetry in the University of Oxford, and Fellow of Oriel. 
New Edition. i8mo, cloth, is, 
ISAIAH XL.— LXVI. With the Shorter Prophecies aDiid to it. 
Arranged and Edited, with Notes, by Matthew Arnolp. 
Crown 8vo. $s, 

Benham. — a COMPANION TO THE LECTIONARY. Being 
a Commentary on the Proper Lessons for Sundays and Holy Days. 
By Rev. W. Benham, B.D., Rector of S. Edmund with S. 
Nicholas Aeons, &c. New Edition. Crown 8vo. 4r. 6d, 

CaSSeL — Manual of Jewish History and Literature ; preceded by a 
Brief Summary of Bible History. By Dr. D. Cassel. Translated 
by Mrs. Henry Lucas. Fcap. 8vo. 2j. 6dm 

Cheetham.— A CHURCH HISTORY OF THE FIRST SIX 
CENTURIES. By the Vcn. Archdeacon Cheetham. 
Crqwn 8vo. [/« ih^ press, 

Curteis.— MANUAL OF THE THIRTY-NINE ARTICLES. 
By G. H. Curteis, M.A., Principal of the Lichfield Theo- 
logical College. [In preparation* 

Drummond. — the study OF THEOLOGY, INTRO- 
DUCTION TO. By James Drummond, LL.D., Professor of 
Theology in Manchester New College, London. Crown 8vo. 
is. 

Gaskoin.— THE children's treasury of bible 

stories. By Mrs. Herman Gaskoin. Fdited with Preface 
by the Rev. G. F. Maclear, D.D. Part L— OLD TESTAMENT 
HISTORY. i8mo. is. Part IL— NEW TESTAMENT. 
l8mo. IS, Part IIL— THE APOSTLES : ST. JAMES THE 
GREAT, ST. PAUI^ AND ST. JOHN THE DIVINE. 
i8tno. is. 

f 
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Golden Treasury Psalter.— students' Edition. Being an 

Edition of "The Fsalms Chronologically airaDged, by Four 
Friends," with briefer Notes. i8mo. 3J. 6d. 

Greek Testament.— Edited, with introduction and Appen- 
dices, by Canon Westcott and Dr. F. J. A. Hort. Two 
Vols. Crown 8to. lOf. 6d, eadi. 

Vol I. The Text. 

Vol. II. Introduction and Appendix. 

Greek Testament. — Edited by Canon Westcott and Dr. 
HoRT. School Edition of Text. Globe 8vo. [/« HUpras. 

The Greek Testament and the English Version, 

a Companion to. By Philip Schaff, D.D., President 
of the American Committee of Revision. With Facsimile 
Illustrations of MSS., and Standard Editions of the New Testa- 
ment. Crown Svo. izs, 

Hardwick. — Works by Ardideacoto Hardwick :— 
A HISTORY OF THE CHRISTIAN CHURCH. Middle 
Age. From Gregory the Great to the Excommunication of 
Lutber. Edited by William Stubbs, M.A., Regius Professor 
of Modem History in the University of Oxford. With Four 
Maps. Fourth Edition. Crown Svo. lor. 6d, 
A HISTORY OF THE CHRISTIAN CHURCH DURING 
THE REFORMATION. Fourth Edition. Edited by Professor 
Stubbs. Crown Svo. lOf. 6c/. 

Jennings and Lowe.— the PSALMS, with INTRO- 
DUCTIONS AND CRITICAL NOTES. By A. C. Jennings, 
B.A. ; assisted in parts by W. H. Lowe. In 2 vrfs. Crown 
Svo. lar. 6d, each. • 

Lightfoot. — Works by Right Rev. J. B. Lightfoot, D.D., 

Bishop of Durham : — 
ST. PAUUS EPISTLE TO THE GALATIANS. A Revised 

Text, \vith Introduciion, Notes, and Dissertations. Seventh 

Edition, revised. Svo. I2j. , 
ST. PAUL'S EPISTLE TO THE PHILIPPIANS. A Revised 

Text, >\ith Introduction, Notes, and Dissertations. Seventh 

Edition, revised. Svo. izs. 
ST. CLEMENT OF ROME— THJE TWO EPISTLES TO 

THE CORINTHIANS. A Revised Text, with Introduction and 

Notes. Svo. Sj. 6(/. 
ST. PAUL'S EPISTLES TO THE COLOSSIANS AND TO 

PHILEMON. A Revised Text, with Introductions, Notes, 

and Dissertations. Sixth Edition, revised. Svo. 12s. 
THE IGNATIAN EPISTLES. Svo. {Inthepreu 
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Maclear.— Works by the Rev. G. F. Maclear, D.D., Warden of ^ CJu^-M ^ 
St. Augustine's College, Canterbury, and late Head-Master of /) [\ 

King's College School, London : — V 

A CLASS-BOOK OF OLD TESTAMENT HISTORY. New 
Edition, with Four Maps. i8mo. 4f. 6^. 

A CLASS-BOOK OF NEW TESTAMENT HISTORY, 
including the Connection of the Old and New Testaments. 
With Four Maps. New Edition, i8mo. 5j. 6flf. 

A SHILLING BOOK OF OLD TESTAMENT HISTORY, 
for National and Elementary Schools. With Map. i8mo, cloth. 
New Edition. 

A SHILLING BOOK OF NEW TESTAMENT HISTORY, 
for National and Elementary Schools. With Map. i8mo, cloth. 
New Edition. 

These works have been carefully abridged from the author's 
large manuals. 

CLASS-BOOK OF THE CATECHISM OF THE CHURCH 
OF ENGLAND. New Edition. i8mo. i^. 6d, 

A FIRST CLASS-BOOK OF THE CATECHISM OF THE 
CHURCH OF ENGLAND. With Scripture Proofs, for Junior 
Classes and Schools. New Edition. i8mo. 6d, 

A MANUAL OF INSTRUCTION FOR CONFIRMATION 
AND FIRST COMMUNION. WITH PRAYERS AND 
DEVOTIONS. 32mo, doth extra, red edges. 2j. 

Maurice. — THE LORD'S PRAYER, THE CREED, AND 
THE COMMANDMENTS. A Manual for Parents and 
Schoolmasters. To which is added the Order of the Scriptures, 
By the Rev. F.Denison Maurice, M.A. i8mo, doth, limp. u. 

Procter. — a history of the book of common 

PRAYER, with a Rationale of its Offices. By Rev. F. Procter. 
M.A. Sixteenth Edition^ revised and enlarged. Crown 8yo. 

Procter and Maclear. — an elementary intro- 
duction TO THE book of COMMON PRAYER. Re- 
arranged and supplemented by an Explanation of the Morning 
and Evening Prayer and the Litany. By the Rev. F. Procter 
and the Rev. Dr. Maclear. New and Enlarged Editioit, 
containing the Communion Service and the Confirmation and 
Baptismal Offices. i8mo. 2f. dd. 
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The Psalms, with Introductions and Critical 

Notes. — By A. C. Jennings, B,A., Jesus CoUege, Cambridge, 
Tyrwhitt Scholar, Crosse Scholar, Hebrew University, Pn^emai^ 
and Fry Scholar of St. John's College ; assisted m Parts by W. 
H Lowe. M.A., Hebrew Lecturer and late Scholar of Chnsfs 
CoUege, Cambridge, and Tyrwhitt Scholar. In 2 vols. Crown - 
8vo. los, 6d, each. 

Ramsay.— THE CATECHISER'S manual ; or. the Church 
Catechism Illustrated and Explained, for the Use of ClorgymeB, 
Schoolmasters, and Teachers. By the Rev. Arthur Ramsay. 
M.A. New Ediiion. i8mo. is, 6a, 

Simpson.— AN EPITOME OF THE HISTORY OF THE 
CHRISTI^^ By William SIMPS.ON, M.A. New 

Edition. Fcap. 8vo. 3J. 6d. 

St Tohn's Epistles.— The Greek Text with Notes and Essays, 
bv BROOKE Foss WESTCOTT, D.D., Regiu^ Profc^oT of Divimty 
Kellow of King's CoUege, Cambridge. Cjinon of Westminster, 
&c. 8vo. I2s. 6d. 



St. Paul's Epistles.— Greek Text, with Introduction and 

Notes. . , , , «. VI. 

TWF FPISTLE TO THE GALATIANS. Edited by the Right 
^ Rev j! B LiIhtfoot, D.D., Bishop of Durham. Seventh 

Edition. 8vo. 12S, 
THE EPISTLE TO THE PHIUPPIANS. By the same Editor. 

Seventh Edition. 8vo. I2s, 
THE EPISTLE TO THE COLOSSIANS. By the same 

Editor. Sixth Edition. 8vo. I2s, 
THT? FPTSTLE TO THE ROMANS. Edited by the Very Rev. 
"^^ TviuaHAN D.D., Dean of Ll-ndaff and Master of the 

Temple. Fifth Edition. Crown §vo. 7^- ^ 
THE EPISTLE TO THE THESSALONIANS, COMMENT- 
^ A^ V rvM THF GREEK TEXT. By John Eadie. D.D., LL.D. 

eSK t^ie't^W^ young, U.li with Preface by Professor 

Cairns. 8vo. 12s. 

TV.*^ T7nUtle to the Hebrews. In Greek and EngUsh. 
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Trench. — Works by R. C. Trench, D.D., Archbishop of Dublin.. 

NOTES ON THE PARABLES OF OUR LORD. Fourteenth 
Edition, revised. 8vo. 12s, 

NOTES ON THE MIRACLES OF OUR LORD. Eleventh 
Edition, revised. 8vo. 121. 

COMMENTARY ON THE EPISTLES TO THE SEVEN 
CHURCHES IN ASIA. Third Edition, revised. 8vo. 8j. 6^. 

LECTURES ON MEDIEVAL CHURCH HISTORY. Being 
the subsrance of Lectures delivered at Queen's College London. 
Second Edition, revised. 8vo. 12s. 

SYNONYMS OF THE NEW TESTAMENT, Ninth Edition, 
revised, 8vo. 12s, 

WestCOtt. — Works by Brooke Foss Westcott, D.D., Canon of 
Westminster, Regius Professor of Divinity, and Fellow of King's 
College, Cambridge, 

A GENERAL SURVEY OF THE HISTORY OF THE 
CANON OF THE NEW TESTAMENT DURING THE 
FIRST FOUR CENTU RIES. Fifth Edition. With Preface on 
" Supernatural Religion." Crown 8vo. lOf. 6d. 

INTRODUCTION TO THE STUDY OF THE FOUR 
GOSPELS. Fifth Edition. Crown 8vo. ioj. 6</. 

THE BIBLE IN THE CHURCH. A Popular Account of the 
Collection and Reception of the Holy Scriptures in the Christian 
Churches. New Edition. i8mo, doth. 45. 6d. 

. THE EPISTLES OF ST. JOHN. The Greek Text, with Notes 
and Essays. 8vo. 12s, 6d, 

THE EPISTLE* TO THE HEBREWS. Tlie Greek Text 
Revised, with Notes and Essays, 8vo. [In preparation, 

Westcott and Hort. — the new testament in 

THE ORIGINAL GREEK. The Text Revised by B. F. 
Westcott, D.D., Regius Professor of Divinity, Canon of 
Westminster, and F. J. A. Hort, D.D., Hulsean Professor of 
Divinity ; Fellow of Emmanuel College, Cambridge : late Fellows 
of Trinity College, Cambridge. 2 vols. Crown 8vo. los. 6d. each. 

Vol. I. Text 

Vol. II. Introduction and Appendix. 
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Wilson. — THE BIBLE STUDENT'S GUIDE to tbe more 
Correct Understanding of the English Translation of the Old 
Testament, by refei*ence to the original Hebrew. By William 
Wilson, D.D., Canon of Winchester, late Fellow of Queen's 
College, Oxford. Second Edition, carefully rerked. 4I0. 
doth. 25/. 

Wright.— THE BIBLE WORD-BOOK : A Glossary of Archaic 
Words and Phrases in the Authorised Version of the Bible and the 
Book of Common Prayer. By W. Aldis Wright, M.A., Fellow 
and Burser of Trinity College, Cambridge. Second Edition, Rerised 
and Enlarged. Crown 8vo. 7^. 6^. 

Yonge (Charlotte M.). — scripture readings for 

SCHOOLS and families. By Charlottb M. Yonge. 
Author of " The Heir of Reddyffe." In Five Vols. 

First Sbribs. Gbnbsis to Deutrronomy. Eztsa fcap. 8vo. 
IX. 6ii. With Comments, y, 6d, 

Second Series. From Joshua to Solomon. Extra fcap. 
8vo. IS, 6d, With Comments, 31. 6d, 

Third Series. The Kings and the Prophets. Extra fcap. 
8vo. IS, 6d, With Comments, 3^. 6^. 

Fourth Series. The Gospel Times, is, td. With Comments, 
extra fcap. 8vo, 31. (id, 

TiVTH Series. Apostolic Times. Extra fcap. 8vo. ts. 6d. 
With Comments, 3^. dd, 

2echariah — Lowe. — the Hebrew student's com- 
mentary ON ZECHARIAH, HEBREW AND LXX. 
With Excnrsas on Syllable-dividing, Metbeg, Initial Dagedi, and 
Simaa Rapheh. By W. H. Lowe, M.A., Hebrew Lecturer at 
Christ's College, Cambridge. Demy 8vo. los, 6d. 

(A n {y :^J ('J y<^ J ^ f K ^ A ^ 
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MACMILLAN'S GLOBE LIBRARY. 

In doth Bindings Globe S/zfO, p, 6d, each. 



** The 'Globe' Editions are admirable for their scholarly editing 
their typographical excellence, their compendious form, and their 
cheapness." — Saturday Review. 

** Not only truly cheap, but excellent in every way." — LUeraty World, 
" A wonderfully cheap and scholarly seires." — Daily Telegraph. 



SHAKESPEARE'S COM- 
PLETE WORKS. Edited by 
W. G. Clark, M.A., and W. 
Aldis Wright, M.A. With 
Glossary. 

MORTE D'ARTHUR, The 
Book of King Arthur and of his 
Noble Knights of th« Round 
Table. The Origfinal Edition 
of Caxton revised for Modem 
Use, with Introduction, Notes, 
and Glossary. By Sir E. 
Strachey. 

ROBINSON CRUSOE. Ed- 
ited after the Original Editions. 
With a Biographical Introduc- 
tion by Henry Kingsley, 

SIR WALTER SCOTT'S 
POETICAL WORKS. Ed- 
ited with Biographical and 
Critical Memoir, by F. T. 
Palgrave. With Introduction 
and Notes. 

VIRQIL. Rendered into Eng- 
lish Prose, with Introductions, 
Notes, Analy>is, and Index by 
T. Lonsdale, M.A., and S. 
Lee, M.A. 

HORACE. Rendered into Eng- 
lish Prose, with Introductions, 
Running Analysis, Notes, and 
Index, by J, Lonsdale, M.A., 
and S. Lee, M.A. 



DRYDEN'S POETICAL 

WORKS. Edited, wilh a 
Memoir, Revised Text, and 
Notes, by W. D, Christie, 
M.A. 
COWPER'S POETICAL 
WORKS. Edited, with Bio- 
graphical Introduction and 
Notes, by W. Bbnham, 
B.D. 

BURNS'S COMPLETE 
WORKS. Edited from the 
best Printed and MS. Autho- 
rities, with Memoir and 
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